
1 
 

Curve fitting algorithm for multimodal particle size distributions – a 
theoretical basis 
Christopher N. Rapp1, Gerardo Carrillo-Cardenas2, Sining Niu3, Yue Zhang3, Fred J. Brechtel4, A. Gannet 
Hallar2, and Daniel J. Cziczo1 
1Department of Earth, Atmospheric, and Planetary Sciences, Purdue University, West Lafayette, Indiana, 47906-2051, USA 5 
2Department of Atmospheric Sciences, University of Utah, Salt Lake City, Utah, 84112-0102, USA 
3Department of Atmospheric Sciences, Texas A&M University, College Station, Texas, 77843-3150, USA 
4Brechtel Manufacturing Incorporated, Hayward, California, 94544, USA 

Correspondence to: Christopher N. Rapp (christopherrapp@icloud.com) 

Abstract  10 
 
In this article, we detail an open-source curve fitting algorithm for multimodal particle size distributions (MPSDs) and evaluate 
it against a ten-year dataset of ambient particle size distribution (PSD) measurements collected at Storm Peak Laboratory, a 
remote mountainous research site. This algorithm is grounded in traditional aerosol statistics and assumes measured particle 
distributions are the sum of several lognormal PSDs. It is designed to be free of any predefined mode templates or mode 15 
number constraints. For a MPSD measurement, the total number concentration (𝑁!), geometric standard deviation (𝜎"), and 
geometric mean diameter (𝐷#") of each mode is estimated using a Levenberg-Marquardt nonlinear least-squares algorithm. 
These fitted modes are then iteratively subtracted from the measured PSD until convergence and/or accuracy thresholds are 
met. Rigorous evaluation of ambient aerosol data reveals a tri-modal distribution is a poor assumption for Storm Peak 
Laboratory, particularly during new particle formation events. Four or more modes were necessary for 55.7% of data associated 20 
with new particle formation. Furthermore, the algorithm was used to characterize complex laboratory PSDs where size selected 
ammonium sulfate aerosol was coated in oxidized biogenic secondary organic matter. In summary, this algorithm provides an 
effective method to analyze PSD datasets for in situ laboratory and ambient measurements. To improve accessibility of this 
algorithm to the broader aerosol research community, we also include supplemental functions to format datasets from common 
mobility particle size spectrometers.  25 

1 Introduction 

Atmospheric aerosols directly interact with Earth’s climate by absorbing or scattering solar radiation, modulating the global 
radiative balance (Intergovernmental Panel On Climate Change, 2014). Furthermore, aerosol are critical to cloud formation by 
serving as cloud condensation nuclei (CCN) or ice nucleating particles (INPs) (Lohmann and Feichter, 2005). Aerosol-cloud 
interactions or indirect climate effects are commonly summarized as modifications to cloud properties such as cloud albedo or 30 
lifetime (Albrecht, 1989; Lohmann, 2007; Twomey, 1974; Twomey et al., 1984). Combined, these direct and indirect effects 
constitute the largest uncertainty in estimates of global radiation budgets (Intergovernmental Panel On Climate Change, 2014). 
Beyond climatic effects, atmospheric aerosol (or colloquially particulate matter (PM) in the scope of air quality) can be a 
significant air pollutant with adverse health effects. Aerosols have been demonstrated to negatively affect cardiopulmonary 
health, with fine particulate matter (PM2.5) constituting an elevated risk (Pope and Dockery, 2006). The magnitude of health 35 
effects due to atmospheric aerosol is an area of active research and the following properties are typically the foci of studies: 
size, concentration, and composition (Fuzzi et al., 2015). Indeed, these properties have also shown to disproportionally 
influence the climatic effects of aerosol described above (Intergovernmental Panel On Climate Change, 2014).  
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Properties critical to studies measuring both the climatic and health impacts of atmospheric aerosol are size, concentration and 40 
composition. As such, measurements of the particle size distributions (PSDs) of aerosol are fundamental to understanding 
atmospheric aerosol. A common trait of PSDs is a multimodal distribution, indicative of a variety of atmospheric processes 
such as primary emission (e.g., mechanical generation such as dust or sea spray) or secondary formation (e.g., new particle 
formation from gas-phase). Analysis and parameterization of these modes is of particular interest to infer aerosol formation 
processes and composition. 45 
 
