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Abstract

Anomalous fading is a power law decay of trapped charge over time that is commonly
observed in wide-bandgap semiconductors, leading to age underestimation in luminescence
dating if unaccounted for. In this paper, we reappraise the mathematical foundations of
luminescence signal correction and introduce two new closed-form analytical expressions for
the two most commonly used age correction models, namely that of Huntley and Lamothe
[Can. J. Earth Sci. 38, 1093-1106, 2001], and that of Kars et al. [Radiat. Meas., 43, 786-790),
2008]. These expressions are amenable to straightforward uncertainty propagation, matching
results from Monte-Carlo simulations at a fraction of the calculation cost. Additionally, we
explore unorthodox combinations of signal fading and growth pathways, by coupling fading
models to signal growth obeying general order kinetics, as well as the one-trap one-
recombination center model.

1. Introduction

Anomalous fading is, to date, an undisputedly convoluted subdiscipline in
luminescence dating that eceunterintuitively—creates equal discomfort for students and
professors alike. As-aresult the- communityresortstoThisUpon a closer and critical look, much
of the confusion around the subject —can be traced back to the insecure and sometimes
misleading rnathernat1cal footlng of 1ts semlnal papers., which has been trptoed around bV a
wealth of ha e
ineladerecirculated- reerrea%atedre&oﬁmeasurement protocols analysrs spreadsheets and data
analbysis—reduction packages, all of which averd—reapprarsmg—th%{eﬁenm%erted—humask
thepatch the theoretlcal amblgultles and 1ncons1stenc1es in numerlcallv divergent ways
asecure)-mathematiea e he—variot e : hessubjeet. While the latter
reflects the subject’s relevance and active public engagement, Bevr&tron—the obfuscated math
has nevertheless nudged practitioners towards strong conformity to frem—this—sueh—‘grey
Literaturebest practices”-ean-be-challengingtojustify, thereby—sta&r—ng—f&rﬂ&er—progressfb&ther
promoting—eroupthink-and-confirmation-biaswhich are rarely challenged but are increasingly

difficult to justify. While we acknowledge the fundamental value of the various contributions

on fadrng quantlﬁcatlon and correction, these contributions ar%unfortunatelv rrdd%ed—w%th

elarﬁ%s}oﬁhave a number of shortcomlngsand—sekﬁeonsrsteney—ef—tk%semmal—papers—m—the

ﬁeld—af%ne\%rtl&e}ess—deep—and—elﬁrrome and—whrch generallv Whreh—must—b%&ddressed—eaﬁed

and—rneensrsteneres—m—pﬂer—th%sennnal—staées—genera&y—falls 1nto one of the followrng

categories:
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1) Mathematically—erroneous—statementErroneous mathematical assertionsstatements and

substandarduneonventionalsubstandard fermulatiensformulationss: Wintle’s (1973) stated
that her observations of anomalous luminescence signal loss (Fig 1a) did not exhibit simple

time dependence, although these data do in fact exhibit logarithmic decay (inset Fig. 1a).

teebsewatten—rs—eons&stent—wrtthtle S erroneous statement overlooked more than a
century of phosphorescence research demonstrating the ubiquity of power-law decay
behavior in general (Becquerel, 1867; Randall and Wilkins, 1945; Medlin, 1961), and mere
than—a-decade—of-tunnelling-driven kinetic models in particular (Hoogenstraaten, 1958;

Thomas et al., 1965; Rlehl 1970)&%@&%&%&%&@%@%&@

SmJ—af]ryF&t:therofeth respect to formula conventlons the decaV formulas of
Visocekas (1976, 1985), Aitken (1985). and Huntley and Lamothe (2001)_regrettably

normahzed the unaeeeetab}%use oﬁnelaeted eut—fofth—ardemenstfablry—meeﬂeet—elafm—that

units, wh mmen qstha
ms*sts&dlvloeateln dlsregard wrthof the standard en—reerumrng—unlt 1ndependent formulatlon
of physical laws (Maxwell, 1873: BIPM-SIbrochure, 1970).
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Figure 1. Characteristic problems with anomalous fading literature. a) Erroneous statements: “’the shape of the decay curve
does not [...] conform to any simple time dependence” (Wintle, 1973); inset: same data on a linear signal time vs. logarithmic
time axes, exhibiting a simple logarithmic decay at a ~29% fading rate (reference time of 2 days). b) Erroneous derivation:
negative concentrations in the model of Visocekas (1985) are inevitable (continuous lines); but can be easHy-mitigated via a
more informed integration (dashed lines, see text). c) Missing formulas from the literature: three examples of seminal formulas,
whose building blocks are scattered across their corresponding papers but never brought together in a meaningful manner. The
parameters are D for dose rate (with subscripts “nat” and “lab” corresponding to natural and laboratory, respectively), D, and
D, for equivalent and characteristic dose (respectively), t for time and Tg,,, for corrected age, n for the trapped electrons
concentration evolving from initial n to saturation N, g for the fading rate (g-value, unitless) for a reference time ¢, p’ for
rescaled g-value assuming escape frequency s, 7’ a dimensionless electron-hole separation distance.

2) Inadeguate ErroneeusInconsistent derivations: Visocekas (1976) made the first quantitative
reinterpretation of Wintle’s (1973) data (inset in Fig. 1a), however, his definition of the
logarithmic decay constant (Visocekas, 1985) is at odds with his-its subsequent derivation,
reflecting—awhere the faulty—integration that—net—enlyled—to—wrong—unitsresulted in
potentially negative values and consequently —but-alse—inveked—an unphysical model
(continuous lines in Fig. 1b). As we show in Section 2, a self-consistent integration
nstantaneousty-leads to more meaningful results (dashed lines in Fig. 1b; see Section 3),
precluding negative concentrations and foreshadowing the model of Huntley (2006).
Similarly, the “—1” term in Eq. A4 of Huntley and Lamothe (2001) does not follow from
T, < T as claimed-as-elaimed-by-these-authors, but rather stems from a tetallydifferent
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assumption of T; = t, the relaxation of which could lead to any-etheran arbitrary “—T; /t.”
offset in their age correction formula.

3) MisleadingequationsHidden/oSevere-aAlgorithmic opacitypaque-calenlation—steps: The
age correction formula of Huntley and Lamothe (2001, Eq. [AS]) lacks—a—key—step;
namelylacks the rescaling of k, which the-authers-de-didwhilst described in the text but
completelyis omitted from their arithmetic. As trivial as it may be (see Section 2), the
rescaling of a g-value from one reference time t; to another t,, via g, =
[gi* —logyo(t,/t1)] 71 is not reported in Huntley and Lamothe (2001), andnor derived in
any later publication. firstappeared-enty-The first verifiable appearance of this formula is
as-comments—or-anylater publieation—te-in published code (Kreutzer;-S-, 2017), further
refereneingciting a private communication — the hallmark of grey literature underpinning
underpinning an ambiguous primary sourceHunely—and Lameothe’s—inabilityto—explain
what-they-were-doing. Our confidence in restating their-Huntley and Lamothe’s formula
in Section 3.1 arises from our successful reverse-engineeringreverse engineering of their

numerlcal examples A—sm%ﬁa%farh%&a%hemaﬂea&y@epress—th%pape&&een&a&e&d{

appfe*frﬁa&eﬂ—FufthefmefeSumlarly Kars et al (2008) only prov1ded a bare rate
equation_for their now popular model, leaving it up to the reader enly-te-imagine-how-to

figure out how to combine it with the spatial distribution of electron-hole separation
distances, even though a semi-analytical solution is rather straightforward (Fig. 1c).

The compound effect of thiese the problemsmathematical silliteracyhorteomings; only partially
listed above and illustrated in Fig. 1, has been chronic and additive: 1) erroneous statements

statements and definitions curb the practitioners’ understanding and stall further progress,
sometimes for decades; 2) the few and far between mathematical derivations are taken as
unquestionable-truthsfor granted rather than scrutinized as steps towards better formulations;

3) the theeoretical-gapsalgorithmic opacity leads to the—proliferation—of—grey”literature;
spreadsheets—and-—seftware;—and—of-divergent practical implementations, each—patehing—the
sherteomings-to-the bestofitsauthersunderstanding-while still all referring to the method as

one and the same (see Section 3.2 for an vivid-example). Our current contribution is written

out of deep respect for all the fields’ trailblazers, but recognizses the urgentneed-fora-majorthat
without a major mathematical elarity—housekeeping effort, the—field—will remain—in—a

stalemateprogress will be challengingfor-the-treatment-of fading quantificationand-correction.
We therefore proceed to give the shortest possible mathematical reappraisal of anomalous
fading, followed by its verification, and finally some unforeseen and unprecedented variations
on this rather old theme.

