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Abstract. We developed a numerical model for solving the linearized gravity-wave equations using a multilayer approach that
explicitly accounts for viscosity, thermal conduction, and ion drag. The solution strategy is based on a matrix-exponential for-
malism and comprises two classes of methods: global matrix methods and scattering matrix methods. The model supports both
single-frequency waves and time-dependent wave packets. Particular emphasis is placed on the global matrix method, which
exploits the structured form of the multilayer system to achieve high computational efficiency while maintaining numerical
accuracy. Numerical experiments demonstrate that all methods yield identical accuracy, although the global matrix method is
significantly more efficient than the scattering matrix method, especially for time-dependent wave packets. The impact of ion
drag on wave characteristics is quantified within this framework. The implementation is freely available as open-source code

at https://github.com/AlexandruDoicu/Gravity- Waves.

1 Introduction

Time-step methods (Liu et al., 2013; Heale et al., 2014; Fritts et al., 2015) are commonly used to solve fully nonlinear sets
of governing equations for upper-atmospheric gravity waves, thereby allowing the modeling of wave breaking, secondary
wave generation, and weakly nonlinear effects. However, as compared to linear methods for gravity waves (Midgley and
Liemohn, 1966; Volland, 1969a, b; Francis, 1973; Yeh and Liu, 1974; Klostermeyer, 1972, 1980; Knight et al., 2024) they are
computationally expensive. In Piitz et al. (2019) it was found that a time-step model took several hours to run, while a linear
method only took several seconds. In this regard, linear methods are more suitable for analyzing measured data.

The linearized equations can be transformed into a linear system of ordinary differential equations with variable coefficients
that depend on the background atmospheric parameters and their height derivatives (the atmospheric parameters are assumed to
be horizontally uniform but vertically varying). A common technique for integrating the linearized equations is the multilayer
method first applied by Pfeffer and Zarichny (1962). In this method, the atmosphere is divided into a sequence of thin layers,
and in each layer, a linear system of ordinary differential equations with constant coefficients is solved. The analytic wave
solutions in neighboring layers are matched by the continuity condition of the variables across the interface. There are two

methods for deriving a linear system of ordinary differential equations with constant coefficients.


https://github.com/AlexandruDoicu/Gravity-Waves

25

30

35

40

45

50

55

1. In the physical multilayer method, the atmospheric parameters, and in particular, the temperature and wind velocity, are
assumed to be constant within each layer (Midgley and Liemohn, 1966; Volland, 1969a, b; Francis, 1973; Yeh and Liu,
1974). As a result of the piecewise constant approximation, the height derivatives of the atmospheric parameters are zero

within each layer.

2. In the numerical multilayer method, the coefficients as a whole are approximated by their values in the middle of the
layer (Klostermeyer, 1972). As a result, the height derivatives of the atmospheric parameters (approximated by their

values in the middle of the layers) are also included in the resulting system of equations.

The criticism of physical multilayer methods by Hines (1973) concerns whether the equations describing the state variables in
a layer are physically realistic. He concluded that it is impossible to find the appropriate variables when either (i) the viscosity
and the wind velocity are nonzero or (ii) the thermal conductivity and the temperature height derivative are nonzero. However,
as mentioned by Knight et al. (2022), Hines’ concern about the physical meaning of the state variables is not relevant for
a numerical multilayer method. The reason is that in a purely mathematical context, it is sufficient to prove that the method,
converges to a correct solution in the infinitesimally thin layer limit. A justification of this result, based on a matrix—exponential
representation for the solution, can be found in Klostermeyer (1980).

According to Volland (1969a), a layer is said to be isothermal if the background temperature is constant, and homogeneous
if the kinematic viscosity is constant. In the case of an isothermal, homogeneous, and windless atmosphere, as in Midgley
and Liemohn (1966); Volland (1969a, b); Francis (1973); Yeh and Liu (1974), the dispersion relation, associated to the system
of ordinary differential equations, separates into three pairs of ascending and descending gravity-wave, viscosity-wave, and
thermal conduction-wave modes. The viscosity-wave and thermal conduction-wave modes are also referred to as dissipative
modes. The main distinction between the two pairs of dissipative modes and the pair of gravity-wave modes is that the latter
have smaller vertical wavenumber imaginary parts. This means that ascending gravity-wave modes do not decrease in amplitude
as rapidly with increasing altitude as dissipative modes. On the other hand, the assumption of locally constant kinematic
viscosity is unrealistic as discussed in Knight et al. (2019). If one assumes instead that the dynamic viscosity is constant within
each layer, it is generally not possible to distinguish between ascending and descending modes for certain wavenumbers,
frequencies, and background parameters (Knight et al., 2022, 2019, 2021). In this context, Knight et al. (2022) explained
that the problem of distinguishing ascending from descending modes is related to the problematic branch points of the root
functions giving the vertical wavenumber as a function of complex frequency. Along this line, the authors proposed a technique
called imaginary frequency shift to assist in achieving this separation.

The inclusion of dissipative modes in a linearized model produces a numerical swamping (Maeda, 1985) in which certain
descending modes grow so rapidly in the upward direction that numerical overflow occurs when the system of differential
equation is subject to lower and upper boundary conditions. Several methods have been proposed to reduce numerical swamp-

ing.

1. Midgley and Liemohn (1966) employed an iterative method that can be regarded as a Gauss—Seidel group iteration.

However, the Gauss—Seidel iteration may fail to converge in certain situations, in particular when gravity and dissipa-



60

65

70

75

80

85

90

tive modes become strongly coupled, as discussed in Volland (1969a, b). Klostermeyer (1980) avoids this difficulty by
introducing the concept of a transfer matrix, which relates the wave amplitudes at different altitude levels and provides a

more robust framework for treating such coupling.

2. Volland (1969b) applied the scattering matrix formalism to a three-layer atmosphere assuming (i) abrupt changes in
variables at the interfaces between the different layers and (ii) that certain background parameters remain constant in the
lower and upper layers. Knight et al. (2019) also formulated the problem in terms of scattering matrices which are closely
related to the reflection and transmission matrices appearing in seismology (Pérez-Alvarez and Garcia-Moliner, 2004).
However, in contrast to Volland, the authors used a more rigorous approach, i.e., a sequence of composed scattering

matrices instead of just a one stand-alone scattering matrix.

3. Maeda (1985) defined numerical swamping as the annihilation of linear independence among supposedly independent
solutions. To address this challenge and obtain a comprehensive set of special solutions that are linearly independent, he

utilized a technique developed by Inoue and Horowitz (1966).

In radiative transfer, it is also necessary to solve a linear system of ordinary differential equations with constant coefficients.
This arises by transforming the continuous dependence of radiance on directions into a dependence on a discrete set of direction.
The standard methods for solving the linear system of ordinary differential equations are the discrete ordinate method (Stamnes,
1986; Wick, 1943; Chandrasekhar, 1950; Stamnes and Swanson, 1981) and the matrix operator method (Plass et al., 1973;
Kattawar et al., 1973; van de Hulst, 1963; Nakajima and Tanaka, 1986). In the classical discrete ordinate method, the solution
to these equations is expressed as a linear combination of characteristic solutions of the discretized problem. Conversely, the
matrix operator method focuses on numerical computations of reflection and transmission matrices. Both methods can be
formulated using the matrix exponential formalism. In the framework of the so called discrete ordinate method with matrix
exponential, Doicu and Trautmann (2009a, b) designed stable numerical algorithms for computing the radiance field in a multi-
layered atmosphere, while in the framework of the matrix operator method with matrix exponential, Budak et al. (2011, 2012)
provided explicit and stable representations for the reflection and transmission matrices. A consistent overview of the matrix
exponential description of radiative transfer can be found in Efremenko et al. (2017).

The main purpose of this article is to apply radiative transfer techniques to solve the linearized gravity-wave equations. As
a prototype, we will consider the equations that describe gravity waves in the ionosphere, and that include viscosity, thermal
conduction, and ion drag. In principle, a full wave model for the ionosphere comprises the hydrodynamic equations for the
neutral atmosphere and the ionospheric equations. These two sets of equations are coupled through the ion drag, and should
be solved together. However, to simplify the analysis, we decouple the two sets of equations by adopting a fast field-aligned
diffusion approximation, which may be viewed as a generalization of an approximation originally proposed by Klostermeyer
(1972).

