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Abstract. Full-scale Earth System Models (ESMs) are too computationally expensive to keep pace with the growing demand

for climate projections across a large range of emissions pathways. Climate emulators, reduced-order models that reproduce

the output of full-scale models, are poised to fill this niche. However, the large number of emulation techniques available

and lack of a comprehensive theoretical basis to understand their relative strengths and weaknesses compromise fundamental

5 methodological comparisons. Here, we present a theoretical framework that connects disparate emulation techniques and use
it to understand potential sources of emulator error focusing on memory effects, hidden variables, system noise, and nonlin-
earities. This framework includes popular emulation techniques such as pattern scaling and response functions, relating them

to less commonly used methods, such as Dynamic Mode Decomposition and the Fluctuation Dissipation Theorem (FDT). To
support our theoretical contributions, we provide practical implementation guidance for each technique. Using pedagogical ex-

10 amples including idealized box models and a modified Lorenz 63 model, we illustrate the expected errors from each emulation
technique considered. We find that response function-based emulators outperform other techniques, particularly pattern scal-

ing, across all scenarios tested. Potential benefits and trade-offs from incorporating statistical mechanics in climate emulation
through the use of the FDT are discussed, along with the importance of designing future scenarios for ESMs with emulation in
mind. We argue that large-ensemble experiments utilizing the FDT could benefit climate modeling and impacts communities.

15  We conclude by discussing optimal use cases for each emulator, along with implications for ESMs based on our pedagogical

model results.

1 Introduction

Earth-System Models (ESMs) are our most comprehensive tool to simulate the climate system, yet their high computational
cost limits the range and number of scenarios that can be investigated (Flato, 2011; Miiller et al., 2018). Growing demand

20 for high-quality climate projections which differ from the scenarios considered within the Coupled Model Intercomparison
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Project (CMIP) drives a need for computationally efficient alternatives (Eyring et al., 2016). Climate emulators - reduced order
models that reproduce the outputs of full-scale climate models - have seen a surge in popularity as they can be many orders of
magnitude faster than the parent models (Sudakow et al., 2022; Tebaldi et al., 2025). Their low computational costs also make
them an appealing tool to disseminate climate information to audiences beyond the climate science community.

Chaotic sensitivity renders prediction of the climate state infeasible beyond short time horizons (Lorenz, 2006, 2015). Cli-
mate emulators must therefore target the statistics of climate variables, such as means, variances, or higher moments, rather
than simulating chaotic dynamics (Beusch et al., 2020; Souza et al., 2024; Wang et al., 2025). Many emulation techniques
exist to estimate the mean state and/or probability distribution of climate variables (Meinshausen et al., 2011; Castruccio et al.,
2014; Herger et al., 2015; Tebaldi and Knutti, 2018; Leach et al., 2021; Watson-Parris et al., 2022; Addison et al., 2024; Bassetti
et al., 2024; Bouabid et al., 2024), and in this work we explore methods that emulate the mean state of the system. In a recent
review, Tebaldi et al. (2025) distinguished between five main categories of climate emulators, including linear pattern scaling,
statistical approaches, and machine learning algorithms. Following their categorization, we focus on linear pattern scaling and
its immediate extensions along with dynamical system/impulse response theory emulators.

In the climate context, the most commonly used emulation technique is pattern scaling (Santer et al., 1990), a simple linear
regression of local climate variables (e.g. temperature or precipitation anomaly) on the global mean temperature anomaly.
Pattern scaling has been used and studied extensively since its development (Mitchell, 2003; Tebaldi and Arblaster, 2014;
Wells et al., 2023; Giani et al., 2024), with variations that capture seasonal anomalies, different mixes of greenhouse-gases,
and spatially heterogeneous forcings such as aerosols (Schlesinger et al., 2000; Herger et al., 2015; Mathison et al., 2024).
This approach produces accurate projections assuming exponential and fixed-pattern forcing, linear feedbacks, and linear and
time-independent dynamics, criteria that are roughly satisfied in a number of CMIP experiments (Giani et al., 2024). Memory
effects in overshoot scenarios (forcing history, rather than only instantaneous forcing, affecting a future state) violate these
assumptions, causing this approach to break down for many decision-relevant scenarios.