2. Exponential, logarithmic, and power-law decay

To define radioactive decay, Rutherford (1900) designated A as the proportionality
constant between concentration n and its decay rate with time dn/dt. Rearranging for A and
keeping its sign convention, we can express the decay constant as:

_dn/n
A=—— (M

where the right-hand side corresponds to fractional loss of concentration (—dn/n) per unit time
(dt). Separation of variables and integration leads to the familiar n(t)/n, = exp (—At), in
which t = 271 is the amount of time it takes concentration to e-fold (i.e. reduce to 1/e of its
initial value at t = 0).
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Visocekas (1976, 1985) both coined the term “logarithmic decay”, and defined the
associated decay constant as “the slope of the TL light sum vs. In t”, which following our
nomenclature of n for concentration (=the light sum in TL), and utilizing the identity d(Int) =
dt/t, ean-should be formally written-expressed as:

dn
de/t’

which sheuld-must bear have-had-units of concentration. HeweverNevertheless, just a few lines
following his definition, Visocekas (1985) arbitrarily rescaled the denominator from d Int to
dlog, t (invoking the familiar “per decade of time”), and further assigned units of [%] to n-’s
numerator, thus disclosing a miscommunicated normalization of n by some arbitrary
concentration n.. It is the proliferation of these faux units in the literature (“% per decade”),
and their illegitimate hardcoding into all subsequent-familiar formulas (cf. Visocekas, 1985;
Huntley and Lamothe, 2001; cf. Slater et al 2001) that leaves little doubt that Vlsocekas
“logarithmic decay” (Eq. 2) was-is i § § 0 have
invoked-the-econeeptisshould be Vlewed as Jr&st—a spemal case of the more generala power- law
decay:
dn/n
K=- W 3)

= @

where fractional concentration loss —dn/n is scaled by fractional (rather than absolute, cf. Eq.
1) progressmn in time dt/t. Note that our rew-expresston-fork(sensuHuntley-andLameothe;
200+Eq. (3) is a classic example of “dimensionless sensitivity” (Beck, 1970; Smith, 1994;
Smertenko, 2020), defined as the “fractional change in [a] calculated observable divided by
the corresponding fractional change in the [corresponding] parameter of the model” (Smith,
1994). Also note; that Eq. (3) is fully consistent with the definition of x_by Huntley and
Lamothe (2001), Eq. (3) being merely the infinitesimal generalization of their finite k =
—(An/n.)/ (At/t.). Below we show that it is specifically Eq. (3), that all familiar results can
be easily derived from. Visocekas’ (1985) own seminal decay formula (straight lines in Figs.
la-b):

O _ 1k (t—tc) )

Cc

may be understood as integration of Eq. (3) subject to a fixed scaling concentration, namely
[dn/n. = — [k dt/t (cf. Eq. 2) withn, = n(t.) = const as the boundary condition. Serving
as the starting point for the age correction of Huntley and Lamothe (2001), Eq. (4) is however
unphysical, since n must inevitably, sooner or later, plunge into negative concentrations. This
“feature” of the model bothered-Visocekas (1985) se-muchthathe-dedicated half of his 1985
paper’s mathsarithmetic (section 2.6 ibid) trying to mitigate said effect yet to no avail (one
must magically-drop the second term of his Eq. 7 to reproduce F in his Fig. 3). However—allit
takestTo avoid fix-the occurrence of negative concentrations, is-to-inteetrate-Eqg. (3) must be

1ntegrated as wrltten with no fixed scahng to obtalnjéhrsife&&m%ef—th%medel—be%hered

n®) = exp [—K In (t_tc)] 5)

N¢

Contrary to the heuristic Eq. (4), Eq.- (5) is athe physical model-that-Viseeekasprobably-strived
for, where concentration remains positive n > 0 at all times (for a demonstration of its
successful application, see Section 4). Note that the more familiar Eq. (4) may be considered
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as a special case of Eq. (5) in its linear region, where exp(—x) ~ 1 — x. For typical laboratory
conditions, the curvature of Eq. (5) is unnoticeable: consider the dashed green curve in Fig. 1b
(g = 5%g=5%), which could easily be mistaken for a logarithmic decay (Eq. 2) over 6-7 orders
of magnitude of time. Let us reiterate, that k in Eqgs. (3-5) is just a unitless number, whose
arbitrary rescaling into a g-value (defined as g = kIn 10, corresponding to the fractional loss
for a tenfold increase of time, and and-asseetation—withbearing the faux units of (“% per
decade”).) might have led to-resulted-in mere-confusion-than-enlightenment. Readers familiar
with the inseparable “n/100” or “g/100” from the seminal papers, will be disappointed to
find that our present treatise does aim to comply with core metrological principles (BIPM,
1970), and therefore drops the familiar “100” factor as well as the pseudo “per decade” units
for good. Indeed, k is just a unitless number, and so is the fameuscommonly reported g value,
or any other imaginable normalization of k: as a thought experiment, consider h = kIn 2
reported in “ppm per octave (i.e. doubling) of time”. No matter the normalization, all such
values will be just unitless fractions, proportional to the dimensionless sensitivity in Eq. (3) via
a constant.

If either k (for the-morecommonly-used g)-value; defined-as—g—=wIn10)isare
obtained by fitting Eq. (4), one must report the vicinity of t around which it has been derived.
This is known as the “reference time” t., which is conventionally set to 2 days (reflecting the
typical timescale of a laboratory experiment). Adtheugh—It is noteworthy that enly—few
laboratories take-the-treuble-toreport their ¢, duration, and even fewer manage to do;-and-even
fewer provide-itsunits it correctly; for example, although-elaimedrather than being as-2 day g-
values as stated, the values aetually-reported in Thiel et al. (2015) are demonstrably scaled to
the shortest fading measurement duration (in the vicinity of ~10 minutes), and thus
underestimate the actual 2 day g-values by-a-significantmargin-(by a few percent relative, and
~0.1% absolute){-r%s—rﬁ—d—ays—bu&—m—uﬁ&s—ei‘“—ﬁeaﬂi’% Nevertheless.; t. is a crucial parameter
for validating one’s data analysis. Due to the logarithm in %heéenefm&a%er—eﬁEq (4), the decay
constant (whether k or g) is only weakly dependent on the choice of the reference time ¢t (see
Eq. 6 below). Rescaling from one ¢, to another is trivial. Consider a first triplet (x4, t;, 1)
consisting of a decay constant k;, defined at the reference time t; and corresponding to
concentration n;. Consider a second triplet (k,, t,, n,) obeying the very same definition. Cross-
referencing the concentrations via two instances of Eq. (4):

ny iy ny 51
l—Klln( ) 1—K211‘1( )
ny t n; ts
we notice that the product of these two expressions cancels the concentrations, leaving us with
[1 —x,In(t,/t)][1 — k3 In(ty/t;)] = 1, which after rearrangement and isolation of k;
yields:
1