Our paper is organized as follows. In Section 2, we present the derivation of the matrix exponential solution of the linearized
equations, while Section 3 describes stable numerical methods for computing the amplitudes of the characteristic solution in

a stratified atmosphere. Section 4, which is largely inspired by the works of Knight et al. (2019, 2021, 2022, 2024), addresses
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the computation of the perturbed quantities for both harmonic and non-harmonic source functions, that is, for single-frequency
waves and time-dependent wave packets. The concepts of causality and the imaginary frequency shift, which are rigorously
treated in Knight et al. (2019, 2021, 2022), are also briefly discussed. Aspects of the numerical implementation are addressed
in Section 5, and representative simulation results are presented in Section 6. Additional theoretical issues are discussed in
the appendices. Appendix A contains the linearized hydrodynamic equations for the neutral atmosphere and the derivation of
the underlying system of differential equations. Appendix B outlines the linearized ionospheric equations and discusses the
assumptions employed to decouple the hydrodynamic and ionospheric systems. Appendix C describes methods for computing
grid-point values of the state vector in a stratified atmosphere. Appendix D addresses several implementation issues, including

a practical, albeit heuristic, approach for determining the imaginary frequency shift.

2 Matrix exponential solution of the linearized equations

To design a full wave model for the ionosphere, we use the hydrodynamic equations for the neutral atmosphere and the

ionospheric equations. In a linearized (perturbation) method, a quantity f is expressed as
p q p q y p

f=r+f, ey

where fo and f’ are the unperturbed (background) and the perturbed quantity, respectively. The perturbations are assumed to
be small so that it is justified to neglect all terms of higher than the first order.
Concretely, we solve the linearized hydrodynamic equations for the neutral atmosphere together with the linearized ion

continuity and momentum equations. The linearized neutral-atmosphere equations are solved under the following assumptions:
Al. The geographic and geomagnetic coordinates are identical.

A2. The wave propagates in the meridional plane (the x-coordinate is positive southwards while the z-coordinate is positive

upwards), i.e.,

f=F(z,21). 2
A3. All background (unperturbed) quantities vary only in the z-direction, i.e.,

fo=fo(2), 3)

while all perturbations vary harmonically in time and the x-direction, i.e.,

= f(w,2,t) = F(2)ed ), @)

where w is the angular frequency and k&, the horizontal wavenumber. Note that in some gravity-wave studies, the opposite

sign convention for frequency and horizontal wavenumber is used (e.g. Knight et al. (2025)).
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The linearization model is described in Appendix A. It provides a general framework that accounts for the altitude derivatives
of the background velocity ug, temperature T, density scale height H,, and dynamic viscosity po. Apart from the ion-drag
terms, the formulation follows a structure similar to those employed by Vadas and Nicolls (2012) and Knight et al. (2024).
The computation of the ion-drag force and ion-drag heating is presented in Appendix B. The ion-drag terms are introduced
in an approximate manner, with the explicit aim of decoupling the hydrodynamic and ion equation systems. To this end, we

adopt the following assumptions:
B1. In the ion continuity equation, the perturbed production and loss terms are neglected.

B2. In the ion momentum equation, ion inertia and ion—ion collisions are neglected, and only transport parallel to the magnetic

field lines is retained. Under these assumptions, the ion momentum equation reduces to the ambipolar diffusion equation.

B3. To decouple the ion continuity equation from the diffusion equation, fast field-aligned diffusion is assumed, meaning that
the field-aligned diffusion is sufficiently strong for the relative ion perturbation and the perturbed diffusion velocity to

remain nearly constant along a magnetic field line.

The linearized equations lead to a linear system of ordinary differential equations, written in matrix form as

1 de
2 A 5
hde O (5)
where
e=[u,a,T,UW,T]" (6)

is the state vector, and A is the propagation matrix with altitude independent elements (whose expressions follow from Egs.

(A41)—(A46) of Appendix A). In general, the unknowns (the hat quantities in Eq. (6)) are defined through the relation

f(z)=C(2)f(2), (7
where f is defined by Eq. (4), and C is a known quantity that ensures that fis dimensionless and that may or may not depend
on altitude (here, we indicate that C' depend on z). Specifically, for the background velocity ug = (ug,0,0), and the perturbed
velocity u’ = (v/,0,w’), we have (cf. Egs. (A39) and (A40) of Appendix A)

mazgm@ (8)
W(=) = —(2), ©)
T(2) =To(2)T(z), (10)
and

. di —~ dw ~ dT

U= "= "o



where wy is a reference frequency.
If (A, vy,) is an eigenpair of the matrix A, i.e., Av, = A\, v,, forn=1,..., N, where N = dim(e), the general solution of

Eq. () is a linear combination of the characteristic solutions exp(kx A, 2)vy, that is,

N
e(z)= Z aneP v,
n=1

ekx/\lz 0 ay
150 =[v1,...vN]
0 ekx)‘NZ an
= Vdiag[e"*"*]a, (11)
where
ekx)\lz 0
V= [vi,...,vy], diagle"*»*] = : : : (12)
0 ekkaz
and a = [ay,...,an|T. At z = 0, we have e(0) = Va; thus,
155 a =V 'e(0), (13)

implying (cf. Eq. (11)),

e(z) = Vdiag[e"**]Vle(0) = eA%¢(0), (14)
and conversely,

e(0) = Vdiagle ¥ *]Vle(z) = e FA%e(2). (15)

160 From the theory of gravity waves within an isothermal, nondissipative atmosphere, it is generally known that the amplitude
of an ascending modes increases like exp[z/(2H,)], where H, is the atmospheric scale height (Hines, 1960). This is necessary
to keep the wave energy constant in an atmosphere where the pressure decreases exponentially with height. In this regard, we

define the vertical wavenumber k,,, through the relation
diag[e®*n*] = diag[e®/ (2Hs)gTkimz] (16)

165 yielding
j 1
)\nzfikzn Pt 17
B g (17

and conversely,

kzn = jkx ()\n — ;a> , (18)
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where oo = 1/(kxH,). The characteristic equation det(A — Aly) =0 has N = 6 solutions. As shown in Appendix A, for a
constant kinematic viscosity the solutions occur in pairs and correspond to (i) ascending and descending gravity-wave modes,
(i1) ascending and descending viscosity-wave modes, and (iii) ascending and descending thermal-conduction wave modes
(Volland, 1969b; Francis, 1973). In that appendix, this pairing is explicitly demonstrated by deriving the dispersion relation
for the special case of an isothermal (constant background temperature), homogeneous (constant kinematic viscosity), and
windless atmosphere without ion drag. This solution classification is made according to the imaginary part of the vertical
wavenumber k,,,. In the more realistic case of a constant background dynamic viscosity, it is generally not possible to define
ascending and descending modes as corresponding pairs (see Eq. (A52) in Appendix A). However, in our model we will use
the same rule as in the case of a homogeneous atmosphere, even though the traditional concept of classifying waves in pairs
is no longer applicable. Specifically, we compute k,,, for n =1,..., N by means of Eq. (18), and order the set {km}nNzl, and

accordingly, {\,}N_, . such that
Im(k,3) < Im(k,2) < Im(k,1) < Im(kp) < Im(kys) < Im(kgg). (19)

By convention, (i) the pairs (k1 = k;rl,)\l = )\f) and (kz =k,;, s = A7) will correspond to ascending and descending
gravity-wave modes, respectively, (ii) the pairs (k,2 = k)5, Ao = A\J) and (k,5 = k5, A5 = A\, ) to ascending and descending
viscosity-wave modes, respectively, and (iii) the pairs (k,3 = kz-g,)\g = )\;) and (k6 = k,3,A¢ = A3 ) to ascending and de-
scending thermal conduction-wave modes, respectively. Thus, the vertical wavenumber is an auxiliary quantity that is used
only to identify the different modes. According to the notation introduced above, {\; }A_, 'where M = N/2 is the number of
modes, is the set of eigenvalues defining ascending modes, and { )\, }}/_ is the set of eigenvalues defining descending modes.