Impulse response methods, commonly referred to as either response or Green’s functions, fill this memory effect gap by
encoding forcing history into the emulator, rather than relying only on the instantaneous forcing. These techniques have been
studied thoroughly in the contexts of dynamical systems and climate science (Joos and Bruno, 1996; Hasselmann et al., 1997,
Lucarini et al., 2017; Orbe et al., 2018; Freese et al., 2024; Giorgini et al., 2024), and are an active area of research (Winkler
and Sierra, 2025). Response functions are popular due to their ease of interpretability and improvement in skill over pattern
scaling in capturing realistic dynamics (Womack et al., 2025). Pure linear response functions cannot account for nonlinear
effects, though hybrid schemes that incorporate machine learning (ML) may help resolve this issue (Winkler and Sierra, 2025).

Pattern scaling and linear response functions are prevalent in climate emulation literature, yet these approaches are only
two methods among a broad spectrum of emulators, with each technique offering trade-offs in terms of complexity, data
requirements, and interpretability. For example, quasi-equilibrium emulation is closely related to pattern scaling, though only
a handful of studies explore the utility of this principal beyond the traditional choice of global mean temperature as emulator

input (Huntingford and Cox, 2000; Cao et al., 2015). Other techniques, such as Dynamic Mode Decomposition (DMD) and
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its variants, are generally not classified as emulators despite their potential to identify and predict modes of variability in the
climate system (Kutz et al., 2016; Gottwald and Gugole, 2020; Navarra et al., 2021; Mankovich et al., 2025).

We consider climate emulators as defined in Tebaldi et al. (2025), excluding Simple Climate Models (SCMs) and Earth
system Models of Intermediate Complexity (EMICs), though they share similarities with emulators. We also do not examine
ML emulators such as FourCastNet and Neural GCM - while these techniques are promising for weather prediction, they
currently lack the stability required for reliable climate prediction (Pathak et al., 2022; Kochkov et al., 2024). Several studies
have employed ML techniques to instead target the statistics of the climate, rather than weather (Lewis et al., 2017; Bassetti
et al., 2024; Wang et al., 2025; Bouabid et al., 2025), but these works focus on emulator implementation rather than theoretical
analysis.

In this work, we develop a framework connecting a spectrum of emulators through the Koopman and Fokker-Planck oper-
ators, which govern the evolution of stochastic processes. In doing so, we identify a gap in the Tebaldi et al. (2025) emulator
typology: operator-based emulators, an area largely unexplored in existing climate emulator literature. While previous work
has connected operator frameworks with the Fluctuation Dissipation Theorem and thus, linear response theory (Cooper and
Haynes, 2011; Lucarini et al., 2017; Lembo et al., 2020; Zagli et al., 2024; Giorgini et al., 2025b), our contribution explicitly
demonstrates its utility in the context of climate emulation. Section 2 first presents our theoretical framework, highlighting
that the goal of many emulation techniques is to simplify complex climate dynamics into a linear set of modes associated
with the Fokker-Planck and Koopman operators. We then apply this framework to identify potential sources of error within six
emulation techniques, analyzing them from both a theoretical and practical perspective (Sect. 2.3). In Sect. 3, we introduce a
series of experiments using simplified climate models and forcing scenarios designed to stress test and evaluate each emulator;
these experiments include box models and a modified version of the Lorenz 63 system. Section 4 contains the results of these
simplified climate model experiments, showing that response functions consistently outperform other emulators across poten-
tial high-error scenarios. We conclude by discussing optimal use cases for each emulator, along with implications for ESMs

based on our pedagogical model results (Sect. 5).

2 Theoretical framework for climate emulation

In this section, we outline a theoretical framework for climate emulation based on the Koopman and Fokker-Planck operators.
Section 2.1 introduces our emulation target, a general, stochastic system, outlining potential sources of error when emulating
this system. Section 2.2 then formalizes two complementary emulation strategies: emulating the full probability distribution,
or emulating a collection of statistical moments (e.g. mean, variance). We conclude this section by connecting theoretical and
practical (i.e. implementation) details for the six emulators of interest (Sect. 2.3). See Fig. 2 for a conceptual roadmap of
emulator theory and Table 1 for an overview of selected methods.