o=t -m(@] o= for-emo ()] ©

Conceptually we notice that for t, = t;, no rescaling should occur as expected. To verify the
validity of Eq. (6), we successfully apply it to rescale g; = 5% from t; = 2 days to k, =
0.0231 at t, = 30 (Appendix A of Huntley and Lamothe, 2001). It is easy to show that with a
factor 15 increase of the reference time, the rescaled g, = 1/(20 — 1.17) = 5.31% is only
marglnally shlfted by factor 1 06 from its 1n1t1a1 Value—éas—a—m}%ef—thumb—aﬂ—efder—ef
: : Ang e a-g-valuecha itsel). Note that the
above rescallng apphes for logarlthmlc decay only (Eq 4), since for decay obeying true power-
law (Eq. 5), k remains constant over the entire range of times — which finally brings us to the
nearest-neighbour distribution model as discussed next.
A physical model approximating power-law decay, which we will henceforth refer to
as nearest-neighbor distribution (NND) trap decay, entered mainstream luminescence dating
due to the combined efforts of Huntley (2006), who popularized rather ancient results in an
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accessible manner, and Kars et al. (2008) who coupled Huntley’s catchy formulation to a
realistic trap repopulation model. The NND trap decay model, nowadays most often ascribed
to Tachiya and Mozumder (1974),—in—faet stems from Hoogenstraaten’s (1958) theory of
centres. In fact, Hoogenstraaten’s numerically-exhaustive Egs. (12.18a-b) immediately lead to
Huntley’s (2006) formulation under the approximations t = 6z and f =In®z (which
Hoogenstraaten must himself have resorted to for the calculation of his Fig. §; cf. Fig. 2 in
Huntley, 2006). In a nutshell, the NND trap decay model assumes a distribution of electron-
hole separation distances, where the probability of finding a nearest neighbor at r’ is given by
p(r’) = 3r'? exp(—7'3). The tunneling rate to a center at v’ is K(r') = s exp(—p’_1/3r’), in
which s is the tunneling frequency (s!), and p’ (dimensionless) the nearest-neighbour
distribution density. NND trap decay presumes that trapped electrons are lost via electron
tunneling to the nearest available recombination centres, that gradually become situated farther
and farther away as each progressive spherical shell of available centres is consumed. To
calculate the surviving trapped charge concentration, one integrates over the remaining
recombination centre population over all distances, or alternatively only from the effective
“shell” at radius 7. at which fading is maximal at time ¢:
n(t)

ny

= f 3r'% exp(—r'?) e_seXp(_p’_mr’)tdr’ = f 3r'% exp(—r'3) dr’ = exp[—p' In3(1.8 s t)]. (7
0 Teft

Note that the effective radius 7q¢ = p'*In(1.8 s t) is obtained by setting the time to the
inverse of the decay constant t = 1/K (re’ ff) and inverting for ., ,; note that 1.8 is a totally
arbitrary constant, that improved the approximation in the few scenarios considered by Huntley
(2006). Note also that the resulting n(t)/n, = exp[—p’ In3(1.8 s t)] is conspicuously similar
to our Eq. (5), where the roles of p’ and s are analogous to those of k and t;1, respectively.
Yet unlike in the heuristic Eq. (5), the logarithm of time in Eq. (7) is cubed, disclosing the
effect of volumetric integration (Hoogenstraaten, 1958; Tachiya and Mozumder, 1974). To
show that p’ is merely a rescaled g-value, we differentiate Eq. (7) with respect to time, scale
by t/n (cf. Eq. 3), and rearrange to obtain:

, log,o e

= Tassy ¢ ®

p

Just like Eq. (6), Eq. (8) is also an extremely useful relationship that has so far not been spelled
out in the literature.

3. Common age corrections
3.1 Huntley and Lamothe, 2001

The Huntley and Lamothe (2001) age correction is a direct utilization of Visocekas’
logarithmic decay law (Eq. 4), hinted at a decade and a half earlier in Aitken (1985) yet never
put into a practical mathematical formulation. Below, we break down the numerical example
from Appendix A of Huntley and Lamothe (2001) and use it to rewrite their formulas in an
algorithmically transparent-mere-meantngfal manner.

a) First, one conducts laboratory fading experiments, and best fits them via Eq. (4) to obtain
a decay constant k referenced to a common t. across all samples to allow for
straightforward comparison (k = 5%/In 10 = 0.0217 for t, = 2 days).

b) Next, one must use Eq. (6) to rescale k¥ from a common t, to a sample-specific t;,;, via
Kiap = [k~ — In(t;qp/t.)]17L. The laboratory time t;,, is not a rigid concept, but rather an
“effective timescale” ean-be-defined-as-time-spent-by-the-over which the sample te-attains
its equivalent dose, D,, in the laboratory. The commonest approximation is due to Aitken
(1985), where laboratory time is defined as t;,, = D./(2Dq3) + tdelay. Where D,,p is the




D74 laboratory dose rate, and tg,;q,_is the delay between end of irradiation and measurement

D75 of the optical signal. The confusing part is that in some situations, tge;4y is negligible, while
P76 in others, due to dlfferlng experlmental set-ups, it is domlnant —sueh—a—deﬁﬁrﬁeﬁ—}s—bfead
D77 h
P78 ateas-w an-a ary ameH 3
279 30 days from 1rrad1at10n to measurement, leading to k;,;, = O 0231; Huntley and Lamothe,
280 2001).
281 c¢) Finally, one uses Eq. (4) again to write n(t)/ny = 1 — k4p In(t/t;4p), and solves for the
282 initial concentration to obtain ny = n(t)/[1 — K4 In(t/t;4,)]. Granted linearity between
283 concentration and apparent age, we replace n(t)/ng = trqgea/tcorr> Obtaining:
t = %m
e\, (e
& tap
tcorr = tfaded -1

1 - [kt —In (Hae )] in (tg;;;f + c) )
P84 4y where C is a contested offset (Lamothe et al., 2003), set to C = —1 in Huntley and
285 Lamothe (2001) even though their T; << T assumption should have led to € = =T, /t. in
286 the equation above. Note that in the equation above, t.,, may be obtained via fixed-point
287 iteration. Given traq0q of 107, 10°, and 10* years, and complying with € = —1, we set
288 tecorr = tradea 1N the right hand side, recalculate tc,,,- on the left hand side, and repeat 2-3
289 iterations to converge to t.,.- of 116.9, 1248.6, and 13402 years, in accordance with
290 Huntley and Lamothe (2001).
291

D92  Since long delayed-readout experiments D, /(2D,,,,) < taelay (Auclair etal., 2003) have never
P93 entered-the-mainstreamare not often done due to their impracticality, we assume t0;4, =~ 0
D94  and feel-entitled-to-substituteuse t;,, = D,/ (2D 4)_for the laboratory fading timescale. After

P95 substituting trggeq = De/ D,,q¢ in Which D, is the natural dose ratet; =D /Dpras-already
P96  mentioned-before, and-we rewrite Huntley and Lamothe’s (2001) age equation as:

¢ _ D,/ Dnat
corr — 5 — .
— |1 = M 2teorr _ (9b)
1— |k In In < 1
2t D, /Dlab

297  keeping the familiar “—1" offset for historical rather than mathematical reasons. Noticing that
298  adual occurrence of an unknown (here t.,,) across both sides of an equation, one raw and one
299  logarithmic, is the hallmark of problems amenable to a solution via Lambert’s W function
300 (Corless, 1996), we find that the implicit Eq. (9) has an exact, explicit solution that reads:

301

tCOI‘I‘

De/Dlab

"(W{ Bt (1 1o (2esle)| 1) PR o Lo (st} "

nat metc ’Dl@b‘Ztc

302
303  where W_;(x) is the —1 branch of Lambert’s W function, and the term D,g}, /D4 has been
E04 foreshadowed by Lamothe et al. (2003). Note that Eq. (10) can accommodate any alternative

05  definition of t;,;, by replacing all three occurrences of In De/Diap with In Hab . DBespite the
2tc P

306 lengthy expression, the derivation of Eq. (10) from Eq. (9) becomes trivial upon the following
307  reparameterization:
308
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Figure 2. a) comparison of our new explicit Eqs. (10) and (11) to former approaches, as demonstrated on the data of Thiel et
al., 2015. a) age from the explicit Eq. (10) vs. the implicit age from Eq. (9) both as a single-instance (black dots) and averaged
Monte-Carlo simulations (blue crosses), and published results (red circles). b) age uncertainty from the explicit Eq. (11) vs.
standard deviation from Monte-Carlo simulations (blue crosses), and published results (red circles). See appendix B for
tabulated values.