Because Re(\,) = Im(k,,,)/kx+ /2, it is obvious that we can put aside the concept of vertical wavenumber when identifying

the different wave modes. We can simply order the set {\,, }\_;, such that

RC()\g) < RC()\Q) < Re()\l) < Re()\4) < Re()\5) < Re()\ﬁ), (20)

and use the same classification rule as above. A commonly cited interpretation of condition (20) is that, for increasing z, the
exponential term exp(kxA,,z) will tend to be damped more for ascending modes than for descending modes; conversely, for
decreasing z, the roles of ascending and descending modes are reversed. However, such a classification of upgoing and down-
going roots (e.g., Volland (1969b) and related works) was primarily heuristic and lacked a rigorous theoretical justification.
By contrast, the approach of Knight et al. (2019), which is discussed in Section 4, introduces additional constraints beyond
condition (20) that are explicitly related to causality and is therefore grounded in theoretical considerations rather than heuristic
arguments.

To highlight the different wave modes, we organize the state vector e(z) as
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e(z) —es(2) +e_(2)

M M

+ kA —

= E af e rmAiyvio| 4 E a, e miy—
m=1 m=1

diag[ek*m?] Onr a
= [V+7V7] A=
An?]

Oar diagle a_

+

m

+

where the eigenvector v, corresponds to the eigenvalue A\,

V=V, V_], Vo=, .. vi],

and 0,/ is the zero matrix of dimension M x M. Some useful relations are listed below

1. From Eq. (13), we find

ay = [In,0n]a = [Iar,0a,]V " "e(0),
a_ = [0a,Inr]a=[0ar,1a] V™ "e(0),

where I, is the identity matrix of dimension M x M.

2. From Eq. (21), that is,
M + +
ei(z) = Z atebAnrvE =V, diagleM M *]ay,
m=1
we deduce that
et (0) = Viai.
3. From Eq. (14), we obtain
e1(2) = Tue(0),

where

diag[e= n?] 0
T I R
0 0

2y

(22)

(23)

(24)
(25)

(26)

27

(28)

(29)
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while from Eq. (15), we find

e_(0)=T_e(2),
where

0 0y,
T —vV M M -1

Op diagle™ R m?]

3 Solution of the linearized equations for a stratified atmosphere

(30)

€29

Consider an equidistant discretization of the atmosphere, i.e., Z; = zmin + (i — 1)AZ for ¢ =1,...,2L + 1. A layer [, where

l=1,...,L and L is the number of layers, is bounded from below and from above by the grid points z; = Z5;_1 and 2z;11 =

Za111, respectively, and its center is located at the grid point Z; = Z5;. The atmosphere extends from zyi, = 21 = 21 t0 Zmax =

ZL+1 = 22141 = Zmin+ L(2AZ). We adopt a numerical multilayer method (Klostermeyer, 1972; Knight et al., 2022, 2019), and

approximate the altitude dependent matrix A in each layer [ by its value at the layer center, i.e., A; = A(Z;). The eigenpairs of

the propagation matrix A; are denote by (\,,;,vy;) forn =1,..., N. The matrix differential equation (5) can be solved either

(i) in terms of the amplitudes a;, { = 1,..., L of the characteristic solutions, or (ii) in terms of the grid-point values e; = e(z;),

I=1,...,L of the state vector e(z). In the following we present the method based on the amplitude of the characteristic

solutions, whereas the second method is described in Appendix C.

In the layers [ and [ + 1, the solutions are given by (cf. Eq. (11))
ei(z) = Vidiagle® M a2 <2 <24,
and
e11(2) = VipdiagleP i Gm2e)]a, 0oy <2 <z,
respectively. The continuity condition at the interface z = z;41,
ei(z41) = ery1(zi41),
gives

k:x)\n,lAl]

—1 .
Vl Vl+1al+1 = dlag[e a,

where A; = 2,41 — 2. To obtain a stable system of equations, we define a scaling matrix K] with entries

eflcx/\nzAl, Re(/\nl) >0
[Kll]nn = ’
, Re(Ani) <0

(32)

(33)

(34)

(35)

(36)
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and a second scaling matrix K{ by

1, Re(Any) >0
KY = K}diag[e"*12], ie., [K)|nn = . (37)
ek’()\nlAla Re(/\nl) < 0

Multiplying Eq. (35) from the left with K} yields the continuity equation
Alyqan — A a =00, I=1,...,L—1, (38)
where 05,/ is the 2M -dimensional zero vector, and

All,z+1 = Kzl(VfIVl+1)» (39)
Ay =K). (40)

The scaling matrices Kzl and K? prevent a possible blow-up of the exponential terms for Re(\,,;) > 0 and Re(\,,;) <0, re-
spectively. Such scaling techniques are standard in radiative transfer theory and are commonly used to obtain stable numerical
algorithms for computing the radiance field in multilayered atmospheres (Doicu and Trautmann, 2009a, b).

Actually, we have L—1 continuity equations imposed at the levels zs, ..., 2y, for the L unknowns a1, ...,ar. The two missing

equations are obtained from the lower and upper boundary conditions.

1. At the lower boundary, i.e., at z = 21 (= zmin), We assume that only the ascending wave modes transport energy upward.
In this regard, we impose that in the layer [ =1, we have af,_, = s = finite, and that the rest of a, ,_, are zero,

that is, a*

m,l=1

=0 for m # 1 (Klostermeyer, 1972). Note that aflzl is the amplitude of the ascending gravity-wave
modes, while the condition a; 1—1 = 0 for m # 1 means that the amplitudes of the ascending viscosity-wave and thermal

conduction-wave modes are assumed to be zero. In this case, the boundary condition for ascending modes is

M
_ E + + _ +
- a'm,l:l"'m,l:l - svl,l:l‘ (41)
m=1

e i(a)=| =

+
Ay =1 1
+ a;lzl . L. 0
a_, = ) =iy withiy = | |, 42)
+
Apr =1 0

10
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in matrix form as

+

a

Iar,0ar]ar = [Tar,00s] i =iy, (43)
a

where in general, ai = ali:lo, for lp =1,..., L. The boundary condition (41) is a modal (eigenvector-based) boundary

condition, which imposes that the state at z; is exactly aligned with a chosen eigenmode. In this way, a pure normal

mode is injected into the system.

. A reasonable upper boundary condition is that there is no downgoing energy at great altitudes, so that the amplitudes

of all descending wave modes must be zero at the upper boundary (Klostermeyer, 1972). In this regard, we impose

a;nyl:L =0forallm=1,...,M, in which case, in the layer L, the boundary condition for descending modes is
M —
e ()= an ettty =05 (44)
m=1

for all z, < z < zp41. In matrix form, the boundary condition for amplitudes

A1=1
o
_ 2,l1=L
_; = X = OJM (45)
Apri=L

is written as

a
(020, Tarlap = [Oar,Tne] | 7 | =0 (46)
ar,

Comments.

1. The scaling matrices defined by Egs. (36) and (37) do not take into account a classification of the wave modes as

ascending and descending (as defined by Eq. (20)). Consequently, the continuity equations (38) do not account for this
classification, and the only equations in which it is necessary to distinguish between ascending and descending modes
are the boundary condition equations (43) and (46). From this point of view, the method is similar to finite-difference

methods (Lindzen and Kuo, 1969; Hickey et al., 1998, 2009).

. An alternative type of lower boundary condition was proposed by Knight et al. (2022, 2019). In this approach, the lower

boundary condition for ascending modes is prescribed in terms of M values by, k=1,..., M, according to (compare
with Eq. (41))
d*lel
[dzk—lll('zl) =bik, k=1,....M, @7
q

11
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where the notation [x|, denotes the gth component of the vector x. In the present context, this refers to the first M
components, corresponding to @ (¢ = 1), @ (¢ = 2), and T (¢ =3). In Eq. (47), k denotes the derivative order, and in

the case M = 3, we have explicitly,

de/t ¢
ey (1)), = b, [ zl;(zl)] = b2, [ degl(zl)] —bs. (48)
q

q

Note that Eq. (47) generalizes Eq. (2.19) in Knight et al. (2022), which is formulated for the first state variable rather

than for an arbitrary state variable. Using the relations

dk 1el .
(& Zaml LA ) T L k=1 M (49)
m=1
and
dk_lezt ’-*rdk_lez E—13T
l dzk—f‘l(zl) e T gk —er (& Zaml (GOSN L kA AP (50)
q m=1

where Tq is a 2M -dimensional vector with components (compare with Eq. (42))

fo 1a k:q

ik = g k=1,...,2M, (51)
0, q

we find

M

> Bl g =big, k=1,..M, (52)

m=1

where B is a matrix with entries

Bl = (kAT ) 1TvE o k=1,..., M. (53)
m,l=1 q "m,l=1

Setting by = [b1.1,...,b1, M]T, we consider the boundary condition for amplitudes

aj =B 'by, (54)

that is (compare with Eq. (43))
[IM,OM]a1 = Bilbl. (55)

For the choice by ; =0 with k > 2, the first component of the boundary-value vector by can be identified with the
scale factor s, that is, s = by 1. Consequently, for a unit scale factor and M = 3, we have by = [1,0, O}T. The boundary
condition (48) is a localized condition that prescribes the value of a single state variable while enforcing vanishing slope
and curvature at the boundary. It effectively acts as an external driver applied to one variable and is appropriate for
non-harmonic source functions. Note that this form of the lower boundary condition is used in the statement of Theorem
1 in Knight et al. (2019). For causality considerations, boundary conditions must be expressed in terms of state variables

rather than modal amplitudes, since modes are defined in the frequency domain.

