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Discrete differential geometry of fluvial landscapes
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Abstract. Geomorphology as a discipline is defined by the use of topographic form to understand surface processes on Earth
and other planets. In practice this requires drawing connections between quantitative metrics of surface geometry and rates
of exhumationerosion and deformation, to understand the spatial partitioning of different erosion processes and the feedback
between them. Curvature, perhaps the most fundamental way to measure and categorize surfaces of any kind, also appears
explicitly in many erosion models and is therefore of significance to geomorphology. However, there is ambiguity in how cur-

vature of discretely sampled topographic surfaces such as digital elevation models is defined and calculated. Manytandseape

mal surface theory approach to compute intrinsic and extrinsic curvature metrics, and associated shape-class distributions,

of approximate steady-state fluvial topography of the Oregon Coast Range, USA. We develop a workflow, including careful
spectral filtering to isolate wavelengths of interest, that provides a nuanced view of landscape geometry while-simultaneously

inating systematic errors-arising from-map-view-approaches-to-topographic-anatysisthat is consistent and accurate across
steep landscape regions. Two invariants of the curvature tensor —the mean and Gaussian curvatures —reveal systematic struc-
ture of topographic geometry in channel and ridge networks that appears-to-capture-captures transitions between hillslope, de-
bris flow, and fluvial process regimes. Mean curvature and associated shape classes are equipartitioned between concave-down
and concave-up elements, forming complementary branching structures that span the landscape. These results suggest that for-

mal surface theory approaches could prove valuable in maximizing-the-utility-ef-improving process regime identification from

digital elevation data threugh-differentiation-and-definition-of processregimes-that-drive-the-evelution-of-in fluvial landscapes.

1 Introduction

The Earth’s surface contains multi-scale signatures of the processes that have shaped it. Over length scales of 102 — 10*
km, long-wavelength relief tracks patterns of lithospheric deformation and isostasy (Wieczorek, 2015) with relief generally
increasing with the horizontal scale of measurement (Turcotte, 1987). The resulting gravitational gradients drive surface erosion
that shapes the landscape at finer scales (Perron et al., 2008; Hooshyar et al., 2020; Bonetti et al., 2020) through a combination

of diffusive Reering-et-al;200+a)y Fernandes and Dietrich, 1997), advective (Whipple and Tucker, 1999), and stochastic mass
transport (Furbish et al., 2009).
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In the spirit of reductionism, geomorphic studies often focus on regions where a single erosion process is assumed domi-
nant. There are many established approaches to partitioning the landscape into process domains (Montgomery and Foufoula-
Georgiou, 1993; Shary, 1995; Jasiewicz and Stepinski, 2013). However, compartmentalization comes at the risk of over-
simplifying interactions between processes. For example, the transition from hillslopes to fluvial channels commonly occurs
in topographic hollows where gullies begin to incise. Here, interactions between hillslope and fluvial processes influence

both long-term landscape evolution @e&e&eﬁﬂ—%ﬁ—} Reneau and Dietrich, 1991b) and short-term mass motions that are

of interest for hazard prediction

ter—(Yanites et al., 2025).

As another example, the transition from curved hilltops to linear hillslopes spans a geometric transition that requires accurate
quantification of both slope and curvature with changing surface orientation (Roering et al., 1999). As digital elevation models
(DEMs) become increasingly high resolution in space and multi-temporal (Crosby et al., 2020), there are growing opportunities
to understand landscapes holistically using quantitative tools that are accurate -and-informative~and informative across all

regions of the landscape.

The potential of differential geometry for DEM processing has already been established in several parallel earth science dis-
ciplines. For example, similar methods have been used in modeling of topographic stresses relevant to critical zone processes
(Moon et al., 2017), of sheet joint development on bedrock surfaces (Martel, 2011), and the structure of bedrock folds (My-
natt et al., 2007; Pearce et al., 2006). Topographic contour curvature has also been recognized as a key ingredient for scale-
independent computation of flow accumulation and its role in landscape evolution models (Bonetti et al., 2018, 2020). However,
widespread adoption of these techniques has been slow, perhaps because of a conceptual disconnect between resultant metrics

of topographic geometry and area-space landscape partitioning frameworks that are at the core of landscape evolution theory.