Multimodal parameterizations of PSDs are determined using manual, semi-automated, or automated methods. Manual or semi-
automated methods require some form of user control and interpretation to provide initial guesses of parameters (Mäkelä et 
al., 2000). While this manual control can be advantageous for particularly complex PSDs, it becomes a barrier when analyzing 
long-term multi-year datasets. Automated algorithms are available in both commercial (DistFit™, Chimera Technologies) and 50 
non-commercial form (Hussein et al., 2005; Taylor et al., 2014). The algorithm designed by (Hussein et al., 2005) has seen 
frequent implementation in analyzing long-term datasets from ambient research sites (Franco et al., 2022; Herrmann et al., 
2015; Ondráček et al., 2009). Among the automated algorithms, simultaneous fitting or solving for all modes is performed and 
typically limited to three or less modes in the sub-micrometer range (i.e. nucleation, Aitken, and accumulation). Furthermore, 
a recent evaluation of the Hussein et al., 2005 model for multiple ambient settings determined high correlation with observed 55 
PSDs; however, tended to overestimate total number concentration by about 9% (Zhu and Wang, 2024). While the 
methodology for the non-commercial methods are thoroughly described to allow replication, the technical skill necessary to 
replicate the algorithm may present a barrier for use by the broader aerosol research community.  
 
This article presents an open-source, automated algorithm for parameterizing and fitting particle size distributions (PSDs) 60 
based on their theoretical descriptions, with an emphasis on ease of use. In contrast to existing methods where multiple aerosol 
modes are fitted simultaneously, this algorithm differs by using an iterative subtractive approach for fitting PSDs. To our 
knowledge, such an automated iterative subtraction technique has not previously been implemented in the aerosol sciences, 
although it has proven successful in characterizing geological sediment size distributions (Weltje and Prins, 2007). Another 
advantage of the technique presented is freedom from predefined mode templates or assumptions of maximum number of 65 
modes. 
 
The algorithm was validated and developed with complex laboratory measurements containing six or more modes where size 
selected ammonium sulfate particles were coated in oxidized biogenic secondary organic matter. To evaluate performance for 
ambient aerosol distributions, the algorithm was used to characterize ten-years of 10-minute averaged particle size distribution 70 
measurements from Storm Peak Laboratory (SPL), a remote mountainous research observatory in Steamboat Springs, 
Colorado (Hallar et al., 2025). Performance metrics for the multimodal classification of this dataset are described. Furthermore, 
the validity of a tri-modal distribution for SPL was tested, particularly during new particle formation (NPF) events (Gordon et 
al., 2017) which frequently occur at SPL (Hallar et al., 2011; Hirshorn et al., 2022). In summary, the presented algorithm offers 
a robust, automated, and assumption-free approach for resolving complex multimodal aerosol particle size distributions across 75 
diverse experimental and observational datasets. 

2 Methods  

2.1 Laboratory Aerosol Generation and Measurement 

Complex aerosol distributions consisting of a mixture of self-nucleated SOA from oxidized gas-phase precursors and 
monodisperse sulfate salts were used to develop this algorithm. Briefly, ammonium sulfate (AS, ³ 99 %, A4915; Sigma-80 
Aldrich) and bisulfate (ABS, ³ 99.99 %, 455849; Sigma-Aldrich) were atomized (Model 3076; TSI Inc., Shoreview, MN 3077) 
at a flow rate of 0.9 L min-1 and dried using a Nafion™ dryer (Model MD-700-6S-3, PermaPure, Lakewood, NJ). Dried 
particles with an electrical mobility diameter of 300 nm were selected using a differential mobility analyzer (DMA, Model 
3081A; TSI Inc., Shoreview, MN) with a 10:1 sheath-to-sample flow ratio. Particles were then sampled into a potential aerosol 
mass oxidation flow reactor (PAM-OFR, Aerodyne Research Inc., Billerica, MA) where gas-phase limonene (³ 97 %, 183164; 85 
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Sigma-Aldrich) or α-pinene (³ 99 %, 274399; Sigma-Aldrich) was oxidized by OH/O3 producing both organic coatings on the 
sulfate particles and self-nucleated SOA. Following the PAM-OFR, O3 was removed by an ozone denuder and aerosol were 
further dried by a desiccant dryer and Nafion™ dryer in series (Model MD-700-12S-3, PermaPure, Lakewood, NJ). 
 