12
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3. The eigenvectors are not uniquely defined and may be scaled by an arbitrary nonzero complex factor. When the LAPACK
routine ZGEEV is used, the eigenvectors are returned with a built-in normalization, namely unit Euclidean norm together
with a fixed phase convention. In the present work, we follow Knight et al. (2022, 2019) and apply a component-wise

normalization, i.e.,

1

[Vnlj = Hi

Vuli, j=1,...,N,
Vn]q|[ nli» J

in which each eigenvector is rescaled such that a selected reference component has unit magnitude (|[v,]4| = 1). This
reference component is chosen to correspond to a boundary value, thereby fixing the overall amplitude of the eigenmode

in a manner consistent with the imposed boundary conditions.

Starting from the continuity equation (38), we will determine the amplitudes a; by using two solution methods, namely, (i) the

so-called global matrix method with matrix exponential and (ii) the scattering matrix method.
3.1 Global matrix method with matrix exponential

The continuity equations (38), and the boundary conditions (43) and (46) for a unit scale factor, are assembled into a system of

equations for the stratified atmosphere, i.e.,

Aa=b, (56)
where
[ [0a7,10] 0 0 0 ]
Ap v —AL g 0 0
A= : : R : ) (57)
Aly  —AL
| 0 [Iar,0m]
B [0y ]
ar,—1 02M
a= : ,and b = : . (58)
as 027
- al - - il -

For the lower boundary condition (55), i; in Eq. (58) should be replaced by B~ 1b,, where, for a unit scale factor, b; = [1,0, O]T.
The matrix A has 3M — 1 sub- and superdiagonals (excluding the main diagonal) and can therefore be stored in banded form
and treated using standard band-matrix techniques. To solve the resulting banded system of linear equations, we employed the

LAPACK routines ZGBTRF and ZGBTRS. The routine ZGBTRF performs an LU factorization with partial pivoting of the
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complex band matrix, and ZGBTRS subsequently uses this factorization to solve the linear system for the prescribed right-
hand side. In this approach, the inverse of the full system matrix is not computed explicitly, which improves the computational
efficiency.

After solving Eq. (56), we compute the state vector as

el:e(zl): :Vlal, l:].,...,L, (59)

and the wave amplitudes by means of the relation

~

f(2)=C(2)f(2), (60)
where f stands for u, w, and T'. The ascending and descending solution modes are computed by using Eq. (27), that is,

e =Viaf i=1,...,L. (61)
3.2 Scattering matrix method

We consider the continuity equation (38) and partition the matrices A, 41> Withi=0,1, as

; (A} il [A] e

= : , (62)
(A1 palor [A )22

Li+1 =
Further, we define the scattering matrix at the interface between the layers [ and [ + 1 (in fact, at the layer grid point z;41),
Si1,14+1 through the relation

a; a’

1
=S1141 ) (63)
a, a,,
1+1 1+1
where
+ —
g _ Rl,l+1 Tl,l+1 64
LI+l = N _ ) (64)
Tl,l+1 Rl,l+1

and Rf, | and T}, | with dim(Rj7, ;) = dim(T}, ;) = M x M, are the reflection and transmission matrices, respectively.

In analogy with radiative transfer theory (e.g., Budak et al. (2011, 2012)), Eq. (63) is referred to as the interaction principle
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equation at the interface ({,/+1). It shows that the scattering matrix S; ;41 relates the amplitudes a; and az++1 of the waves
leaving the interface with the amplitudes af and a of the waves entering the interface. From Egs. (38) and (63), we find

-1
+ -
Rl,l+1 Tl,l+1 _ [A?,Hﬂm *[All,lﬂ]ll *[A?,lﬂ]ll [All,l+1]12

TlJ,rl—o—l RZI+1 [A?,H-lb? _[All,l+1]21 _[Alo,l+1]21 [All,l+1]22

We organize the computational process as an upward recurrence using the concept of a “stack”. The stack S;,; with Iy <1,

(65)

is a group of interfaces characterized by the interaction principle equation

- + - +
a, | _ Rt Tigi a, (66)
a’ TH RS a |’
1 Lol Lol 1
where the matrices Rlio ; and ’ﬁoil are obtained through a successive application of the interaction principle equation at the
interfaces (lo,lo+1), (lo+1,l0+2),....,(I—1,1). Adding a new layer [ + 1, and taking into account that at the interface (I,1+1),
the reflection and transmission matrices are R:5 4 and T 41- respectively, we find that the interaction principle equation for

the stack Sy, 41, iS

— + - +
A, | _ Rigirr Tigira a, 6N
+ + — — ’
A Tigar1 Rigasa A
where Rlio 141 and 7;? 141 are computed recursively by using of the “adding formulas™
R =R, +T,0- R R TH (68)
lod+1 = Mgt T gl R/ RASRAAY LI+1 1ol
— T + 1m—
T = T =R Ryg) ™ T (69)
+ - -1
T = T (= RlolRl,l+1) ,ﬁol’ (70)
Rigir1 =Ry +T7 l+1( - Rl_olRlTlH) RlolTl_lJrl? (71)

forl=1y+1,...,L — 1. Note that Egs. (68)—(71) are mathematically equivalent to Egs. (4.30)—(4.33) in Knight et al. (2019).
The procedure is initialized with Ri lotl = Rli0 1o+1 and 720ilo 1= let(J 1,+1- and is repeated until the last interface is added

to the stack. For the stack Sz, the interaction principle equation is

ar | _ | R T || al )
aj T R || a2

and from the boundary conditions for amplitudes (42) and (45), that is, from the relations a{“ =iy and a; = 0y, respectively,

we find
a; =R al andal =T Taf. (73)

For the lower boundary condition (55), aj in Eq. (73) is given by aj” =B~ 'by, where, for a unit scale factor, b; = [1,0,0]".

To restore the entire set of amplitude vectors a;, we consider the interaction principle equations for the stacks Sy; and S;z,,
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yielding

af =(I-R,R)) 'Tral, (74)

a, = R?‘Lal'*', (75)

for /=L —1,...,1. The state vector and the wave amplitudes are then computed by using Egs. (59) and (60), respectively. In
contrast to the previous method, this approach requires a clear differentiation between ascending and descending modes as

defined by Eq. (20).