We test our new formulas on the extensive sedimentary archive of Thiel et al. (2015),
consisting of 25 feldspar pIR-IR2s ages from Oga peninsula (Japan), where D,, g, and D4,
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and their uncertainties have all been measured and reported (Appendix A). To evaluate W_; (x)
in Eq. (10), we use SciPy’s implementation of Lambert’s W function (Virtanen, 2020 and
references therein)the-recent-and-high-preeiston-algorithm-of Léezi(2022). Our Egs. (9-10)
yield identical results within 16-digit numerical precision (Fig. 2a), whose relative sub-percent
deviation (-0.9% on average) from Thiel et al.’s ages is the direct result of the latter’s reporting
of ages in [ka] units with zero significant digits. The negligible deviation of Monte-Carlo age
estimates (-0.66% on average) from the analytical equations confirms that the effects of
measurement uncertainties (¢D,, og, and D,,4;) propagate linearly into the age correction.
Fig. 2b demonstrates that Eq. (11) matches Monte-Carlo estimates of age uncertainties across
almost an octave of oty Within high accuracy (2.6% on average). Conversely, the age
uncertainties reported by Thiel et al. (2015) (red circles Fig. 2b) are not only visibly rounded
to the nearest integers, but they progressively underestimate (by up to a factor of 2) the actual
age uncertainties with younger age. The latter artefact arises from the community’s most
popular fading-correction spreadsheet, developed by Sebastian Huot, which is almost never
siven-eredit-tocredited (see Jaiswal et al., 2009 for a refreshlng exception). In that otherwise
excellent spreadsheet, propagation of age uncertainties is done via a finite number of calculated
end-member scenarios, which may be insufficient for younger ages vis-a-vis the analytical
approach of Eq. 11.

3.2 Lamothe et al., 2003 and Wallinga et al. 2007

FNeither the original “dose response curve” (DRC) correction due to Lamothe et al.
(2003), nor its later rendition in Wallinga et al. (2007), amount to any-new mathematical
models per se. Both should instead be thought of as specific applications of the Huntley and
Lamothe (2001) correction scheme, each on a different part of the data.

Specifically, it can be shown that the verbatim-age correction as-demenstrated-byof
Lamothe et al. (2003) age-correctionmerely-isamountsis equivalent to— the first iteration of

Eq. (9a) with C = 0, where the fraction t,,,,/t;4p_1S rewritten as M, in which the

e/ corr

numerator and denominator were further diseuiseddescribed as “laboratory-effective” and
“natural” dose rates, respectively—This—faetis—meost-stronglysupperted-byournumerical
reverse-engineering (see code Figure 3.py in Supplementary Information, which }-ef-the
sample-calculatienes the fading corrected age of the sample given in Section 4 of Lamothe et
al. (2003)). Further support to the claim that Lamothe’s DRC-correction is Eq. (9a) in disguise
includes the emphasis of Lamothe et al. (2003) on the fact that their expression doesn’t require
iteration, as well as their Table 1, where the offsets of their DRC correction scheme from that
of Huntley and Lamothe (2001) are both negligible (—0.7 + 0.8%_ on average), and
furthermore inconsistent (randomly over- or underestimating Eq. 9a), both of which are
hallmarks of a first iteration of a rapidly converging implicit equation (cf. Dodson, 1973).

In a cardinally different approach, only mentioned in passing by Lamothe et al. (2003)
but first put into practice by Wallinga et al. (2007), it is the laboratory-regenerated signals
which are progressively corrected downwards over time, according to the expected degree of
fading that would occur, had the laboratory doses been delivered over a factor D;gp/Dyar
longer timescale, i.e. if exposed to a natural dose rate. As before, it is the same familiar
correction (Egs. 9) which is applied. However, whether or not calculated iteratively, the
procedure of Wallinga et al. (2007) brings about a nonlinear deformation the dose response
curve itself, resulting in a necessarily older interpolated natural dose, and hence, age, even if
one restricts oneself to the linear part of the dose response. The latter distinction is so subtle,
that these two distinctly different calculation schemes are nevertheless referred to by the same

name (DRC-correction)—with-little chance—of reconstructine —whichof the schemes—was
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To demonstrate the crux of each of these approaches, we use data from Thiel et al.
(2015), namely the post-IR225 natural Ln/Tn, dose response, and the reported g-value of K-
feldspar sample 055231. The black symbols in Fig. 3a correspond to the raw data; to obtain the
uncorrected equivalent dose, the laboratory portion of these data is fitted with a saturating
exponential (continuous black line), onto which the natural signal is projected (dashed black
line). The Lamothe et al. (2003) correction, as beth-demonstrated in their paper, reiterated in
Auclair et al. (2007). and implemented in the R Luminescence package (Kreutzer and Mercier,
2026) affects the natural signal alone, while keeping the dose response curve intact (cf. Fig 5
in Auclair et al., 2007). Namely, the natural intensity is corrected via a single iteration of Eq.
9a (blue circle), after which it is projected onto the same dose response as before, yielding a
higher equivalent dose (dashed blue line). The approach of Wallinga et al. (2007) is to keep
the natural signal as is, but use Eq. (9) to adjust all laboratory-regenerated signals to a timescale
longer by factor Dy, /D, .c—tenger, rescaling the luminescence response to that, which the
sample would experience if one could “replay” the geological history in real time (red circles).
An uncorrected natural signal is then projected onto a different, ““faded” dose response curve
(red curve). Such a projected equivalent dose is by design larger than that obtained via the
verbatim Lamothe et al. (2003) correction, as may be seen on Fig. 3b, where the ratio of the
corrected vs. uncorrected dose response curves is plotted, and is seen to be non-linear,
progressively decreasing at larger times. In essence, the faded L, /T, represents the projected
convolution of signal accumulation and loss, rescaled from a laboratory to the natural
timescale. Given the algorithmic opacity of Lamothe et al. (2003). both approaches (red and
blue lines in Fig. 3a) have been referred to as the “DRC-correction” in the literature, to an
extent where the actual calculation scheme is virtually unknowable, despite thorough
supplementary data (e.g. Tanski et al., 2025). In this work, we propose to distinguish these-twe
sehemes—&s—the Lamothe et al. (2003) correctlon— T T
; ton—in—diseuise—from the correction
scheme of Wallinga et al. ( 2007) where the natural signal is untouched and it is namely the
laboratory dose response which gets stretched and rescaled onto geological timescales, thus
paving the way to the more popular Kars et al. (2008) correction as discussed next.

16 88.5
a b X Discrete (ratio of data points)
= Continuous (ratio of best-fit DRCs)
14 88.4 —
882 —{x
12 — ;\; 88.3 — 881 -
10 — T 882 - 88.0 X
-~ o X
3 z 87.9
S g © 88.1 - :
5 g 87.8
B P v - 88.0
[ Raw data (Thiel g 87.7 BLUBELEEALL R
: E etal., 2015) °
4 j b == Uncorrected = 87.9
i E O Unfaded Ln/Tn
P 1| —— Corrected via unfaded Ln/Tn 67.8
1 £ O Faded Lx/Tx
I p =+== Cormected via faded Lx/Tx
|
07 | | | | | 87.7 = | T T T T
0 100 200 300 400 500 600 0 100 200 300 400 500 600
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Figure 3. a) dose response curve of pIR225 signal of sample 055231 from Thiel et al. (2015), including raw data and
uncorrected De (black symbols and curves), as well as corrections using Lamothe et al. (2003) (zredblue symbols and curves)

12



110
A1l

412

413
414

415
416
417
418
419
420
421
422
423

424

25
26

427

428
429
430
431
432
433

434
k3s
436
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dose, thereby necessarily interpolating onto larger argamentsdoses.
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3.2 Kars et al., 2008

Kars et al. (2008) coupled the model of Huntley (2006) to trap repopulation via the
environmental dose rate D,,,, under the effect of a saturating exponential growth, where the
filling of a finite number of traps N is limited by the characteristic dose Dy, which can be
thought of as the e-folding radiation dose absent any fading effects. Recasting Kars’ model into
a single semi-analytical equation, one obtains:

n(t) _ f 372 exp(_rlg) {1 _ e—[D/D0+sexp(—p’_l/Sr’)]t} dr’ (12)
o 1+

N %s exp(—p' ' 3r")

(cf. Eq. 17 in Li and Li, 2008). H-ene-wishestTo be truly accurate and pedantic, the age
correction due to Kars et al. (2008) ean-should be formally written as:

DDO sexp(—p'~*3r")
lab o (13)

12 ’
_ f 3r' exp(—1"?) {1 _ o~ |Pnat/Do+s exp(_pl—1/3r’)]tcorr} dr’
b 1+

° 12 3 -
f 3r' exp(—r"?) {1 _ e—[Dlab/Do+5 exp(-p’ 1/3r’)]De/D1ab} dr’
o 1+

DDO sexp(—p'~3r")

nat

where on the left-hand side we have fading-affected signal growth in the laboratory, to be
matched by the term on the right-hand side, where fading affected growth to the same level
occurs at an environmental dose rate during an unknown duration t.,... As we show below,
Egs. (12-13) lack an exact solution, but are amenable to approximation if we extend the concept
of effective radius ¢ as follows. A foreshadowing of our new approximation is to be found
in King et al. (2016), who multiplied the laboratory dose response curve (1 — e ~Piat/Do) by
Eq. (7) to obtain:
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n® = [1 —exp (—&ﬂ f 3r'? exp(—r'3) dr' = [1 —exp (—ﬂﬂ exp[—p'In3(1.8 s t*)] (14)
N D, )] J Do
Teff
where t* was taken to be half the irradiation time (Aitken 1985, p.279-280). Essentially, this
is analogous to the Wallinga et al. (2007) approach, only using NND instead of logarithmic
decay. The approximation in Eq. (14) is typically satisfactory for t < 10* s, but at longer times
often results in an unphysical artefact of signal decay (e.g. Supplementary Fig. S2B and S3B
in King et al., 2016; Fig. 3B and 3E in Bouscary and King, 2024), arising from the last
exponential term in Eq. (14), which at long enough times brings n(t)/N to zero (no such term

exists on the exact, left-hand side of Eq. 14). This artefact can be easily mitigated if we
approximate 7. = p’l/ *In (1.8 s % [1 — exp (— %)] ), from which it follows that at short
0

times, 7l(t = 0) = p'*/3

In(1.8 s t ), reducing 7. to Huntley’s formulation (2006), while at
long times, ra(t — ) = p’l/ 3 ln(1.8 s Dy /D), representing a “frozen” fading front
counteracted by trap refilling at a commensurate rate. Substituting our alternative definition of

Togr into Eq. (13) we get:

Dt D, Dt
1—exp <_D_o>] exp (—p’ In3 {1.8 S5 [1 — exp (— D_0>]}> . (15)

which for typical parameters matches numerical integration of Eq. (12) to within sub-percent
accuracy. By equating two instances of Eq. (15), one for natural D = D, and the other for
laboratory D = Dy}, growth (cf. Eq. 13), we obtain:

D _De
exp|—p'In | 1.8 522 (1—e Do)
D, _De Diap
teorr = ——In{1— (1 —e Do

D ) _De '
nat exp|—p'In3(1.8s Do (1 —e DO)
Dnat

As with Eq. (10), we rewrite Eq. (16) more compactly, which allows us to derive its analytical
uncertainty propagation more easily:

n(t)

~

N

(16)

DO —p’[ln3(1.8 s .DO ne>—ln3(1.8 N .DO ne>] =€
teorr = ——In(1—rn,),r=e Diap Dnat In,=(1—e Do|.

nat

dt —Dyn,r D D
= 9 e [ln3 (1.85 — ne> —In3 (1.85 2 ne>].
dp Dnat(]- - ner) Dlab Dnat

dtcorr _ 11’1(1 B ner) _ De(l B ne)r

dDO B Dnat DODnat(l - TLeT')

n,—D,(1—n D D
-3 p’rM In? (1.8 s— ne> —In? (1.8 s— ne>].
O-tCOT'T = \/tCZOTT

DODnat(l - ner) lab nat

2 2

. 2

O-De)z (O-Dnat> (dtcorr ) (dtcorr

— +|—= + -op') + -oD ) . 17
( D, Drat dp” P ap, °°°
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Figure 34. a) comparison of our new explicit Egs. (16) and (17) to former approaches, as demonstrated on the data of Thiel et
al., 2015. a) age from the explicit Eq. (16) vs. the implicit age from Eq. (13) both as a single-instance (black dots) and averaged
Monte-Carlo simulations (blue crosses), and published results (red circles). b) age uncertainty from the explicit Eq. (17) vs.
standard deviation from Monte-Carlo simulations (blue crosses), and published results (red circles). See appendix B for
tabulated values.

We test our new formulas on the same dataset as before, using an “unfaded” estimate
of Dy =476 Gy (cf. Fig 5b-5b in Section 4 below). The relative accuracy of the Kars model
approximation (Eq. 16) vis-a-vis the exact numerical quadrature of the Kars et al. (2008) model
(Eq. 13) s 0.5% (Fig. 4a). As in Fig. 2a, Fig. 4 too shows only a negligible deviation of Monte-
Carlo age estimates (-0.79% on average) from the analytical equations—is—detectable. A
systematic model-to-model offset, whereby the-Kars et al. (2008) yields 9.3+1.9% older ages
than the Huntley and Lamothe (2001), is apparent. For discussion on age accuracy vis-a-vis
independent constraints (“which model is right?”’), we refer the reader to Section 4.4.
Furthermore, Fig. 3b-4b demonstrates that ot ., values obtained using Eq. (17) underestimate
Monte-Carlo estimates by 5.0+2.8%, which we still consider as an excellent achievement,
given that until now, there existed no alternatives to Monte-Carlo simulations for the estimation
of the age uncertainties of the Kars et al. (2008) age correction.

4. Unorthodox age corrections
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By disentangling the fundamental concepts related to quantification of fading rates
(Section 2) and their derivative age corrections (Section 3), we recognize two straightforward
model combinations that for some reason have never been put together before (Sections 4.1

and 4.2 below).

4.1. Age correction from NND decay
The following correction is similar to that of Huntley & Lamothe (2001) in that it uses
the quantified fading rate to roll the time back to estimate n,, yet instead of using logarithmic
decay, the apparent faded age D, /D,4; is divided by Eq. (7):
De /Dnat

teorr = . 18
T exp[—p' In3(1.8 s teorr)] (1%)

Eq. (18) is analogous to Eq. (9), without rescaling of the g-value (since p’ is a global
parameter). Like Eq. (9), Eq. (18) too is implicit with respect to t.,.-, but converges quickly
via fixed-point iteration (i.e. an iterative procedure, where the left-hand side is updated by
substituting its previous value into the right-hand side; initial guess for tzqp is Dp/Dpgr)-

4.2. Saturating exponential signal growth, coupled to power law decay

The following correction is similar to that of Kars et al. (2008) in that it combines both
signal growth and decay, yet instead of using a distribution of traps in combination with the
NND model, here charge accumulates in a single trap (first term in parentheses), and decays
from it following power law (Eq. 5):

nI(Vt) (1 —e gf) exp [ Kkln (ttc)] (19)

Note the conceptual similarity of Eq. (19) with Eq. (15). To use Eq. (19) to correct an age, one
equates between the signal obtained in the laboratory (left hand side below) and in nature (left
hand side below), and solves for t .

_De D,/D _Dnar t
(1 —e DO) exp [—K ln( E/t lab)] = (1 —e Do t”"”) exp [—Kln( C:TT)].
c c

4.3. Non-first order signal growth, coupled to NND decay

Starting with the model of Kars et al. (2008), we can replace their first-order rate
equation to the one-trap one-recombination center (OTOR) model (Pagonis et al., 2020),
yielding:

- f 312 exp(—1'%) A dr’ an, _ 2 a-a)
N P T Tt Ty R+ (1—a,)(1—R)

-5 exp(—p’_1/3r’) A (20)
0

where R is a dimensionless retrapping ratio (Pagonis et al., 2020). Note that since a special
case of Eq. (20) with R = 1 amounts to the Kars et al. (2008) correction (cf. Eq. 12), Eq. (20)
can be considered as a direct extension of the Kars et al. (2008) age correction scheme for cases
where signal growth complies with the OTOR model. As a counterpart for Eq. (20), and purely
for completeness (rather than novelty), we note an earlier and similar attempt at replacing first-
order behavior with the general order kinetics (GOK) model (cf. Guralnik et al., 20152):

n@ df,

N

D
= f 3r'? exp(—1"3) A, dr’, dtr =5 (1-7)*—s exp(—p’_1/3r’) Ay 2n
0

0

which conveniently reduces to the Kars et al. (2008) scheme given @ = 1. Note that while Eq.
(21) has been sueeesstully-initially introduced within used-in-luminescence thermochronology

(cf. Section 5) ;-we-are-unaware-of its-applicationsit has been shown to perform well also for

age correction in a-sedimentary dating contexts (King et al., 2018). To use Eqgs. 20 or 21 to
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correct an age, one equates two instances of the relevant equation (cf. Section 4.2), one
expressing laboratory growth and the other growth in nature for an unknown duration t..,
that one then solves for.