Throughout this section, we denote scalars with lowercase characters, vectors with lowercase, boldface italic characters,
matrices with uppercase, boldface characters, and operators with script characters (e.g. N or £). We use « and n,, to denote

the spatial coordinate and its dimensionality, along with ¢ and n; to denote the temporal coordinate and its dimensionality. Our
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examples focus on climate anomalies relative to a background state, though these techniques are applicable to general chaotic

dynamical systems.
2.1 Problem setup

A full-scale climate model is a deterministic, albeit chaotic, system. This chaos results in extreme sensitivity to initial con-
ditions, requiring emulation of the system’s statistics, rather than its dynamics (Lorenz, 2015). To understand the statistics of
the system and how they may change over time, we follow Hasselmann (1976) in modeling the evolution of a single climate
variable using a stochastic differential equation (SDE) (Fig. 2, box 1). We assume time-scale separation between slow climate
processes (e.g., ocean, cryosphere, land vegetation) and other, faster sources of variability.

In this framework, the climate is regarded as the statistical mean of a process that appears stochastic in individual realizations.
We treat variations occurring either on timescales shorter than climate change (such as short-term weather fluctuations and
interannual variability) or in different realizations as stationary, stochastic noise. This allows us to parameterize their influence

on the statistics of the chaotic system:

ow
= N(w) + F() +<€(), m

where w is the climate variable (or set of variables) of interest (e.g. temperature), F' is an external forcing (e.g. CO3), N is
the operator governing the evolution of that variable (under slow climate processes), £ is a white noise term (aggregated fast
effects, including weather and interannual variability), and ¢ is the noise standard deviation. We consider variables of interest
to be anomalies relative to some base state (e.g. temperature anomaly with respect to preindustrial conditions). A/ may involve
both linear and nonlinear terms in one or several fields, and we cannot directly represent this operator; this parameterization
aggregates the effects of processes such as heat and momentum transfers. The operator may also be influenced by variables
we observe as well as unobserved hidden variables (e.g. aerosol forcing in a pattern scaling emulator with only global mean
temperature as an input). The noise standard deviation can also be state dependent, though we treat it as independent for this
exploration.

Climate emulators approximate Equation 1, either implicitly (pattern scaling) or explicitly (Dynamic Mode Decomposition),
rendering them vulnerable to several potential sources of error. Figure 1 provides an overview of the sources of error we
consider across a range of scenarios: Errors can enter from the forcing if an emulator assumes only the instantaneous forcing is
significant and not the forcing history (Fig. 1 (a) - memory effects in an overshoot scenario). The presence of hidden variables
can lead to errors in some techniques (Fig. 1 (b) - localized aerosol effects when assuming well-mixed forcings), while other
techniques are sensitive to noise (Fig. 1 (c) - overfitting on internal variability). Finally, any linear emulation technique will

break down in the presence of nonlinearities (Fig. 1 (d) - ice-albedo feedbacks).
2.2 Operator framework for emulators

Our operator framework simplifies complex, possibly nonlinear climate dynamics into a linear set of modes with associated

decay rates. We use the term operator to refer to an update rule that advances the system one timestep for a quantity of
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Figure 1. Potential sources of emulator error by scenario. Emulator errors shown here are meant for illustrative purposes only; we introduce
experiments which reproduce these errors in simplified climate models (e.g. box models) in Sect. 3. (a) Pattern scaling emulator trained on
historical and SSP585, tested against SSP1179 in 2100; error over northern North America results from memory effects. (b) Pattern scaling
emulator trained on historical, tested against SSP370 in 2050; error over India and SE Asia results from hidden variables (aerosols not
contained in training data). (c) High-order polynomial pattern scaling emulator trained on historical, tested against SSP585 in 2020; error
results from overfitting on internal variability. (d) Pattern scaling emulator trained on historical, tested against SSP585 in 2100; error results
from nonlinear feedbacks in the Arctic. All ScenarioMIP data shown are taken from the MPI Grand Ensemble (O’Neill et al., 2016; Maher
et al., 2019).

interest. An emulator attempts to approximate these modes, which are physically interpretable; for temperature, the decay rates
correspond to heat-uptake timescales.