4 Source function

In the derivation so far, the amplitude vector is uniquely defined up to a multiplicative factor, namely the scale factor s.
Accordingly, the general solution can be written as ag = sa, where, here and it what follows, the subscript s indicates the
dependence on s. Since ag satisfies the equation Aag = sb (cf. Eq. (56)), the scale factor can be interpreted as a source factor.
The source factor is constant in the case of a harmonic (monochromatic) source function, corresponding to a single-frequency
wave, but is time dependent for a non-harmonic source function, corresponding to a time-dependent wave packet. In this
section, we describe the computation of the perturbed quantities for both harmonic and non-harmonic source functions. We
also present a brief overview of the causality condition and the imaginary frequency shift introduced by Knight et al. (2019),
and latter extended and applied in Knight et al. (2021, 2022, 2024, 2025). Although it would be sufficient to simply refer to
these works, we include a short discussion here because the underlying mathematical structure provides valuable insight into

the method.
4.1 Non-harmonic source (time-dependent wave packet)

If the source term is not purely harmonic in time (i.e., it cannot be written as a single factor exp(jwt)), the perturbed quantity
f'(z,2,t) is not a single-frequency wave with a specified angular frequency w. In this case, the equations are treated in the
frequency domain by considering the Fourier transform in time (Knight et al., 2019, 2021, 2022). This is defined by

oo

F'(z,z,w)= /f’(x,z,t)e_j“tdt:f[f’(x,z7t)](x7z7w) (76)

and its inverse by

iz, 2,t) = QL / F'(z,z,w)e*dw = F 1 F (2,2,w)](z, 2,1). a7
I

Applying the Fourier transform to the linearized equations (A29)-(A31) of Appendix A, using the result

F| 20 0200 = o 22000, s)
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and setting
F'(z,2,w) = F(z,w)e (79)

as the counterpart of Eq. (A32) (in which the exponential term exp(jwt) is absorbed into f(z)), together with

F(z,w) = C(2)F(z,w) (80)
as the counterpart of Eq. (7), we are led to the system of differential equations (A41)—-(A46) of Appendix A (or equivalently,
to the matrix differential equation (5)), but with F(z,w) replacing f(z).

At the lower boundary 21, we consider the localized boundary conditions

Ofsq0 D flgo
fslqo(x7zl7t):qu(zl)s(xvt)7 T;(mazlvt):Q azzq (wwzht)zoa (81)

where qq takes the values 1, 2, and 3 for the horizontal velocity, vertical velocity, and temperature, respectively. In Eq. (81),

the source function is given by
s(x,t) = As(t)e 5, (82)

with A denoting the scalar source amplitude and s(t) its prescribed time dependence. In our implementation, the time-

dependent part of the source function is chosen as

(t—to)?
s(t) = eolt=to)g 207 (83)

with the Fourier transform

- (w—wp)?
- 27Te—thoe 202

Ow

S(w) , (84)

where wy is the reference frequency (the central frequency in the Fourier spectrum), ¢ is the time at which the source function
is maximum, and o\ and o,, = 1/0 are the standard deviations in the time and frequency domains, respectively. The amplitude

of the source function A is specified by imposing the normalization condition:

[Re{ fiyy (2 =0,21,%0) } = fogo (85)

for some prescribed boundary value fyq, > 0. For example, in the case o = 1, fyq, may be chosen as a fraction of the maximum
horizontal velocity of neutrals in the south direction over the altitude range, whereas in the case gy = 3, fiq, may be chosen as
a fraction of the maximum temperature of neutrals over the altitude range.

Applying the Fourier transform to Eq. (81) and using Eqgs. (79) and (80), we obtain the following boundary conditions in the
frequency domain (note that AS(w) is the Fourier transform of As(t)):

aﬁsqo
0z

82 FVIO
072

Figy(21,w) = AS(w), (21,w) =0, (21,w) =0. (86)
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Comparing Eqs. (86) and (48), we see that the latter corresponds to the choice by » = by 3 = 0. In this case, the source factor

s =by,1 can be identified with AS(w). Therefore, as in Section 3, we define ﬁq(z,w) = [e(z,w)],, ¢ =1,2,3, where e(z,w)

denotes the solution of the differential equation (5) for a unit source factor in the frequency domain (i.e., for by =[1, O,O}T).

The perturbed quantity f;, (z,z,t) is then obtained by applying the inverse transform (77) to

Fly(x,2,w) = AS(w)e M Cy(2) Fy (2,0),

that is,

fq(@,2,1) = % 7F;q(x,z7w)ej“tdw — AT (2, t)e ",
where

T (2t) = C;if) 7S(w)ﬁq(z,w)ej“’tdw.

For S(w) as above, f,(2,t) can be written as

?q(z,t) = Co(2) /Y(w)ﬁ}l(z,w)ej“(t_t‘))dw,

21
with
(w—wo)?
o
Sw)=YTe 208
O

(87)

(88)

(89)

(90)

oD

The computation of ﬁq(z,w) can be performed using any of the methods presented in Section 3. The computed quantity is

?q(z,t), the amplitude A > 0, is determined from the normalization condition (85) as

A= 7qug 7
[Re{ [y, (21,0) }

and the perturbed quantity f;, (7, z,t) is computed from Eq. (88).
4.2 Monochromatic source (single-frequency wave)

The case of a monochromatic source is obtained as a special case of the above approach by choosing

s(t) = el“ot,

whose Fourier transform is

[ee]

S(w) = / s(t)e vt dt = / e W@t 4t — 976 (w — wy),

— 00

92)

93)

(94)
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where the equality is understood in the sense of distributions.

The lower boundary conditions in the time domain are specified as

, 1 f; 0%
fsqo(xﬂzlﬂt) = %Oqo(zl)s(xﬂt% 82(510 (l’,Zl,t):(), 822110 (1‘,217t) =0, (95)
with
s(x,t) = As(t)e Ihe = Ael(wot=ha) 96)

Applying the Fourier transform with respect to time yields

F\Sqo(zl,w) =Ad(w—wo). 97)
Since the forcing is monochromatic, the frequency-domain problem is solved only at the excitation frequency w = wg. Accord-
ingly, the localized boundary conditions are imposed directly on the harmonic amplitudes at wg, namely

BF\sqo 82F\Sq
2

ﬁqo(zlvwo):A’ 02 (z1,wp) =0, 5

9 (Zl,wo) = 0 (98)

Again, by comparing Egs. (98) and (48), we see that the source factor s =b;; can be identified with A. In this regard,
let ﬁq(z,wo) = [e(z,wo)] o 1=1,2,3, where e(z,wp) denotes the solution of the differential equation (5) for a unit source
factor in the frequency domain. The perturbed quantity S’q(x, z,t) is then obtained by the inverse Fourier transform (77) of

F,(z,2,w) (cf. Eq. (87)), and the result is

flo(@,2,8) = Af ()el@ot=h), (99)
where
Foq(2) = Cy(2) Fy(z,w0). (100)

Thus, the computed quantity is fsq (z), and the amplitude A is determined from the normalization condition

Re{ fl,, (x=0,21,6 =0)} = fog,, (101)
which yields

A= Joo (102)
|Re{fsq(zl)}|

Note that for a monochromatic source, the modal boundary condition (41) can be used instead of the localized boundary

condition (98).
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4.3 Causality and imaginary frequency shifting

Causality means that the wave field in response to any source function cannot be nonzero prior to the earliest time at which the

source function is nonzero. According to the classification rule (20), we have
Re[\;(w)] < Re[Ap;(w)], (103)

for any layer [ = 1,..., L and any real frequency w. To preserve causality in solutions of two-point boundary value problems,

a stronger condition is required, namely

7maxLRe[)\Tl(w)] < min Re[Ap(w)] (104)

s

for all w € R. Equivalently, this condition requires that there exists a single real constant o, such that
Re[\],(w)] < o < Re[A};(w)], (105)

for all [ and all w € R.
In some situations, condition (105) is not satisfied on the real frequency axis but can be enforced by introducing an imaginary
frequency shift w — w—jé. Following Knight et al. (2019), we impose a causality requirement, which we refer to as the Global

Causality (GC) condition. This condition demands that there exists a single real constant o, such that
Re[\f,(w—jd)] < o < Re[A}(w—jd)], (106)

forall/ and all w € R.
Knight et al. (2024) subsequently relaxed the requirement that (106) hold for all layers [ for a fixed o. The new condition,

which we refer to as the Layerwise Causality (LC) condition, requires that at each layer [ there is a o; such that
Re[\f,(w—jd)] < o1 < Re[Aj;(w —jd)], (107)
for all w € R. Equivalently, if at each layer [,

di(w) = Re[A};(w —j6)] — Re[Af;(w —jo)] > 0, (108)

for all w € R, then the multilayer algorithm will still preserve causality. The LC condition requires a strict separation between
the two eigenvalue families within each layer, but it does not require that the same separator works for all layers. Thus, each
layer may have its own separating value o;. Equivalently, d;(w) > 0 means that, in layer [, the real parts of the eigenvalues
associated with the ascending and descending gravity waves remain separated (and therefore do not cross) as functions of the
real frequency w after the shift.