Particle size distributions (PSDs) were measured using a scanning electrical mobility sizer (SEMS, Model 2002; Brechtel 90 
Manufacturing Inc., Hayward, CA) also operating at a minimum 10:1 sheath-to-sample flow ratio. Sampling intervals were 
varied depending on aerosol generation stage to balance resolution and temporal variations; self-nucleation testing of SOA 
using a PAM oxidation flow reactor (30 secs), monodisperse sulfate seed sampling (60 secs), or coating evaluation (120 secs).  
For each experiment, 362 scans were obtained on average with coating evaluation scans representing a majority. A total of 
16,554 SEMS scans were obtained and used to develop the curve fitting algorithm (Sect. 2.4 – 2.7). 95 
 

2.2 Ambient Aerosol Measurement 

Ambient particle size distribution measurements at SPL from 2010-10-14 – 2020-10-24 were used in evaluating the algorithm. 
PSD measurements were obtained using a scanning mobility particle sizer (SMPS, Model 3936; TSI Inc., Shoreview, MN 
3077) and condensation particle counter (CPC, Model 3010; TSI Inc., Shoreview, MN 3077) at a time resolution of 5-minutes. 100 
To mitigate instrument and ambient noise, the data was averaged to 10-minute intervals. Data was quality controlled to the 
standards set for level 1 data of the European Monitoring and Evaluation Programme (EBAS) database including multiple 
charge and diffusion corrections. Both visual and statistical NPF classifications for this time period were retrieved from a 
previous study (Hirshorn et al., 2022). Detailed specifications of the aerosol instrumentation, inlet, and site details of SPL are 
beyond the scope of this paper and are described elsewhere (Hallar et al., 2011, 2025; Petersen et al., 2019). 105 

2.3 Theory 

Atmospheric aerosol size distributions are commonly described as the sum of multiple lognormal PSDs. Assuming each mode 
is lognormally distributed and the PSD can be fully described by the summation of 𝑗 lognormal distributions, a multimodal 
PSD (MPSD) can be fully defined by Eq. 1 (Seinfeld and Pandis, 2016) 
 110 
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where 𝑁! is the total number concentration, 𝜎",! is the geometric standard deviation, 𝐷#",! is the geometric mean diameter of 
the ith mode. Here, log is shorthand for the base 10 logarithm. A full description of the derivation of this equation and its 
parameters can be found elsewhere (Hinds and Zhu, 2022; Seinfeld and Pandis, 2016). Notation used throughout this article 115 
will be consistent with the notation used by Seinfeld and Pandis, 2016, with noted minor modifications made for indices such 
as 𝑗 instead of 𝑛 to represent each lognormal distribution (see Table 2).  

2.4 Pre-Processing 

Depending on the aerosol process of interest, the desired temporal resolution may differ. For example, a lower temporal 
resolution (e.g. 30-minute averaging) is sufficient to characterize aerosol produced by stable laboratory generation. In this 120 
application, time averaging the PSD is beneficial in reducing variance caused by instrument noise. Conversely, the analysis of 
new particle formation requires a higher resolution to observe processes that can occur at or below an instrument measurement 
frequency (e.g. 2-minute SMPS scan) and no time averaging is more appropriate. To accommodate a range of desired temporal 
resolutions, interval averaging is performed in minutes. Given a time resolved lognormal PSD with 𝑚 binned diameter ranges 
(𝐷#, 𝐷# + 𝑑𝐷#)		and 𝑡 samples, the time averaged lognormal PSD, 〈𝑛$∘ &log&. 𝐷#*〉 (Eq. 2), becomes a 1 ×𝑚 matrix  125 
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where 𝑛$,/0∘ &log𝐷#,/* denotes the log-normalized number concentration for 𝑘 time and 𝑚 bin. Similarly, we obtain the time 
averaged differential particle number concentration 𝑛$&𝐷#*𝑑𝐷#  by first multiplying 𝑛$∘ &log𝐷#* by 𝑑 log𝐷#  and similarly 130 
applying Eq. 2. 