Table 1 summarizes emulation techniques discussed in this section, providing a short conceptual description of each method
along with their key assumptions. We focus on linear emulation techniques that target the mean state of a climate variable:
pattern scaling, the Fluctuation Dissipation Theorem (FDT), deconvolution, modal fitting, Dynamic Mode Decomposition
(DMD), and Extended DMD (EDMD). The FDT, deconvolution, and modal fitting emulators are all response function-based
emulators, while EDMD and DMD are operator-based emulators.

Emulating a probability distribution. Our governing system, Equation 1, simulates a variable of interest, w, forward in
time under a stochastic forcing. The trajectory of the time evolution of w is characterized by the probability distribution,

p(w,t). We therefore focus our efforts on emulating p(w,t) via the Fokker-Planck operator. This is a mathematical tool to
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Figure 2. Conceptual flowchart for building an emulator through the joint Fokker-Planck/Koopman operator framework. Pop-outs show

specific emulation techniques, while the shaded color indicates which concept a class of emulators relates to. Dashed arrows indicate con-

ceptual/theoretical connections and solid arrows indicate a direct pathway. The overall process is as follows: (1) Select a climate variable of

interest, w, such as temperature, here parameterized as the output of a stochastic differential equation. (2) Choose an emulation target, either

the full probability distribution (option 1; 2a, 3a, 3c, 4a) or a statistical quantity such as the mean or variance (option 2; 2b, 3b, 3d, 4b). (3)

Construct an emulator by selecting an approximation for either the Fokker-Planck or Koopman operator, including their response function

representations; these options are connected through duality and are directly linked to linear response theory. (4) Given a new scenario of

interest, emulate either the probability distribution or statistical quantity. A summary of emulation techniques explored in this work (right

side of this figure) can be found in Table 1.
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Table 1. Summary of emulation techniques discussed in this work including a short description and their key assumptions; a conceptual

overview of these methods can be found in Fig. 2. Fluctuation Dissipation Theorem assumptions are shared with deconvolution and modal

fitting emulation techniques. All techniques except the Fluctuation Dissipation Theorem additionally assume no hidden variables.
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evolve the probability distribution of a stochastic system forward in time. As this operator is linear, emulating it is equivalent

to approximating a series of eigenvalues and eigenfunctions.

As shown by Hasselmann (1976), the time evolution of p(w,t) is given by the Fokker-Planck equation corresponding to the

governing SDE

ot

2

ow?

o p(w,0) = = o p(u,t) (N ) + F(0)] + Dy plant),

2

where D is a diffusion coefficient set by the noise term, D = £2 /2. The Fokker-Planck equation describes how the probability

density evolves in time and can be viewed as an advection-diffusion process.
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Advection, which shifts the mean of p(w,t), occurs due to the deterministic action of the governing operator and the external
forcing. Because the advective term acts on the flux, it both shifts the mean and reshapes the density. Diffusion, which increases
the variance in p(w,t), is driven by system noise. Integrating Equation 2 forward diffuses the probability distribution, initially
increasing the variance of w until balanced by the mean-reverting drift (A (w) + F'(¢)). It is common practice to write a
Fokker-Planck equation directly from an SDE, as there exists a general relationship between any SDE and its corresponding
Fokker-Planck equation; the full general derivation can be found in Denisov et al. (2009).