To summarize the approach for computing f! (T, 2,t) in the case of imaginary frequency shifting, we introduce the shifted

spectrum
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oo oo

Ss(w) = S(w—jd) = / s(t)e Wity = / [s(t)e " ]e i dt, (109)
which can be viewed as the analytic continuation of S(w) to complex frequencies. Note that the shift w — w — jo corresponds

in the time domain to multiplication by exp(—dt). Let

Fio(z,2,w) = AS(w —jé)Cq(z)ﬁq(z,w —jo)e ke (110)

be the Fourier transform (in time) of the perturbed quantity with frequency shifting f§, q (z,z,t), where as usual, ﬁq (z,w—jd) =
[e(z,w —jd)] o 18 solution of the differential equation (5) for a unit source factor in the frequency domain. Under the usual
analyticity and decay assumptions (so that contour shifting is permitted), Cauchy’s theorem yields the shift relation

oo

/ Foq(z,2,w)e dw = e fl (z,2,t), (111)

— 00

1
fésq(xazat) = %

where f/, is the perturbed quantity without frequency shifting given by Eq. (88). Equivalently, this implies the shift-invariance
property

Flo(@,2,t) = fi, (x,2,1). (112)
Summarizing, the computational steps for the frequency-shifting approach are as follows:

1. Compute e(z,w — j6) as the solution of the differential equation (5) for a unit source factor, and set Fy(z,w —j6) =
[e(z,w —jo)]

”
2. Calculate Fj, by means of Eq. (110) with S(w) replaced by S(w — jé) and ﬁq(z,w) replaced by ﬁq(z,w —jo).

3. Compute fj, 4 by inverse Fourier transform

fosq(:2,1) = Ae‘jk*””cgi;_z) / S(w—jb) Fy(z,w —jo)e dw. (113)

4. Recover f;, from the shift-invariance property (112).

For S(w) as in Eq. (84), it is convenient to write the recovered solution in the form

fl (@, 2,t) = Af s, (2, t)e T8, (114)
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where (compare with Eq. (90))

_ C 7 . L
520 fi,(2,1) = e‘““‘”# / S (w—j0) Fy(z,w — j6)e ) dw, (115)
and .7 is given by Eq. (91). The computed quantity is ?5q(z,t), the amplitude A > 0 is determined from the normalization

condition (85) as

A: 7qu0 7
[Re{ fs(21,%0) }

and the perturbed quantity fs’q (z,z,t) is computed from Eq. (114). The Fourier integral in Eq. (115) is evaluated using a direct

(116)

525 discrete Fourier transform (FT) rather than a fast Fourier transform (FFT). The frequency and time discretization used in the
Fourier transform are discussed in Appendix D.

A potential numerical issue with this approach is that a large frequency shift d, while ensuring the causality condition,
may amplify rounding errors when recovering f, from f;  through the exponential term exp[d(t — to)]. For large ¢, this may
lead to an uncontrolled growth of the right-hand side of Eq. (115). Therefore, care is required in selecting d: it must be large

530 enough to ensure the layerwise causality condition , but not significantly larger than that. Rigorous methods for determining
the minimum sufficient § were described by Knight et al. (2019, 2021, 2022), while the numerical blow-up associated with the
exponential growth term was discussed in Appendix B of Knight et al. (2021). In our implementation we employ a heuristic
approach that combines (i) the Layerwise Causality (LC) condition applied at selected altitude levels, and (ii) a Source-Function
Reconstruction (SFR) test. First, an admissible interval [0pmin, dmax] is constructed by enforcing the SFR criterion, and within

535 this interval, the LC condition is applied at selected altitude levels to obtain a refined lower bound §,,,;,. In the final selection
step, a discrete set of candidate shifts is evaluated, and for each candidate the LC condition is checked over the entire altitude
range. Among all shifts that satisfy causality at all altitudes, the algorithm selects the one whose maximum-amplitude vector

is closest to the center of mass of the admissible solutions. A detailed description of this approach is provided in Appendix D.

5 Numerical implementation

540 Animplementation of the method is freely available as an open-source code at https://github.com/AlexandruDoicu/Gravity- Waves.
The code uses as input the data file produced by the International Reference Ionosphere (IRI) code available at https://ccmc.

gsfc.nasa.gov/models/IRI~2016/ is used. From these date, we read
1. the date (year, month, and day) and the time,
2. the geographic latitude and longitude,
545 3. the magnetic dip angle,

4. the solar radio flux £10.7 and its 81-day average,
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Table 1. Geographic locations and heights of the IRI data sets

Latitude Longitude Height

Location

[deg] [deg] (km]
Jicamarca (Peru) -12 283 300
Arecibo (Puerto Rico) +18 293 300
Millstone Hill (USA) +42 288 300
Saint-Santin (France) +44 2 300
EISCAT Tromsg (Auroral) +70 19 300
Svalbard archipelago (Norway) +80 15 300

5. the number density of O ions as a function of altitude.

In its present implementation, the IRI data files correspond to the locations summarized in Table 1. The altitude grid extends
from zp,i, = 80 km to 2. = 500 km with a step size of dz = 1.0 km. Users may generate custom data files by running the
IRI code and specifying the corresponding file names in the input namelist.

The IRI data are subsequently used in a manner analogous to that in the SAMI2 model of the Naval Research Laboratory
(https://github.com/NRL-Plasma-Physics-Division/SAMI2). In the present implementation, the ionospheric equations follow
the SAMI2 framework originally developed by Huba et al. (2000) and described in detail by Huba (2023). In SAMI2, the
neutral atmospheric parameters—namely the neutral number density, total mass density, and temperature—are specified using
the MSIS family of models. In this study, these parameters are based on the MSIS formulation of Hedin (1987), while we note
that more recent updates are provided by the NRLMSIS 2.0 model of Emmert et al. (2021). The meridional and zonal winds are
specified using the Horizontal Wind Model. In the present implementation, we follow the formulation of Hedin et al. (1991),
while more recent updates are described by Drob et al. (2015).

The derivatives of the background parameters are computed using central finite differences. Prior to applying the finite-
difference calculations, the background parameters are smoothed by means of cubic spline interpolation with regularization.

Other features of the model are summarized as follows:
1. Two linearization models are included in the code:

(a) a general model that accounts for the altitude derivatives of the background velocity, temperature, density scale

height, and dynamic viscosity; and

(b) asimplified model for an isothermal, homogeneous, and windless atmosphere without ion drag.
2. The methods for solving the linearized equations based on the matrix exponential formalism comprise:
(a) the Global Matrix Method for the Amplitudes (GMMA) of the characteristic solutions;

(b) the Scattering Matrix Method for the Amplitudes (SMMA) of the characteristic solutions; and
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(c) the Global Matrix Method for the Nodal (grid-point) values (GMMN) of the state vector.

3. At the lower boundary, we impose that a selected component of the state vector is finite and that its first and second
derivatives with respect to height vanish. At the upper boundary, we assume that there is no downward energy propaga-

tion, i.e., the amplitudes of all descending wave modes are set to zero.
4. The code first computes the wave parameters for a single-frequency wave and then for a time-dependent wave packet.
5. Typical values of the horizontal wavelength lie in the range 300-700 km.

6. The algorithm computes lower and upper bounds for the wave period by solving the inviscid dispersion equation for
two prescribed minimum and maximum values of the vertical wavelength. The computational procedure is described in

Appendix D. The user then selects an appropriate value within this range.

7. For a single-frequency wave, the output quantity of interest is Afsq(z), where fsq(z) and A are given by Egs. (100) and
(102), respectively, whereas for a time-dependent wave packet the corresponding output quantity is Aféq (z,t), where

f(;q(z, t) and A are given by Egs. (115) and (116), respectively.

6 Numerical simulations

The simulations are performed using, as input, an IRI data file corresponding to the EISCAT Tromsg (auroral) location on 11
February 2012 at 10:00. The solar zenith angle is 84.2 °, the magnetic inclination angle is 78.28 °, the daily solar radio flux
F10.7 is 109.4 sfu, and the 81-day averaged solar radio flux is 116.9 sfu, where 1sfu = 10722 Wm~2Hz . In the simulations,
the Prandtl number is 0.66, the magnetic index is 7.0, and the horizontal wind model 14 implemented in SAMI2 is used.
The altitude grid extends from 80 km to 500 km and contains 801 grid points. The lower boundary can, in principle, be set
to smaller altitudes (e.g., 50 km), but we choose 80 km because this level is typically adopted as the lower boundary for
ionospheric equations. Unless stated otherwise, the horizontal wavelength is Ay = 400 km, the wave period is A\ = 40 min,
and the imaginary frequency shift for a single-frequency wave is 107% s~1. The lower boundary conditions are imposed on the
vertical velocity with fi; =5 x 10"?ms~! in Egs. (85) and (101).