2.5 Peak Parameterization 

Multi-modal peak identification was performed using the findpeaks function from the Practical Numerical Mathematical 
Functions (pracma) R package (Borchers, 2011). For mode identification, the recommended minimum distance between peaks 
must be equal to or greater than 5 bins and are sorted by peak magnitude (local maximum number concentration) for each 135 
retrieval. To account for noise, findpeaks was applied to a smoothed cubic spline of the residuals for more robust peak 
identification. For each mode, lower 𝐷#,234 and upper 𝐷#,256	bounds of the identified peak mode diameter 𝐷#,!  are retrieved. 
For the purposes of initializing the curve fitting algorithm (see Sect. 2.6) it was assumed that 𝐷#",! ≈ 𝐷#,!. The mode total 
number concentration 𝑁! from the lower and upper diameters was calculated by the summation in Eq. 3  
 140 
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For instances in which the predicted total concentration of an adjacent mode was overestimated, 𝑁! may become negative at 
which case the subsequent peak is selected for fitting until the maximum number of iterations is reached. The mode specific 
geometric standard deviations 𝜎",! used to initialize fitting were determined by Eq. 4 145 
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Similarly to the procedure used in calculating 𝑁* , controls to prevent negative values from appearing within Eq. 4 were 
implemented where negative concentrations of 〈𝑛$∘ 〉 are temporarily set to 0. If calculations of 𝜎",! failed, the subsequent peak 150 
is tried for fitting until the maximum number of iterations is reached. 

2.6 Curve Fitting 

Using the parameters described above, each mode was fitted to a lognormal size distribution (Eq. 5) using the nlsLM function, 
a Levenberg-Marquardt nonlinear least-squares algorithm (LM-NLS) from the (minpack.lm) R package (Timur V. Elzhov, 
Katharine M. Mullen, Andrej-Nikolai Spiess, Ben Bolker, 2022). A thorough description of LM-NLS is provided by (Moré, 155 
1978). For completeness, the functional notation of a predicted lognormal PSD using LM-NLS is given by Eq. 5. The 𝐷# 
vector is modifiable depending on the size range of interest but must have the same resolution of the reported resolution in the 
data file (typically 10-2 nm) to match actual and predicted binned concentrations. The LM-NLS algorithm outperformed 
standard non-linear least squares functions (e.g., Gauss-Newton Algorithm or GNA) for this application and avoided 
minimization problems arising from poor starting conditions, something commonly encountered using generic GNA-NLS 160 
methods. Poor mode fits are automatically rejected if any of the lognormal parameters &𝐷#",! , 𝑁! , 𝜎"!* exceed or meet the 
significance threshold p = 0.05. 
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 165 
Each fitted mode 𝑛$,9∘M &log𝐷#* is then iteratively subtracted from the residual 𝑟!∘&log𝐷#*. For the	𝑖 = 1 iteration, we define the 
residual distribution 𝑟&∘ as 𝑟&∘&log𝐷#* = 〈𝑛$∘ &log𝐷#*〉. The residual PSD after the assignment of 𝑗 modes is then defined by 
Eq. 6 
 

𝑟*∘&log𝐷#* =-𝑟!∘&log𝐷#* − 𝑛$,9∘M &log𝐷#*
*

!+&

, [n ⋅ cm,-] 6 170 

 
This is performed until any of the following conditions are met: fraction of variance unexplained (FVU) of 𝑟*∘ is less than or 
equal to the FVU tolerance (Eq. 7), the maximum number of iterations has been reached, or the maximum number of modes 
allowed is reached. The second condition is utilized to prevent an “infinite loop” from occurring while the third is used to 
prevent overfitting. In cases where the estimated peak is much higher than the identified peak (1.5 times larger), the residuals 175 
are set to 0 to identify the next peak. While this will bias the FVU within in the iterative loop, it is recalculated when evaluating 
the final model. Note the FVU can equivalently be defined as the square of the correlation coefficient of measured to predicted 
particle concentration subtracted from 1.  
 

FVU =
var[𝑟*∘&log𝐷#*\
var[〈𝑛$∘ &log𝐷#*〉\

= 1 − 𝑅' = 0.01 7 180 

 
 
Upon completion, the theoretical MPSD (Eq. 1) can be approximated as the following summation of 𝑗 fitted modes.  
 