With this in mind, here we develop a landscape classification workflow based on invariants of the curvature tensor. This extracts
underutilized geometric information from topographic surfaces, and provides a fully-self-consistent means of calculating all
common topographic metrics on discretely sampled DEMs that is robust against distortions that arise from derivative calcu-
lations on steep, complex surfaces (Bergbauer and Pollard, 2003; Minar et al., 2020). We apply our method to topography of
the Oregon Coast Range, long-taken-to-be-a-typesettingfor-a well-studied example of near-steady-state landseape-dynamies-in
which-upliftis-balanced-by-erosion-intoeationsfluvial landscape dynamics with characteristic ridge/valley topography.

1.1 The use of curvature in geomorphology

The connection between surface process rates and curvature was recognized as early as the late 19th century when work by
G.K. Gilbert and W.M. Davis suggested connections between hillslope convexity and rates of denudation in mountain terrains
(Gilbert, 1877; Davis, 1892). Efforts to define topographic structure predate these observations, however. As has been pointed
out in Bonetti et al. (2018), topographic curvature has been studied since at least the middle nineteenth century:-Arthur-Cayley
{Cayley;+859)-. Arthur Cayley (1859) used topographic contours to show that watershed bounding ridges are composed of

“summits” (we will term these structures “domes’’) connected by “knots” (we will call these “saddles”) such that each ridge line
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contains one more “summit” than “knot”. He argued that “immits” (we will call these “basins”) would be similarly connected
by bridging saddle structures such that there is one more “immit” than connecting sﬁdﬂﬂlfeﬂemphy&erstdameseierk

Today, several curvature-based metrics are usegtomerphologyfor surface classi cation and as an ingredient in mech-
anistic transport laws-er-As examples of classi cation, Shary (1995) derived 12 curvature metrics which were used in a
Iandscape partitioning scheme, and Passalacqua et al. (2010) used geodesic curvature of topographic contours in combinatio

intimately connected to accumulation of overland ow, Minar et al. (2020) presented an extensiveplistséficland surface
curvature metrics and propospédssibldinks to topographic equilibrium, and Schmidt et al. (2003) derived curvature metrics
using2-¢-2-D polynomial ts of topography for GIS applications. Such classi cation schemes have proven useful in surface
process studies (So a, 2020) and for mapping topographic characteristics of hazard susceptibility (Luu et al., 2024) and land
use (Riza et al., 2022).

In mechanistic erosion models, curvature arises from continuity requirements as the divergence of a gradient driven sedi-

tive transport as drainage area increases, and sediment is transported by concentrated overland ow within the uvial network
(Whipple and Tucker, 1999).

(Hack et al., 1957) and process regimes (Flint, 1974; Montgomery and Buf ngton, 1997; Kirby and Whipple, 2012) provides
an intuitive description of river basin development. This approach also makes a quantitative connection between the early
landscape organization theories of Maxwell and Cayley and drainage area analysis methods common in uvial geomorphology
today.



Figure 1. Map of study area. a.Overview map of Cascadia coastal region showiregjocation ofgur study site. Satellite imageiy from
Google Earth, accessed through QGIS XYZ tiles on June 13th, 20Etevation map of study area showing location of the Franklin Creek
trunk stream and southern ridge of Franklin Creek basin analyzed in Sect. 5.3. Black outline shows region of focused maps in gures 8-14

2 Oregon Coast Range study site

We test our method of geometric classi cation in the central Coast Range, USA, a forearc landscape of the Cascades subductior

zone. Our study area is a suite ofLOkm? basins that host uvial and debris ow channel networks between the Umpqua and

Smith River basins near Reedsport, Oregon. Bedrock in this study area is composed entirely of the Tyee Formation (Baldwin,
95 1961; Beaulieu and Hughes, 1975), a 3 km thick suite of accreted Eocene turbidites that was subject to uplift during the

Miocene (McNeill et al., 2000; Wells et al., 2014) and continues to be uplifted today with long-term rates rangir@yfsom

mm yr *to over0:4 mmyr ! (Kelsey et al., 1996; Personius, 1995).

The Coast Range has long been studied as an archetypal steady-state landscape due to its uniform ridge-valley topography (D
etrich and Dunne, 1978; Montgomery, 2001) and correlations between drainage averaged erosion rates, uplift rates, and topo

100 graphic proxies for erosion rafReneau-and-Dietrich;-1991a; Heimsath-et-al-2001;-Struble-et-al{(;