Importantly, the right hand side of Equation 2 is linear in the derivatives of w, allowing us to rewrite it in terms of the linear

Fokker-Planck operator, F,

FO = | D) = () (W) + (1) ®

where the notation 7 (-) means the Fokker-Planck operator is acting on some arbitrary variable (in our case, p(w, t) in Equation
2). The Fokker-Planck operator (Fig. 2, box 3a) gives us a linear method to represent the time evolution of the probability
distribution. Linearity additionally allows us to decompose F into eigenvalues and eigenfunctions (continuous eigenvectors).
These are the target of our emulator, and our emulator skill is directly proportional to how well it can approximate those

eigenvalues and eigenfunctions, along with our estimate of p(w,0). This eigendecomposition is given by

Ffr=Arfr, “4)

where A\ r denotes an eigenvalue and f denotes an eigenfunction of the Fokker-Planck operator. The collection of A\x and fr
fully characterizes the system’s behavior. Our stochastic system evolves as a linear combination of probability distributions,
[, each decaying at rate A\ r; the real part of the eigenvalues controls the decay rate, while any imaginary components result in
oscillations over time. In the advection-diffusion analogy, each eigenfunction is a probability parcel that is carried and spread
by the flow. The imaginary parts of the eigenvalues transport this parcel (shifting the mean) while the real parts act like an
effective diffusivity (increasing the variance). This tells us which physical behaviors dominate and on what timescales they
matter for climate prediction.

Unfortunately, in most cases we cannot obtain an explicit representation of the Fokker-Planck operator due to A being
nonlinear; see Appendix C for an analytic example of when this is possible. Because it acts on functions, the operator is
infinite dimensional with infinitely many eigenpairs. This poses an immediate issue since computers have a finite amount of
memory. Finite dimensional matrix approximations of the Fokker-Planck operator have been studied (often framed through the
more general Perron-Frobenius operator) (Klus et al., 2016, 2018; Kaiser et al., 2019; Souza, 2024b, a; Souza and Silvestri,
2024), but require a large amount of data to reliably estimate the operator. For climate emulation this poses an additional issue,
as generating large enough ensembles to resolve p(w,t) is prohibitively expensive. Because of these difficulties, little work
exists studying the Fokker-Planck/Perron-Frobenius operator in the climate context (Navarra et al., 2021), though methods that
reconstruct the full probability distribution of a climate variable using statistical methods (e.g. diffusion models and Gaussian
processes) implicitly represent it (Bassetti et al., 2024; Bouabid et al., 2024; Wang et al., 2025).

Emulating a statistical quantity. In practice, it is often easier to emulate statistical quantities, such as the mean or variance

of a climate variable. Many common emulation techniques (e.g. pattern scaling and response functions) target only the mean
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of a single variable (Herger et al., 2015; Wells et al., 2023; Freese et al., 2024), though other work extends this to approximate
second order moments (Beusch et al., 2020; Wang et al., 2025). Relating these techniques requires the use of Koopman operator
theory (Fig. 2, box 3b), a linear framework for propagating statistical quantities (usually referred to in the Koopman literature
as statistical observables) forward in time (Mezi¢, 2013; Otto and Rowley, 2021). Emulator studies rarely link their methods to
Koopman theory, while literature that explicitly connects to the theory does not use the same emulator terminology (Slawinska
et al., 2017; Navarra et al., 2021), though they accomplish similar prediction tasks. The Koopman operator allows for an
exact representation of nonlinear dynamics using a linear operator, making it appealing when studying complex systems. We
show how it can be used to emulate climate variables, simplifying nonlinear processes to the linear problem of emulating
physically-interpretable eigenvalues and eigenfunctions.

To derive the Koopman operator, we first define a general statistical quantity, g(w), whose expectation, (-), is given by

(9(w)) = / g(w)p(w, ) dw, 5)

We then take the time derivative of this expression, moving the partial derivative inside the integral to act only on p since g(w)
is independent of time. This allows us to substitute the resulting expression into the right hand side of Equation 2. Integrating

this by parts twice gives

0 0 0?