𝑛$∘ &log𝐷#* ≅ 𝑛$,:∘M &log𝐷#* =-𝑛$,9∘M &log𝐷#*
*

!+&

, [n ⋅ cm,-] 8 185 

2.7 Evaluation 

Determining the accuracy or “goodness-of-fit” of the sum of 𝑗 modes predicted by the LM-NLS algorithm is based on residual 
error analysis. The statistical metrics used to evaluate the model are the min-max normalized RMSE (NRMSE, see Eq. 9) and 
FVU of the fitted MPSD and actual data (Eq. 7), where k is an index of summation for matched m binned concentrations 
 190 
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For size-selected measurements, normalizing to the concentration range reduces the bias high concentration peaks (particularly 
relevant for monodisperse particle selection or nucleation particles) contribute to the RMSE. A successful MPSD fitting is 195 
considered when NRMSE < 0.05	(5%) and FVU < 0.05	(5%) by default, but are modifiable thresholds depending on the 
desired accuracy for a specific application. For the ambient SPL measurements presented, FVU and NRMSE thresholds were 
changed from the default 5% to 10% to account for higher ambient noise. 
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3 Results 

3.1 Laboratory Measurements 200 

Measurements of the generated PSDs predictably exhibited a multimodal structure due to multiply charged particles, singly 
charged aggregates (i.e. doublets), and/or self-nucleation of SOA (see Figs. 1 & 2). Both multiply charged and singly charged 
aggregates were identified as expected as DMA-selected particles were passed through a charge neutralizer before entering 
the SEMS. The most prominent mode was the size selected inorganic sulfate mode with a mean particle diameter (𝐷#) of 300 
nm (~310 nm when coated in an oxidized organic layer). A nucleation and Aitken mode were also frequently observed 205 
corresponding to nucleation and subsequent agglomeration. For a modified experiment where inorganic sulfate particles with 
a mean particle diameter (𝐷#) of 150 nm were selected, singly charged aggregates up to singly-charged quadruplets were 
effectively characterized along with doubly and triply charged singlets (see Fig. 1). 

Figure 1 – Example of a successful multimodal curve fitting for a SEMS measurement of DMA-selected AS (𝑫𝒑 = 150 nm) particles. 
Lognormal parameters for identified modes are listed in Table 1. Shaded gray region represents a NRMSE of 0.02 with a 210 
corresponding total particle uncertainty (RMSE) of 2537 𝐝𝐍 𝐝 𝐥𝐨𝐠𝐃𝐩	⁄ [𝐧 ⋅ 𝐜𝐦#𝟑]. 
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Figure 2 – Example of a successful curve fitting of a MPSD for size selected AS (𝑫𝒑 = 300 nm) and α-pinene derived SOA aerosol. 
Lognormal parameters for identified modes are listed in Table 1. Shaded gray region represents a NRMSE of 0.03 with a corresponding total 
particle uncertainty (RMSE) of 2132 𝐝𝐍 𝐝 𝐥𝐨𝐠𝐃𝐩	⁄ [𝐧 ⋅ 𝐜𝐦#𝟑]. 

3.2 Ambient Measurements – SPL 215 

The algorithm successfully characterized 59.4% of the 208,060 10-minute averaged scans at the accuracy thresholds of 0.1 
(10%) FVU and NRMSE. Under higher particle concentration conditions (e.g., ≥ 105 dN/dlogDp), the percentage of successful 
fittings increases to 68.8%. For these accuracy thresholds, the mean measured to predicted particle ratio was 0.991 and overall 
underpredicted concentrations by 0.899%. This corresponded to a coefficient of determination (R2) of 0.999 when a simple 
linear regression was applied. The algorithm’s ability to estimate total number concentration on a scan-by-scan basis is 220 
illustrated in Figure 3. When all fittings are considered, including those below the thresholds defined above, the coefficient of 
determination (R2) of measured to predicted particle concentrations is 0.844.  

Figure 3 – Measured concentration vs predicted concentration dN/dlogDp for fittings above the accuracy thresholds of 0.1 (10%) 
FVU and NRMSE. Black dots represent prediction ratios for individual 10-minute averaged scans at SPL from 2010-01-14 to 2020-
10-24. The red line is the simple linear regression of the predicted and measured particle concentration with coefficient of 225 
determination and degrees of freedom (df) listed in the title. 