Accuracy and efficiency of the solution methods. Taking the global matrix method for amplitudes as a reference, we find
that the relative root-mean-square errors in the perturbed temperature, vertical velocity, and horizontal velocity obtained with
the other two solution methods are smaller than 10~°. Thus, all methods exhibit comparable accuracy. On the other hand, we
find that the scattering matrix method is more time-consuming than the global matrix methods, particularly for time-dependent
wave packets. This is because the scattering matrix approach requires numerous matrix operations in each layer, whereas
solving a system of equations compressed into band storage is computationally less expensive.

Background atmospheric parameters. The code provides altitude-dependent profiles of the input parameters used in the

numerical model. These include the temperature, mass density, pressure, southward horizontal velocity, atmospheric scale
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height, density scale height, specific heat capacity, ratio of specific heats, sound speed, number density of O™ ions, neutral—
ion collision frequency, ion—neutral collision frequency, and the diffusion velocity. In addition, altitude derivatives of the
temperature, horizontal velocity, mass density, pressure, density scale height, and ion number density are also provided. As
an illustrative example, Fig. 1 shows the background temperature 7, horizontal velocity uy and the ion number density n,,
together with their corresponding altitude derivatives.

Fairwise classification of ascending and descending modes. In the upper and middle panels of Fig. 2, we plot the imaginary
part of the vertical wavenumber for ascending (k,;) and descending (k,4) gravity waves, computed using the general and
the simplified models, respectively. The plots demonstrate that only in the latter case do the vertical wavenumbers appear in
pairs. In the former case, a problematic altitude range for gravity waves is observed between 80 km and 120 km, where the
imaginary parts of the vertical wavenumbers for the ascending and descending modes are nearly identical, being either both
positive or both negative. In the lower panel of Fig. 2, we show the imaginary part of the vertical wavenumber k, for all wave
types (k,n,n =1,...,6), computed using the general model. The plots reveal a clear distinction between gravity waves and
viscosity- and thermal-conduction waves. However, the viscosity and thermal-conduction waves are very close to each other.
In the upper panel of Fig. 2, we also compare the imaginary part of the vertical wavenumber computed with and without ion
drag. No pronounced effect of ion drag on the vertical wavenumber is observed. A small effect appears in the altitude range
from 180 to 300 km, where the ion number density is relatively high. This finding is consistent with the results of Shibata
(1983), who showed that, for gravity waves, plasma diffusion is of minor importance with respect to the vertical wavenumber,
which is mainly controlled by dissipation due to viscosity and thermal conduction in the neutral gas.

General and simplified models. The altitude profiles of the perturbed temperature, vertical velocity, and horizontal velocity
computed using the general and simplified models are shown in Fig. 3. The plots show that, in the altitude range 150-300
km, the amplitudes obtained with the general model are larger than those obtained with the simplified model. If the imaginary
parts of the vertical wavenumber for ascending gravity waves computed with the general and simplified models were plotted
on the same graph (i.e. by merging the lower and middle panels of Fig. 2 ), it would be seen that the imaginary part of the
vertical wavenumber corresponding to the general model is negative but larger (i.e., less negative) than that obtained with
the simplified model. As a consequence, the exponential attenuation with altitude is weaker in the general model, leading to
systematically larger wave amplitudes in this region. This difference reflects the modified balance between wave propagation
and dissipation introduced by the inclusion of altitude-dependent background properties and by relaxing the assumption of
constant kinematic viscosity in the general model, which reduces the effective vertical damping compared to the simplified,
homogeneous approximation.

Ion Drag. The effect of ion drag on the perturbed temperature, vertical velocity, and horizontal velocity is illustrated in Fig.
4. A moderate attenuation is observed in the altitude range from 180 to 350 km, where the ion number density is relatively
high. When E x B drifts are not included, ion drag does not exhibit the classical regime in which auroral convection strongly
drives the neutral atmosphere. Instead, ion drag mainly arises from diffusion- and pressure-gradient-driven ion motion along
the magnetic field, as well as from any relative ion—neutral motion induced by neutral winds. Consequently, ion drag does not

constitute the dominant forcing mechanism for the neutral perturbations in this configuration.
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Horizontal wavelength and time period. The influence of the horizontal wavelength A, and the wave period ) on the
perturbed quantities is shown in Fig. 5. These plots indicate that the wave amplitude decreases with increasing A\ and \;. The

underlying reasons are as follows:

1. Horizontal wavelength. As the horizontal wavelength increases, horizontal pressure gradients become weaker, which re-
duces the driving of the wave motion. This also weakens the coupling between horizontal and vertical motions, resulting

in smaller gravity-wave amplitudes.

2. Wave period. As the wave period increases, the buoyancy restoring force acts more slowly, leading to weaker oscillations
for a given forcing. In addition, dissipative processes such as viscosity and thermal diffusion act more effectively on low-

frequency waves, further reducing their amplitudes.

Computing ascending and descending wave modes. The ascending and descending solution modes in layer /, denoted by el+
and e; , respectively, can be computed using the GMMA through Eq. (61) or using the GMMN via the recurrence relations
(C11) and (C12). The total solution mode e;, obtained from Eq. (59) in the GMMA formulation and by solving Eq. (C8) in the
GMMN formulation, should satisfy the relation e; = efr +e; . In all our simulations, this identity is satisfied. Furthermore, the
results shown in Fig. 6 indicate that the ascending mode is dominant, except in the altitude range between 120 km and 180 km
in the case of the general model. This finding, which is consistent with the results presented by Knight et al. (2019) (see their
Fig. 6), suggests that in a simplified model one may assume the ascending modes to be dominant at altitudes above 200 km,
that is, e; ~ el+ forl =1,..., L. Under this assumption, the state vector can be computed using the upward recurrence relation
(C11). In Knight et al. (2019), this approach was referred to as the transmission-only approximation, whereas in Knight et al.
(2021) a related single-mode approximation was introduced.

Time-dependent wave packet. For the source function (82)—(83), Fig. 7 shows the perturbed temperature and vertical velocity
as functions of time and altitude. Note the different time intervals used for each horizontal wavelength )y in these plots. The
maximum values of the perturbed temperature are 32.21 K, 31.15 K, and 32.73 K for the horizontal wavelengths 300 km, 500
km, and 700 km, respectively, whereas the corresponding maximum values of the vertical velocity are 21.40 ms~1,16.21ms™ 1,
and 12.08ms™ L.

Imaginary frequency shift. For the time-dependent wave packet, we choose the minimum and maximum values of the imag-
inary frequency shift as d,i, = 1076 s™1 and 8,0, = 107% 571, respectively, and set the discrete step to A = . Referring
to Appendix D, the results obtained with the imaginary frequency shift approach for Ay = 500 km and A; = 40 min are sum-

marized as follows:
— In the first step, the input value 6, = 10761 passes the Source-Function Reconstruction (SFR) test.
— In the second step, the SFR test reduces the input value Jpax = 1074 71 t0 Sjpax = 32.24 x 1076 571,

— In the third step, it is found the the interval [0,in, dmax] coOntains a sufficient number of internal grid points, spaced by

AJ, to be used in the subsequent step.
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Table 2. Maximum values of the perturbed horizontal velocity (Tmax ), vertical velocity (Wmax), and temperature (T max) for different values

of the imaginary frequency shift 0

6[10_65_1] Umax [ms_l] Wmax [ms_l} Tmax [K]

32.24 38.084 16.210 31.153
24.43 38.115 16.224 31.132
16.62 38.079 16.210 31.158
8.81 38.110 16.225 31.186
1.00 38.017 16.186 31.113

— In the fourth step, the Layerwise Causality (LC) condition is evaluated at 10 altitude starting at 80 km with a spacing of
20 km. It is found to be satisfied for d;.c = dnin, and therefore for all § € [dmin, Imax], for which the SFR test also holds.