= = F(t)] — D( — 6
o {o(w) <w<w>+ (0)] aw9<w>> + < awgg<w>>, ©)
where the diffusivity, D = £2/2, is identical to the Fokker-Planck case. This form allows us to define the Koopman operator,

IC. It is linear in its derivatives of w, and we rewrite it as

. 2(.
k() =N 2 pZt)

)

where the notation XC(-) means the Koopman operator is acting on some arbitrary variable (g(w) in Equation 7). Substituting

this into Equation 6 gives

0 0

= =(K F(t)( — 8
5 9() = (gl + O alw) ), ®)
This expression applies to any arbitrary statistical quantity (of which there are infinitely many), thus it can be used to integrate
every statistical quantity forward in time; it is an alternate way to represent the complete probability distribution by representing

each individual statistic. A useful choice is to select g(w) = w, giving

0

oy (w) = (Kw) + F (1), ®)

which we will refer back to later.
Analogously to the Fokker-Planck operator, the Koopman operator provides a linear method to represent the time evolution

of our entire collection of statistical quantities. As before, we can perform an eigendecomposition on the Koopman operator

Kfx =M fx, (10)
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where A\ denotes an eigenvalue and fx denotes an eigenfunction. The time evolution of our statistical quantity of interest
is a linear combination of these eigenpairs. These can be used to identify dominant system dynamics and on what timescales
they emerge. Training an emulator is equivalent to approximating eigenpairs; reproducing these pairs accurately emulates the
behavior of the system.

However, approximations of the Koopman operator are limited by the same finite memory constraint as the Fokker-Planck
case and deriving analytic solutions is dependent on the exact form of A; see Appendix C for an example of when ana-
lytic approximations are possible. Matrix approximations of the Koopman operator are nevertheless more prevalent than their
Fokker-Planck counterparts (Schmid, 2010; Mezié¢, 2013; Williams et al., 2015; Otto and Rowley, 2021). Variants of these
methods have recently been implemented in the climate context to identify dominant modes of variability in the system (e.g.
El Nifio-Southern Oscillation or Pacific decadal oscillation) (Navarra et al., 2021, 2024; Mankovich et al., 2025), but have not
been applied for the purpose of climate emulation. We outline two of these methods explicitly in Sect. 2.3.3.

Two sides of the same coin. The Koopman operator advances all statistical quantities of interest, and provides an alternative
to the Fokker-Planck description of a distribution’s time evolution. Knowing every statistic is equivalent to knowing the full
distribution. Access to either operator fully characterizes our system, allowing us to emulate it. Mathematically, these operators
are dual (adjoint), where duality refers to two mathematical objects that contain alternate descriptions of the same information;
this property is how we derived the Koopman operator in the previous section. This is analogous to, but physically and mathe-
matically distinct from adjoint methods in climate modeling. There, adjoints to dynamics (rather than statistics as is the case for
the Koopman/Fokker-Planck approach) are exploited to calculate gradients with respect to input parameters more efficiently,
which can be used to tune parameters and compute output sensitivities (Thuburn, 2005; Henze et al., 2007; Lyu et al., 2018).

Due to internal variability in the climate system, estimating the full probability distribution of a variable requires large
initial condition ensembles, incurring significant computational cost. This is exacerbated for variables such as precipitation,
where internal variability masks the forced response to a greater degree (Blanusa et al., 2023). Reliably estimating the full
distribution at each timestep to approximate the Fokker-Planck operator from relatively coarse data is impractical. However,
under additional assumptions of quasi-ergodicity, we bolster our sampling power by assuming that the statistics do not change
sufficiently quickly over a given time period. We thus focus on emulating lower-order statistical quantities, presenting those
techniques in Sect. 2.3.

Connecting to linear response theory. Linear response theory states that the climate system’s forced response (assuming
perturbations are small) is encoded by a response function, R(t). The response function is generated by the Koopman opera-
tor, /C, where each eigenpair of the operator determines the characteristic timescales of the system. Considering temperature
anomaly as an example variable, fast modes map to rapid atmospheric adjustments, while slow modes capture deep ocean
heat uptake (Caldeira and Myhrvold, 2013). Response functions have been applied to a variety of climate problems (Joos and
Bruno, 1996; Hasselmann et al., 2003; Joos et al., 2013; Orbe et al., 2018; Cimoli et al., 2023), including climate emulation
(Freese et al., 2024; Womack et al., 2025; Sandstad et al., 2025), though often without addressing the formal response theory

underlying these techniques. As was the case with the Koopman operator, more formal applications of response theory to

10
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climate science often do not share the same language as climate emulators despite the shared goal of predicting the climate’s
forced response (Lucarini et al., 2017; Lembo et al., 2020; Zagli et al., 2024).