Both the mean and median number of modes necessary to explain 90% of the variance for all SPL measurements was 4 ± 2 
modes, where the error is standard deviations rounded to the nearest mode. Examples of measurement fittings where more 
than 4 modes were necessary for both low and high particle concentrations are given by Figure 4 and 5 respectively. In the 
case of low particle concentrations, five modes were necessary to explain 92% of particle concentrations. Six modes were 230 
needed for the high concentration case (e.g., visually identified NPF event with strong nucleation mode) where 99.57% of all 
particles were predicted. Extending beyond these two examples, 37.7% of all successful fittings required 5 or more modes. 
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Figure 4 – Example of a successful curve fitting of a MPSD at SPL (2022-01-22 11:18:40 UTC) for non-NPF conditions. Lognormal 
parameters for identified modes are listed in Table 1. Shaded gray region represents a NRMSE of 0.07 with a corresponding total 
particle uncertainty (RMSE) of 108 𝐝𝐍 𝐝 𝐥𝐨𝐠𝐃𝐩	⁄ [𝐧 ⋅ 𝐜𝐦#𝟑]. 235 

Figure 5 – Example of a successful curve fitting of a MPSD at SPL (2022-04-30 18:08:40 UTC) for the beginning of a NPF event. 
Lognormal parameters for identified modes are listed in Table 1 and modes 2 - 6 are not labeled due to low concentration compared 
to mode 1. Shaded gray region represents a NRMSE of 0.02 with a corresponding total particle uncertainty (RMSE) of 704 
𝐝𝐍 𝐝 𝐥𝐨𝐠𝐃𝐩	⁄ [𝐧 ⋅ 𝐜𝐦#𝟑]. 

 240 
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Table 1 – A summary of the lognormal parameters specific to the modes in Figs. 1-4.  

Figure Mode 𝑁	[n ⋅ cm,-]	 𝜎" 𝐷#" (nm) 

1 

1 14152 1.1 160.1 

2 4694 1.13 245.1 

3 1456 1.12 348.7 

4 999 1.09 108.3 

5 371 1.11 474.8 

6 130 1.07 84.7 

2 

1 7710 1.1 317.6 

2 35219 1.89 71.6 

3 1300 1.1 150.9 

4 907 1.07 195.8 

5 715 1.13 499.3 

6 141 1.04 117.4 

3 

1 358 1.31 20.6 

2 252 1.34 45.1 

3 35 1.17 97.6 

4 33 1.16 146.9 

5 13 1.13 208 

4 

1 10843 1.35 18.3 

2 104 1.16 151.6 

3 96 1.17 50.6 

4 36 1.1 199.2 

5 48 1.15 106.4 

6 11 1.06 71.8 
 

3.3 Evaluation of the Tri-Modal Assumption for NPF at SPL 

For the time period spanning from 2010-01-15 to 2020-10-22, NPF events were visually classified on 372 days according to 245 
the methods described in (Hirshorn et al., 2022). The remainder were classed as non-NPF and consisted of either undefined or 
non-event days. Multimodal analysis was performed using the algorithm presented with fittings deemed successful if they met 
the following accuracy conditions: 90% or more measured particles predicted and a NRMSE of 0.10 or lower retained. The 
relative frequency of modes necessary to fit each 10-minute scan for both NPF and non-NPF event days are summarized in 
Fig. 6. For visually classified NPF days, 4+ modes are required to explain 55.7% of scans. This requirement of higher order 250 
modes becomes more pronounced if using the statistical Gaussian NPF classification detailed by (Hirshorn et al., 2022). This 
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method provides specific start and end times where active nucleation and growth are calculated. For this subset of data, both 
the mean and median number of modes necessary to explain 90% of particle concentration increases to 5 ± 2 modes where the 
error is standard deviations rounded to the nearest mode. Furthermore, 73.1% of scans associated to statistically identified NPF 
required four or more modes. For all non-NPF PSDs, only 27.5% of fits were tri-modal (Fig. 6). Regardless of the NPF 255 
classification method utilized, a tri-modal assumption fails to explain more than half of NPF events at SPL.  
 

 
Figure 6 – Relative frequency of modes (%) necessary to successfully fit a PSD (NRMSE ≤ 10% and FVU ≤ 10%) on days where 
NPF was visually classified (top) or days where NPF was confirmed to not have occurred (bottom). Annotations indicate the 260 
percentage of data associated with 4 or more modes.  