4.4. Benchmarking unorthodox vs. common age corrections vis-a-vis an independent age

The stratigraphic section studied by Thiel et al. (2015) contains two independently
dated tephra markers which are widespread in northern Japan, namely the Toya ash (dated by
various U-Pb and U-Th methods to ~0.1 Ma with a ~10% relative uncertainty; see Ito, 2024,
and references therein) and the Aso-4 tephra (whose radiometric K-Ar age is 89+7 ka;
Matsumoto, 1990). The only sample in Thiel et al. (2015) with sufficiently documented raw
luminescence data to enable full age recalculation using all the approaches presented in this
paper, is sample 055231, directly capped by the Toya ash. The raw fading data of sample
055231/pIR225 (circles in Fig. 5a) are fitted using models discussed in Section 2 (lines in Fig.
5a). Here it is timely to note that unlike in Fig. 5b, the scatter of fading data around either of
the models in Fig. 5a raises serious methodological doubt regarding the quality of the fitted
dataset itself; regretfully, transparent discussion on the design of fading measurement

experlments h&s—been—a}aﬂﬂmeiy—seafeehas been uncommon since Auclalr et al. (2003)—

ma%hem&&eal—llygebfusea%ed—ﬁe}d The raw dose response data of sample 055231/pIR225
(circles in Fig. 5b) are fitted using models discussed in Sections 3-4 (curves in Fig. 5b), i.e.
incorporating the overprinting of the quantified fading from Fig. 5a onto the dose response
behaviour. Unlike in Fig. 5a, there is little scatter of data from its best-fitted model, but the
models themselves are equally indistinguishable vis-a-vis the data, just as they were in Fig. 5a.
This is also the reason that the two higher-order kinetics models (Eqs. 20-21) are deemed
overparametrized with respect to the available data. In other words, the kinetic parameters
cannot be extracted from fitting of Eqgs. (20-21) to the existing data, due to strong parameter
covariance. Nevertheless, in order to demonstrate the results of such models if their Kinetics
could be confidently determined elsewhere, we proceeded with an appreciable retrapping in
both (R = 0.5in Eq. 20, and &« = 2 in Eq. 21), just for illustration purposes.

Fig. 5¢ summarizes the uncorrected age of sample 055231/pIR225 (leftmost symbol)
alongside 3 state-of-the-art age corrections (methods already described in the literature),
followed by 6 novel approaches presented and discussed in this work. The horizontal line in
Fig. 4e-5c is a Toya tephra age of 112—115 ka as assigned by Thiel et al. (2015), from the
references that were available to these authors at the time of writing. While model fits to the
anomalous decay data (circles in Fig. 4a5a) and dose response (circles in Fig. 4b5b) are barely
distinguishable, there is a considerable variance in the resulting pIR225 ages (circles with error
bars in Fig. 4e5c¢), spanning 75-130 ka within 1o uncertainties.
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Figure 45. a) laboratory decay and b) dose response curve of pIR225 signal of sample 055231 from Thiel et al. (2015). ¢)
luminescence ages following corrections considered in this study. The horizontal line corresponds to the independent age of
112-115 ka associated with the Toya tephra (Thiel et al., 2015 and references therein).

Within the methodological uncertainties of luminescence dating, the independent 112—
115 ka age is matched by any of the physical correctlons of IRSL fadrng (i.e. all except Huntley
and Lamothe, 2001;-w ;
and Lamothe et al., 2003). Note that the fadrng corrected ages cluster into two groups
corresponding to the younger ages from non-NND models (Egs. 9-11 and 19), in contrast to
the older ages from the NND decay models (Eqgs, 18, 20 and 21); the latter appear to yield
results closer to the independent age constraint that Thiel et al. (2015) quoted. It is cautiously
remarked that replacing the first-order signal growth of Kars et al. (2008) with either GOK or
OTOR (Egs. 20-21) seems-to-furtherdoes not seem to affect-inerease model accuracy vis-a-vis
the 112—115 ka age reference.

Regrettably, the exercise in Fig. 4e-5c is too limited to draw any substantial conclusions
regarding the validity of the anomalous fading corrections being tested, or lack thereof. Even
for the reanalyzed sample (055231), Thiel et al.’s 112—115 ka age bracket is unrealistically
narrow in light of the latest and most rigorous geochronological investigation of the Toya ash
(Ito, 2024), which cautiously refers to that volcanic event as a ~0.1 Ma eruption with a 1c age
uncertainty of ~10% (cf. a U-Th isochron age of 110+14 ka, and weighted mean U-Pb age of
103+14 ka). With this latter and more realistic age constraint, any of the fading-corrected
luminescence ages in Fig. 4e-5c are in accordance with the best available independent
chronology (Ito, 2024).

While we lack dose response data for samples 055255 and 055256 to be able to conduct
a similar exercise to that presented in Fig. 45, their results are also of interest and are discussed
below. These samples, which bracket the 89+7 ka Aso-4 tephra from just below and above,
yield weighted luminescence mean ages of 91.5+10.6 ka using the Huntley and Lamothe
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(2001) correction, and 99.7+11.6 ka using the Kars et al. (2008) model (Appendix B). Just as
with the Toya ash, the independent age constraint doesn’t allow discerning “which fading
model is right”: within methodological uncertainties, they all are. To explicitly warn the reader
against confirmation bias that the Huntley and Lamothe (2001) correction (91.5+10.6 ka) falls
“closer” to the K-Ar age, a few caveats regarding age accuracy are given. A potential for a
<5% systematic age underestimation of the K-Ar system relative to its more accurate “Ar-**Ar
successor (Renne, 2006), could easily raise the independent age of the Aso-4 ash to 93.5+7 ka.
An analogous but significantly larger systematic overestimation of <20%, affecting the
luminescence chronometry, is potentially due to severe uncertainties with respect to dose rate
D (cf. last two columns in Table 1 of Thiel et al., 2015, with Fig. S5 and Table S5 in Guralnik
et al, 2015b). In fact, Thiel et al. (2015) explicitly concluded their paper
emphasisingemphasizing “the importance of investigating the mineral composition in more
detail in order to get better dose rate estimates”, and it is beyond all doubt that their
mineralogical study (their Section 3.2 and Fig. 4) arose from an incipient mismatch of their
feldspar IRSL ages with independent age control, when standard dose rate calculations led to
severe (~20%) age underestimation vis-a-vis tephrochronology. Increasing all dose rates in
Appendix A by even 10%, the fading-corrected pIR225 ages based on the Huntley and
Lamothe (2001) and Kars et al. (2008) corrections would be ~82 ka and ~89 ka, respectively,
with an opposite implication to that from before, i.e. that it is namely the Kars et al. (2008)
model, which yields results which are “closer” to the independent K-Ar age.

The analysis above, and the naiveté of some of the strawman arguments presented
(which model is “closer” to independent age control), demonstrates that the distinction between
different luminescence fading models, even in a “perfect” sedimentary archive with an
abundance of solid external chronological constraints, can very quickly run into circular
arguments at best. Extreme caution is therefore needed when reconciling between different
chronologies (e.g. Guralnik et al., 2011), let alone promoting or dismissing models of one
method against results from another — which we simply dare not partake in. In light of the
above, we find it necessary to end Section 4.4 with a disclaimer, that the aim of the present
work has been solely to state all the luminescence fading models in a mathematically literate
manner, and present correct and transparent calculations; it is entirely the practitioner’s task to
use these models responsibly, or as George Box once wittingly remarked, “all models are
wrong, but some are useful”.