To make the relationship between response theory and the Koopman operator explicit in the context of emulation, we first
consider the system’s dynamics to be governed by an operator, . When the system is subject to a small external perturbation,
this operator can be split into an unperturbed component, /Cy, and the perturbation itself, 4/C, such that IC = Ky + dK. The
expectation value of a statistical quantity g under the perturbed dynamics can be approximated to first order as the sum of its
unperturbed evolution, {g)o, and a linear correction, §(g).

A general solution for this linear correction is provided by Ruelle’s response theory. For systems in a statistical steady state
(i.e., at equilibrium), this framework simplifies to the Fluctuation Dissipation Theorem (FDT) (Lucarini et al., 2025). The
FDT describes how a system (e.g. the Earth system) responds to perturbations (anthropogenic CO5 emissions) relative to some
baseline state (preindustrial conditions). The change in the ensemble average field, §{g), is obtained by convolving a forcing,

F'(t), with the system’s response function, R(t)

0{g) = /R(S)F(t—s)ds. (11D

Formally, the response function is calculated by computing the temporal autocorrelation between the statistical quantity g and

the system’s score function, s,
R(t) = (g(t' =t)s(t' = 0)), (12)

where the score function of the steady-state distribution encodes how a small perturbation alters the system’s statistics; see
Giorgini et al. (2024, 2025b) for more details. The connection to Koopman operator theory is that temporal autocorrelations
are expressed explicitly in terms of the Koopman operator, see Zagli et al. (2024).

Equation 11 is one way to state the Fluctuation Dissipation Theorem (FDT, Fig. 2, box 3d), a tool widely used in statistical
mechanics and one of the main features of linear response theory (Lucarini et al., 2017; Lembo et al., 2020). The FDT predicts
the first-order response of a statistical quantity due to external perturbations and is defined in terms of an ensemble average
over a quantity of interest. As written, this form does not account for state- or time-dependent effects (i.e. one could consider
the alternate formulation: R = R(w,,t')), though extensions to capture these effects and higher order statistical moments have
been proposed (Metzler et al., 2018; Giorgini et al., 2025a, b; Winkler and Sierra, 2025).

Response function emulators approximate the left hand side of Equation 12 using a variety of techniques, which we outline
in more detail in Sect. 2.3.2. Their emulation goal is typically either to fit the eigenpairs which make up X explicitly (Sandstad
et al., 2025), or to find a direct representation of R(t) (i.e. an implicit representation of ) (Lembo et al., 2020; Freese et al.,
2024; Womack et al., 2025). The former may be more easily interpretable through analyzing the explicit eigenpairs, while the
latter offers flexibility in allowing for parametric forms other than a decaying exponential.

Response theory builds upon the operator frameworks presented in the previous sections by providing a method to illustrate

how a given quantity responds to small changes in forcing. While the Fokker-Planck and Koopman perspectives offer complete
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characterizations of the statistics of the system over time, response theory offers a practical approach to use this information to

predict how a quantity shifts under perturbations, described by the FDT.
2.3 Connecting emulators to theory

Following the framework from the previous section, we introduce several emulation techniques targeting the mean of a climate
variable (Fig. 2, pop-outs on right hand side). We use the example of estimating the expected (or annual-average) temperature
anomaly, T'(x,t), given an external forcing, F'(t) (e.g. CO2 or other GHG emissions), though these techniques can be applied
to any climate field. Each technique relates explicitly to the Fokker-Planck or Koopman operator and/or the Fluctuation Dissi-
pation Theorem (FDT). We begin with methods that impose strong assumptions on the underlying data and progressively lift
those assumptions until we are left with the most general emulation techniques; headings follow the taxonomy of Tebaldi et al.
(2025) when possible.