4 Discussion 

4.1 Tri-Modal Assumption 

Two to three modes are generally sufficient to characterize ambient PSDs for a variety of environments (Franco et al., 2022; 
Herrmann et al., 2015; Hussein et al., 2005; Mäkelä et al., 2000; Zhu and Wang, 2024). As such, existing commercial 265 
algorithms such as DistFit™ (Chimera Technologies) are designed to use a maximum of three modes when fully automated. 
Similarly, existing non-commercial algorithms assume (or merge smaller modes) to achieve at most a trimodal distribution 
(Hussein et al., 2005; Mäkelä et al., 2000; Zhu and Wang, 2024). For the algorithm developed by (Hussein et al., 2005), modes 
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are assigned by iterating lognormal parameters (𝑁! , 𝜎", and 𝐷#") in a predefined range. In contrast, the algorithm we developed 
does not have any assumptions on mode parameters and is only limited by user-defined arguments for maximum allowed 270 
modes and accuracy tolerances. After iteratively subtracting modes in order of decreasing concentration, the algorithm will 
continue to assign modes unless desired tolerance is achieved or maximum modes are reached. This flexibility proved 
invaluable when evaluating both the laboratory measurements at Purdue University and ambient measurements at SPL. 
Existing algorithms with limited mode numbers would not have been able to characterize complex laboratory measurements 
(e.g. DMA size-selected) such as those presented here where a minimum of six modes is present. Furthermore, the assumption 275 
of a tri-modal distribution was inadequate for PSD data at SPL from 2010 – 2020, particularly during NPF events. For 
statistically classified NPF, ~ 75% of PSDs required four or more modes to explain 90% of all particle variance. When 
considering all fittings at the same accuracy, 4 ± 2 modes were required. 

4.2 Accuracy 

Evaluation of the algorithm against SPL data revealed that the algorithm is highly effective in fitting ambient PSDs. When 280 
considering multimodal fittings without any accuracy thresholds for ten years of SPL PSD data, the model exhibited high 
predictive skill (R2 = 0.844) for total predicted vs. measured particle concentration. When applying more selective accuracy 
thresholds to filter poor/failed fittings, the algorithm’s predictive skill increased at the expense of a lower number of available 
fittings. Using the accuracy thresholds NRMSE ≤ 10% and FVU ≤ 10%, the algorithm slightly underestimated total particle 
concentration at SPL by 0.9% on average. Zhu and Wang, 2024, determined the multi-lognormal particle distribution using 3 285 
or less modes overpredicted concentrations by 9% when examining hourly data from eight diverse research sites across Europe 
with a high correlation of observed and fitted results (R2 > 0.75). If we consider the results of Zhu and Wang, 2024 for Puy de 
Dôme only (which is most similar to SPL among the research sites they examined), a bi- or tri-modal distributions was accurate 
in fitting nucleation mode particles but performed very poorly otherwise (R2 < 0.12). Our results show using higher order 
modes for a similarly mountainous forested region was highly accurate.  290 

4.3 Limitations 

For the laboratory lognormal PSDs used to develop this algorithm, scans with total number concentrations exceeding 1010 
dN/dlogDp or with unstable sheath flows (high standard deviation from set flow) were removed. Inclusion of these scans 
resulted in large overpredictions in concentration for all modes. An inherent limitation of any curve fitting procedure is the 
requirement that a local maximum is identified. For measured nucleation modes, the lower bound is typically the peak diameter 295 
with the lower tail outside the effective measurement range of instruments. Thus, the model will fail to curve-fit nucleation 
modes with a mode at or below the lower end of the measurement range. Failure to identify edge cases of multiply charged 
particles or aggregates (ex. highest charged singlet or largest aggregate particle) were also encountered if a FVU tolerance of 
0.01 (1%) or higher was selected. In the example presented in Fig. 2, a 0.1% tolerance was used so all multiply charged 
particles and agglomerates were accounted for. 300 
 
Significance testing of each parameter of the fitted lognormal PSD retrieved from the LM-NLS algorithm was successful (𝑝 ≤
0.05) with model runs containing parameters above this threshold automatically removed. We strongly caution however that 
MPSDs with ~7 or more fitted modes will result in residual modes with low degrees of freedom e.g., significance testing is 
not an appropriate measure for goodness-of-fit. However, even with the increased statistical power for the sum of 𝑗 modes, we 305 
found significance testing using either parametric or non-parametric testing to be a poor metric in evaluating the performance 
of the multimodal curve fitting algorithm in fitting a MPSD and recommend using the combination of the FVU and NRMSE. 
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4.4 Applications 