5. Equilibrium ages

Robust independent age controls for sedimentary deposits are often difficult to
establish, because of limited materials available for alternative dating methods, as well as the
limitations of those methods themselves (e.g. ~50 ka detection limit of '*C, potential open-
system behaviour of U/Th, etc.). In contrast, a thermochronological constraint may offer a
simpler case study, for rocks that have experienced isothermal storage of the luminescence
system at a temperature, T,,,¢, for a period greatly exceeding the response time of that system.
Due to its tectonic quiescence during the Quaternary, the KTB borehole offers an ideal setting
for validation of trapped charged thermochronometers (Guralnik et al., 2015b, and references
therein). Eq. (22) below is a crude approximation of combining athermal and thermal losses of
a luminescence system to predict its age (cf. Guralnik and Sohbati, 2019):

-1

Stn eXp(_Eeff/kBTnat)

[1
In(1-£.0),0 =

D, D /D
tmodel = — = o —1" (22)
nat [1 + Sth exp(_Eeff/kBTlab)
Dy /Diap
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Where t,,04¢1 18 the model age, £, is the athermal equilibrium factor, extracted from either Eq.
(10) or (16):

D 1 D D
fH&L = Dlab e_q_p’p =14+ E - ln( T ° ), q= W—l |:- Dlab (p - 1)6—17 (23)
nat

nat Dlab tc

exp[—p’ In®(zsDy/Dpat) ]
Kars — ) :
i exp[—p’ In3(zsDy/Diap) | -

while 0 is a conceptually identical expression to f,, yet accounting for thermal equilibrium (cf.
Guralnik and Sohbati, 2019).

a 0.0 b 0.0
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Figure 56: Equilibrium system at the KTB borehole, Germany. a) Athermal equilibrium factors from Eqgs. (23-24), alongside
thermal equilibrium (continuous curve), as a function of sample depth. b) observed vs. modelled ages vs. depth.

Fig. 5-6 demonstrates that Eq. (22) can be successfully used to quantitatively predict
the observed ages of samples from the KTB borehole (Guralnik et al., 2015) across a broad
range of g,,=0 — 7 %/decade, and ~1.5 orders of magnitudes of apparent age (Appendix C).
Note, that in Fig. 5b6b, the underground and laboratory temperatures obey Ty, (z) = 7.5 +
27.5z [°C]land T;,,=15 °C, respectively, while the thermal stability of the IRSLso system is
approximated as (a) uniform throughout the borehole (cf. Bouscary and King, 2024), and (b)
as a first-order system with activation energy of E.s¢=0.92 ¢V and thermal escape frequency
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Stn=55 87! (cf. Guralnik and Sohbati, 2019). Such thermal stability parameters are obviously a
generous approximation, given that significant differences in sample-specific E and s;;, have
been documented (Guralnik et al., 2015b), and given that the mentioned E ¢ and sy, are only
“apparent” values, averaging over several kinetic processes to and from the excited state of the
IRSL electron trap (cf. Guralnik and Sohbati, 2019). Nevertheless, the novelty of Eq. (22) is
that it is the first explicit and to-date the most compact model, that can quantitatively predict
the observed IRSLso data at 12 different depths of the KTB site (Appendix D) with a minimum
of parameters and input data (Appendix C). The latter is achieved via convolution of two
equilibrium factors, one thermal (6) and one athermal (f), which appears powerful in replacing
extensive Monte-Carlo simulations (Guralnik et al., 2015b) with a single and straightforward
one-line expression (Eq. 22).

S. Discussion and conclusions

The primary aim of the present contribution is the disentanglement of the mathematical
treatment of anomalous fading, where historical inaccuracies have resulted in ratherconvolated
ealeulation-sehemesobfuscated calculation approaches, that even seasoned practitioners have
a hard time navigating. Our paper demonstrates that the two most popular fading corrections
(Huntley and Lamothe, 2001; Kars et al., 2008) are amenable to a closed-form explicit
solutions, which reduce practitioner dependence on computational brute force, and provide
mathematical clarity and intuition regarding sensitivity of the fading correction to the various
model parameters involved. The validity of our mathematics has been demonstrated via
comparison of our new equations vis-a-vis legacy Monte-Carlo approaches in two classic
archives, one from a sedimentary sequence (Section 4) and another from a thermochronological
context (Section 5).

While this paper is not aimed at answering the commonly posed question regarding
“which model is right”, our present exercise does allow us to make cautious remarks about
model validity and applicability. Here, it appears that ages corrected using the Huntley and
Lamothe (2001) scheme are systematically younger than those obtained by the Kars et al.
(2008) correction, and although this is not a new observation (Kars and Wallinga, 2009), our
analysis highlights that this offset has little to do with linearity of signal growth, but rather
stems from (a) the unphysical nature of logarithmic loss (Eq. 4), and (b) reflects an arbitrary
offset arising from the “~1” term in Eq. (9). These effects (a and b) diminish as soon as the
Huntley and Lamothe (2001) core scheme is upgraded to a power-law decay (Eq. 18), which
is an overlooked yet necessary outcome of Visocekas’ (1976, 1985) own quantification of
anomalous fading.

Unlike the empirical/heuristic expressions for logarithmic (Eq. 4) or “power law” (Eq.
5) decays, nearest-neighbor distribution decay (Eq. 7) is a physically-driven model, traceable
to the now seemingly forgotten research on electron traps in ZnS phosphors (Hoogenstraaten,
1958). In the limited example considered in Section 4, we demonstrated that all age corrections
utilizing NND decay yielded age estimates consistent with the “conventional” independent age
of the sedimentary unit in question. It is important to note, that NND-based models resulted in
a cluster of corrected ages, regardless of whether charge retrapping is only implicit (Eq. 18),
or whether NND decay was coupled to first-order (Eqgs. 13/16-17) or higher-order (Eqgs. 20-21)
charge retrapping models. The main takeaway from this exercise is that the choice of the
particular retrapping model, as methodologically important as it might be, seems to exert only
a second-order effect on the fading correction, while NND is the only truly physics-based
“anomalous fading” model whose results are in line with independent age control.

From Figs. 4a-b, it is evident that standard laboratory experiments (including the dose
response and the isothermal decay of the total target IRSL signal) appear insufficient for
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confirming or disproving the validity of the various decay and accumulation models discussed
— as all the latter fit the available laboratory data equally well. The good news is that
luminescence age correction seems to be overall resilient to varying formulations of the
trapping-detrapping system (cf. King et al., 2018). The more challenging news is that in order
to further increase the accuracy of fading-corrected IRSL ages via a better informed model
choice, one will have to either conduct studies in archives where impeccable datasets of
independent ages are available (cf. Section 4.4 for a cautionary tale), or that a more rigorous
laboratory characterization of IRSL signal sub-components will become necessary to both
justify and elucidate the parameters of the nonlinear signal growth models (e.g. Egs. 20-21).