2.3.1 Pattern scaling and its immediate extensions

Method I: Pattern Scaling. Pattern scaling is arguably the most well-known climate emulation technique (Santer et al., 1990;
Mitchell, 2003; Tebaldi and Arblaster, 2014; Kravitz et al., 2017; Tebaldi and Knutti, 2018; Wells et al., 2023; Giani et al.,
2024); it is formally derived via the Koopman operator, and is a specific case of a more general quasi-equilibrium emulation
framework. It assumes that, at any given moment, the climate is in a quasi-equilibrium, rather than a transient, state and that
changes in the forcing are small enough and/or the response of the system is fast enough to neglect system memory. Pattern
scaling also assumes that the response does not depend on the background climate state, only the instantaneous forcing. Despite
work showing that there are measurable differences between transient and quasi-equilibrium climate responses depending on
the transient warming rate (King et al., 2021), the success of pattern scaling has led to its continued use.
We first restate Equation 9 in terms of the quasi-equilibrium assumption and our climate variable of interest as

%T(:c,t) — LT (& ) + F(t) ~ 0, (13)

where L indicates that this is no longer the true Koopman operator and « and «’ indicate summation over spatial interactions,
i.e. how one location, x, is influenced by all other locations (including itself), z’; a more detailed description of the transition
from Equation 9 to 13 can be found in Appendix A4. We additionally assume 7'(x,t) here refers to the ensemble mean
temperature, which has the practical advantage of reducing the impact of internal variability on our emulator. Inverting this

equation gives
T(x,t) =L (x,2')F(t), (14)

which is a more general formulation of pattern scaling based on a generic forcing, F(t). Alternate definitions of pattern
scaling have been explored previously, with a handful of studies developing extensions based on alternatives to global mean
temperature such as radiative forcing or a combination of factors (Huntingford and Cox, 2000; Cao et al., 2015). A traditional

pattern scaling formulation makes the further assumption that the forcing is the global mean temperature anomaly, F'(t) = T'(t),
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and replaces £~ with a low-order polynomial, leading to

T(w,t) = ao(@) + ar ()T(¢) + %ag(a:)TZ(t) +o (15)

where a;(x) indicates the spatially varying pattern, and we typically keep only the first-order (a; (x)) term. Some work has
explored the utility of higher-order terms, such as the quadratic term, but found it limited in extrapolative ability and physical
justification (Herger et al., 2015).

Although pattern scaling implicitly attempts to approximate the Koopman operator - the perfect linear representation of
the system - it is limited by its assumption of time-invariant, quasi-equilibrium dynamics. Truncating the operator with a
finite dimensional approximation and using only a single predictive field (here, annual-mean temperature) further reduces its
skill. Pattern scaling’s inability to reproduce the pattern effect and other nonlinear/state-dependent feedbacks illustrates these
limitations (Stevens et al., 2016; Giani et al., 2024). In Sect. 2.3.3, we explore alternative low-order approximations of the
Koopman operator to resolve these issues.

Pattern scaling could be extended to the Fokker-Planck operator by shifting and rescaling the full probability distribution
based on global mean temperature, but this faces several limitations. Reliably estimating probability distributions requires large
ensembles, which are computationally expensive. An alternate approach is to use long preindustrial control runs to generate
the initial probability distribution and attempt to learn the linear scaling factor through the shorter SSP experiments. However,
a simple linear shift may not capture scenario-dependent changes in the shape of the distribution; recent emulation work with
Gaussian process regression suggests these distributional shifts may be complex (Wang et al., 2025). When applying pattern
scaling to the Fokker-Planck operator, we must also ensure the process does not violate the normalization of the distribution
(i.e. the area under the curve must equal one).

We implement pattern scaling by calculating the global mean temperature anomaly and solving
min || (x,1) —a(x)T(z,t)[]*. (16)

In Appendix Al we show that pattern scaling has two irreducible sources of error when trained on a ScenarioMIP-like
forcing: (1) an equilibrium term, where pattern scaling converges to the wrong steady-state value when forcing plateaus and
(2) a memory term, where pattern scaling breaks down when the system responds slowly compared to changes in the forcing.
The former stems from the mismatch between training pattern scaling in a transient regime and attempting to use it to project
an equilibrium condition. The latter cannot be accounted for within the pattern scaling framework, motivating the need for

methods that explicitly capture memory.
2.3.2 Dynamical system/impulse response theory

Emulators that represent the climate system through response functions connect to fundamental principles of stati