This multimodal curve fitting algorithm is open-source and available to the aerosol research community as a documented 
multi-argument R function. Both an actively maintained version and original copy (as submitted) are publicly accessible in 310 
addition to an example file describing the process in formatting datasets for analysis and applying the multimodal R function 
(see supplement). This algorithm is not specific to any instrument or file format but must contain binned log-normalized 
concentration data (ideally corrected for any particle losses) with numeric names corresponding to the diameter range (e.g., 
10.16 nm) listed in the data file. An assumption of this algorithm is that the data to be analyzed has been corrected for 
instrument errors and has been quality controlled. It is assumed the data can be pre-processed according to the procedure 315 
described in Sect. 2.4. To assist in this step, four supplemental functions are provided to pre-process TSI or Brechtel 
measurement data (instrument software version dependent). Furthermore, both the NASA-Ames (level 1 & 2) and netCDF 
standardized formats are accepted (see Figure 7). Other instrument files or formats not listed can additionally be included upon 
request. The computational cost of this method is minimal and has been tested for bin-schemes as low as 30 channels. For 
example, fitting and plotting a MPSD to each scan of a dataset containing 111 2-minute scans was performed in 56.6 secs (i.e., 320 
approximately 0.51 sec per 120 bin scans on one core) as determined using R code benchmarking on a laptop PC (16 CPU 
core, Apple M3 Max, 64 GB RAM). 

Figure 7 – Flowchart summarizing the data formatting process to apply the methods described here to a variety of datasets.  

5 Conclusions 

This multimodal curve fitting algorithm provides a method to estimate and parameterize MPSDs using familiar theory 325 
foundational to aerosol statistics. As MPSDs are assumed to be the summation of j modes, the algorithm iteratively subtracts 
modes in order of maximum concentration until user-defined accuracy and convergence tolerances are achieved. The algorithm 
is not limited by predefined ranges of lognormal parameters or number of modes and was designed for analyzing both 
laboratory and ambient PSD measurements. In particular, the freedom from predefined mode templates was invaluable for 
characterizing ten-years of ambient PSDs measured at SPL. The commonly assumed tri-modal distribution for ambient aerosol 330 
particles was adequate for only 27.5% of non-NPF data analyzed where 51.7% of data required 4 or more modes. During 
periods of statistically defined NPF this assumption became increasingly unreliable, where approximately 75% of PSDs 
required four or more modes to explain 90% of particle variance with a mean/median of 5 ± 2 modes. We believe this research 
tool can be utilized by the aerosol research community to analyze aerosol size distributions and more critically, improve our 
understanding of the size-specific effects aerosol have on air quality and climate. 335 
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Table 2. List of symbols 

Symbol Meaning Units 
𝜎",! Geometric standard deviation  
𝐷# Particle diameter [nm or µm] 
𝐷#,;	 Particle diameter of diameter bin 𝑘 [nm or µm] 
𝐷#,/ Particle diameter of diameter bin 𝑚 [nm or µm] 
𝐷#,234 Diameter of local minima left of the identified peak [nm or µm] 
𝐷#,256 Diameter of local minima right of the identified peak [nm or µm] 
𝐷#",! Geometric mean diameter of the ith mode [nm or µm] 

𝑛$∘ &log𝐷#* Lognormal number particle size distribution [n ⋅ cm,-] 
〈𝑛$∘ &log𝐷#*〉 Time averaged lognormal particle size distribution [n ⋅ cm,-] 

𝑛$,;/∘ &log𝐷#,/* Lognormal number concentration for 𝑘 time and 𝑚 bin [n ⋅ cm,-] 
〈𝑛$,;∘ &log𝐷#,;*〉 Lognormal number concentration for the kth bin [n ⋅ cm,-] 
𝑛$,9∘M &log𝐷#* Predicted lognormal particle size distribution of the ith mode [n ⋅ cm,-] 
𝑛$,:∘M &log𝐷#* Predicted lognormal particle size distribution from the summation 

of 𝑗 modes  
[n ⋅ cm,-] 

𝑟!∘&log𝐷#* Residual particle size distribution after the subtraction of the ith 
fitted mode 

[n ⋅ cm,-] 

𝑟*∘&log𝐷#* Residual particle size distribution after the subtraction of 𝑗 modes [n ⋅ cm,-] 
𝑖 Integer index for the 𝑖th	lognormal	mode	  
𝑗 Number of lognormal modes necessary to fully define a multi-

modal particle size distribution 
 

𝑘 Index of summation for 𝑚 bins  
𝑙 Index of summation for 𝑡 times  
𝑚 Maximum number of binned diameters in a PSD measurement  
𝑡 Number of PSD scans in a specified interval  

Code availability 

Maintained R codes for the multimodal curve fitting algorithm and data pre-processing are available on GitHub 
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