As a final remark, it appears that Eq. (18) is a plausible replacement for the legacy
Huntley and Lamothe (2001) age correction, whenever no information on dose response is
available, while variants of the Kars et al. (2008) model (Egs. 13, 16-17, 20-21) can be utilized
whenever the luminescence system is suspected to deviate from linear accumulation, en route
to signal saturation (or more broadly, field steady-state).
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853  Appendix A: Data for samples from Oga peninsula (MIS 5 Japanese marine deposits).
854

Sample Dot D, Gad Corrected age *
ID (Gy/ka) (Gy) (%o/decade) (ka)

055257 1.77 +0.14 132 =8 20 =£0.1 91 +6
055256 1.58 +0.13 121 11 1.9 +0.1 92 +8
055255 1.64 £0.14 121 +8 22 0.1 92 +6
055254 1.99 =+0.15 138 =10 1.7 +£0.2 82 +6
055253 1.90 =+0.15 138 +9 1.9 +0.1 87 +6
055252 2.00 *=0.15 138 +12 23 +£0.2 87 +8
055251 1.78 +£0.14 131 £9 22 0.1 92 =+6
055250 1.84 =£0.15 132 =8 1.8 +0.1 8 £5
055249 1.73 +0.14 136 =10 2.1 £0.1 97 =7
055248 2.10 £0.16 137 =7 20 =£0.1 80 =+4
055247 2.04 =+0.16 142 =10 1.8 +0.1 83 =+6
055246 1.94 =£0.15 154 £9 1.3 £0.6 90 +8
055245 1.95 +£0.14 142 +9 23 +0.2 92 +6
055244 200 =£0.15 141 +9 1.8 +0.2 84 =£5
055242 1.97 =£0.15 137 +7 21 +0.2 86 =£5
055243 1.88 +0.14 151 =8 1.7 +£0.1 94 +35
055241 1.97 £0.15 150 =10 20 +£0.2 93 =7
055240 1.98 =+0.15 136 +9 20 =£0.1 84 +5
055239 1.88 +0.14 166 =8 20 +£0.2 108 +6
055237 1.93 +0.14 155 =10 23 +£0.2 102 +7
055231 1.78 +£0.14 152 +11 1.4 +0.6 98 +12
055232 1.66 =£0.14 167 =+12 23 0.1 128 +14
055233 1.75 £0.14 217 £10 1.5 +£0.1 144 +13
055234 1.95 +£0.14 215 +£9 2.1 0.1 136 +12
055236 1.85 +0.13 258 +16 1.9 +0.1 170 +16

855

856 Feldspar post-IR IR25 measurements for the sedimentary samples from Thiel et al. (2015).
857  * As published (reported using the Huntley and Lamothe, 2001 correction).

858
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859
860

861
862
863

Appendix B: Simulated ages and uncertainties for Oga peninsula (all in units of ka).

Model Huntley and Lamothe (2001) | Kars et al. (2008)

Solution* SA | MC | A | SsA MC | A

ID \ Eq. 9 | 10 | 11 | 13 | 16 | 17
055257 90.237  90.861+£9.243  90.237 +9.038 98.060  98.625+10.337  98.553+£9.923
055256 91.820 92308+ 11.507 91.820+11.297  98.977  100.137+12.516  99.523 + 12.285
055255 91.178  91.756+10.115 91.178 +9.890 99.409  100.181+11.540  99.959 + 10.888
055254 81.344  81.836+8.858  81.344 +8.656 87.391  87.967+9.933 87.838+9.519
055253 86.948  87.530+9.171  86.948 + 8.946 94224  95314+10.167  94.735+9.798
055252 85980  86.371+10.265 85.980+10.031 94750  95.644+12.262 95233 +11.280
055251 90.881  91.548+9.708  90.881 +9.537 99.476  100.741+ 11.128  100.024 + 10.547
055250 85.044  85.480+8.863  85.044 + 8.681 91.622  92.557+9.645 92.080 + 9.446
055249 96.124  96.660+10.912 96.124+10.556  105.051  105.286+ 12.318  105.626 + 11.653
055248 78.807  79.326+7.585  78.807 +7.273 85.685  86.102+8.421 86.122 + 7.998
055247 82.449  83.082+8.941  82.449 +8.729 89.083  89.572+9.851 89.530 +9.526
055246 89.573  90.338+10.313 89.573+10.115  95.041  96.379+12.790 95457 +12.412
055245 90.774  91.041+£9.074  90.774 + 8.893 100.256  101.263 +10.757  100.769 £ 10.093
055244 83.520  83.989+8.442  83.520+8.392 90.221  90.511+9.774 90.674 + 9.302
055242 84916 85498 +8.111 84916+ 7.975 92743 93.272+9.106 93.242 + 8.962
055243 94271 94709 +8.833 94271 +£8.666  101.775  102.656 = 10.068  102.307 + 9.471
055241 92.053  92.510+9.737  92.053+9.500  100.704  101.089+11.471  101.208 + 10.667
055240 83.021  83.707+8.642  83.021 + 8.393 90.278  90.536+9.568 90.736 +9.221
055239 106.818 107.453+10.054 106.818 £9.720  117.728  118.717+11.325  118.309 = 11.094
055237 100.145 100.778 +10.153 100.145+9.940  111.342  111.530+12.091  111.912+11.375
055231 97.350  98.308+11.992 97.350+11.865  103.801  104.619+15.225  104.242 + 14.377
055232 125.697 126.567 + 14.482 125.697 +13.989  140.837  142.939+17.270  141.576 + 15.848
055233 142.821 143.995+13.633 142.821 £13.261  156.118  157.663 +14.992  156.952 + 14.723
055234 134.763 135567+ 11.547 134.763 £ 11285  152.695 153363 +13.646  153.560 = 13.036
055236 167.156  168.130+16.310 167.156 +15.758  191.021  192.282+20.588  192.035 + 18.357

* SA: semianalytical; MC: Monte-Carlo simulation (N=1000); A: Analytical.
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864  Appendix C: Data for samples from the KTB borehole.

865
Sample  Depth,z D, D1 Gaa’® Dyt Dy’
1D (km) (Gy/ka) (Gy) (%o/decade) (Gy) (Gy/s)
19B 0.146 1.50 275.2 352 1.845 171 0.18
48B 0.334 1.03  302.5 82.5 0.004 82 0.18
105B 0.566 292 3652 56.2 1.107 179 0.18
146A 0.726 2.84 201.1 17.9 4.036 259 0.18
218A 0911 296 239.6 20.8 3.089 241 0.18
253F 1.175 1.58 128.0 12.7 3.921 235 0.18
273G 1.300 1.07 96.1 13.3 4.230 201 0.18
314B 1.499 1.07 62.8 11.2 6.271 298 0.27
383C 1.730 3.02 89.3 18.9 1.987 200 0.25
428B 1.892 3.44 93.5 7.4 2.045 225 0.18
481B 2.097 3.57 56.9 11.9 2.216 229 0.25
966 564A 2.329 3.30 32.9 2.9 2.564 236 0.18
867 Subsurface bedrock samples from Guralnik et al. (2015).
868 * assigned 15% relative uncertainty.

869 t recalculated from the original publication via D, = —Dy In(1 — Lyq¢/Liabmax)-

870 ¢ recalculated using Eq. (5a) from sample-dependent p’ and s values, and assigned 15% relative uncertainty.
871 1 assigned 3% relative uncertainty.

872§ the maximum laboratory dose rate (no uncertainties considered).

873
874
875  Appendix D: Simulated values for the KTB borehole.
876
Sample Calculated parameters | Apparent ages in ka
ID 0 fras frars Uncorrected Eqgs. 22&23  Eqgs. 22&24
19B 1.01 0.84 £0.03 0.80 £0.03 183.5+36.2 209.6 +£38.1 1853 +32.4
48B 1.00 N/A* 1.00 £0.00 293.7+91.4 N/A* 458.8 £70.2
105B 0.99 090 +£0.02 0.88 £0.02 125.1+£26.9 135.5+225 123.1 £20.3
146A 096 0.66 +£0.07 0.62 +0.04 70.8+12.4 92.0+£22.1 81.7+15.7
218A 092 0.74 £0.05 0.69 £0.04 81.0+14.0 93.4+18.6 83.3+15.0
253F 0.73 0.67 £0.07 0.62 £0.04 81.0+14.6 99.5+21.3 89.4+£16.3
273G 0.60 0.64 +0.08 0.59 +0.05 89.8 £18.3 89.7+£19.8 81.1+£14.8
314B 036 048 +0.14 045 +0.05 58.7+13.7 52.5+19.2 48.5+9.8
383C 0.54 0.83 £0.03 0.79 £0.03 29.6 7.7 39.6+6.4 37.1+£59
428B 0.44 0.83 £0.03 0.79 +0.03 272+4.6 293+47 27.6+4.4
481B 032 0.81 £0.03 0.77 +£0.03 159+4.1 19.0£3.0 17.9+29
564A 0.19 0.79 £0.04 0.74 £0.03 10.0£1.7 114+18 10.7+1.7
877
878 * results in numerical overflow of the Lambert W expression, signifying that the Huntley & Lamothe (2001) correction is
879  degenerate due to a negligible fading rate.
880
881
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