— In the fifth step, five equidistant frequency shifts in [dmin,dmax] are considered; for each, the wave parameters and
their maximum values are computed and the layerwise causality condition is verified over the full altitude range. All
five frequency shifts satisfy this condition and yield very similar maximum amplitudes (Table 2). The final solution is
selected as the one whose maximum-amplitude vector is closest to the center of mass in the space of perturbed horizontal
velocity, vertical velocity, and temperature, corresponding to § = 16.62 x 10~¢ s~!. The maxima occur at 11.06 hr and
248.00 km for the horizontal velocity, 10.98 hr and 303.64 km for the vertical velocity, and 10.90 hr and 257.45 km for

the temperature.

7 Conclusions

We designed a numerical model for solving the linearized gravity-wave equations using a multilayer method, which is freely
available as open-source code at https://github.com/AlexandruDoicu/Gravity- Waves. To decouple the hydrodynamic equations
for the neutral atmosphere from the ionospheric equations, which are coupled through ion drag, we adopt a fast field-aligned
diffusion approximation. This approximation may be viewed as a generalization of an approach originally proposed by Kloster-
meyer (1972).

To solve the linearized equations, we employ (i) global matrix methods based on matrix exponentials and (ii) scattering
matrix methods to determine either (a) the amplitudes of the characteristic solutions or (b) the grid-point values of the state
vector. Ascending and descending wave modes are identified according to the criterion that the real parts of the eigenvalues
of the characteristic equation for ascending modes are smaller than those for descending modes (or, equivalently, that the
imaginary parts of the vertical wavenumbers are smaller). Global matrix methods using the scaling matrices (36) and (37)
require the classification of ascending and descending modes only at the lower and upper boundaries, whereas scattering

matrix methods require an explicit determination of the mode type at every altitude. The model is devoted to solving the
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linearized equations including viscosity, thermal conduction, and ion drag. A simplified model, corresponding to an isothermal,
homogeneous atmosphere with constant kinematic viscosity, no background wind, and no ion drag, is also considered.

Depending on the form of the source function, either single-frequency waves or time-dependent wave packets can be ana-
lyzed. A heuristic approach for determining the imaginary frequency shift introduced by Knight et al. (2019) is also considered.
This approach is based on (i) a layerwise causality condition applied at selected altitude levels, and (ii) a source-function re-
construction test.

Numerical simulations demonstrate that both global matrix and scattering matrix methods achieve comparable accuracy.
However, the former are significantly more efficient than the latter, particularly in simulations involving time-dependent wave
packets. Among the global matrix methods, the approach based on solving for the amplitudes of the characteristic solutions
appears to provide the highest efficiency and accuracy.

The linearized equations on which the solution methods were tested correspond to ionospheric conditions. The ultimate goal
of our research is to develop a comprehensive model for analyzing ionospheric gravity waves using satellite measurements. The
approach presented in this paper represents only the first component of such a model. Two options are envisaged for extending

it to a more complete formulation.

1. Fully coupled neutral-ion model. The linearized hydrodynamic equations would be solved together with the ion equa-
tions. In this case, the ion continuity equation would include perturbed production and loss terms, whereas ion inertia
and ion—ion collisions would continue to be neglected in the ion momentum equation, and only transport parallel to the
magnetic field lines would be retained. The state vector would then be augmented by two additional components, namely

the perturbed ion number density and the ion diffusion velocity.

2. Two-step coupling strategy. In the first step, the neutral-atmosphere equations are solved using the fast field-aligned
diffusion approximation. In the second step, the wave-induced perturbations obtained from the neutral solution are used
as input to solve the ionospheric equations for the perturbed O™ ion density. The ionospheric equations may be solved
using the SAMI2 model (Huba et al., 2000) for low latitudes, where the E x B drift is neglected, or the SAMI3 model
(Huba et al., 2008) at higher altitudes, where the E x B drift is included and the electric field is determined from
the solution of a two-dimensional potential equation. In this strategy, priority is given to the ionospheric equations of
the SAMI framework, while wave-induced perturbations are handled using the approximate approach developed in the
present study. Along similar lines, Knight et al. (2025) solved the neutral-atmosphere equations without ion drag in a first
step, and subsequently addressed the ionospheric response using the Field-Line Interhemispheric Plasma (FLIP) model

(Richards and Peterson, 2008).

The development and application of these complete models will be addressed in future papers.

Appendix A: Derivation of the linear system of ordinary differential equations

In this appendix, we derive the explicit representation of the linear system of ordinary differential equations (5).
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Al Hydrodynamic equations

The hydrodynamic equations for the neutral atmosphere consist in the continuity, momentum, heat, and ideal gas equations

(e.g., Midgley and Liemohn (1966); Volland (1969a))

Dp
o = PV (A1)
D
po = —Vp+rg+V T, (A2)
DT _
pcVD—t:—pV~u+0':Vu+V~(AVT)—q1D, (A3)
p=phRumT, (A4)

where p is the density, p the pressure, T' the temperature, u the velocity, D/Dt = 9/t +u-V the material (substantial)
derivative, c, the specific heat at constant volume, A the coefficient of thermal conductivity, Ry the specific gas constant, and
o the viscous stress tensor. The quantities fip and gip denote the ion-drag force exerted by neutrals on ions per unit volume, and
the frictional heating rate per unit volume arising from ion—neutral collisions, respectively. In a Cartesian coordinate system
(z1,22,x3), the components of the viscous stress tensor are given by

8ui 8’11,]‘ 2
T (3561' o, 35“V'u> ’ ()

where 1 is the dynamic viscosity and ¢;; the Kroneker delta. Accordingly, the double dot product of & =, y 0i;X; @ X; with
Vu= Zij 8u,/8xJ§1 ® ﬁj is

_ Ou;

Using the ideal-gas law p = pRMT so that Vp = pRy VT + RMT'V p, the momentum equation can be written as

0 RmT 1 1

A MG, RyVT — (u-V)utg+ -V -o— ~fip. (A7)
ot P p p

Moreover, using

C, C,
&= et R, 7= 2, A=2E, (A8)

where ¢;, is the specific heat at constant pressure, -y the ratio of specific heats, and Pr the Prandtl number, and assuming that c;,

and Pr are constant, the heat equation becomes

oT 1 ~

—=—nw-1)IV-u—u-VI'+ —0o:V —V - (uVT) — —aqmp. A9

ot (v—-1) u—u +pCVU u+pPr (LVT) e, (A9)
In the momentum and heat equations, the ion-drag force and the corresponding heating per unit mass are given by

1

—fip = vpi(u—w;), (A10)

p

1 1 9

—qp = —fip - (U —w;) = vpi|u—w*, (A1D)

P p
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where v,,; is the neutral-ion collision frequency (the collision frequency between a neutral particle and all kind of ions).
We choose a rectangular coordinate system such that the x-axis is directed to the geographic south, the y-axis to the east and
the z-axis upward. The wave propagates in the meridional plane, i.e., in the (z, z) plane. The viscous terms per unit mass in the

momentum equation are then given by

1 _ %u  O%u 1 /0% 0w 10u (Ou  Ow

SV T = [(m+a> 3 (axﬁ 3102)} oz (82 *ax)’ (A12)
1 w  %w 1/ 0% O%*w 10pu (40w 20u

2(V-7), = S I oW 2oy Al
p(v 7) Mk[(axQ+8z2>+3<8x82+822>}+p82 (3 0z 38m> (A13)

while the viscous dissipation term per unit mass appearing in the heat equation is

1 4 (8u)2 4 Quow 4 <8w>2
-0 Vuffuk +* Jun

1) or Fxar a2 0z

ou\ ou Qw ow\

— 2k — — — ] . Al4

+’uk<82> + Moz 8$+Mk<a£€> (Al

Here, px = p/p is the kinematic viscosity, and we have assumed that the viscosity depends only on altitude, so that
ou
= = AlS
oz (A15)

Using Eqgs. (A12)—(A14) together with assumption (A15), we express the hydrodynamic equations as

ou_ RaTOp 0T (ou o
ot p Oz Mz ox 0z
Cn[(Z P (P P
M\ 922 " 922 022 " 0202
10p (Ou  Ow
+- 0z <82: + 835) — fiox, (A16)
ow_ _BuTop p 0T ([ ow  Ow\
ot p 0z RM@Z (uax+w82) g
Hel\ aa2 ™ 922 3\ 0x0z 022
10p (40w  20u 1
JF;@ <38z38x) *;fIDz, (A17)

ainf( ,1)T @+aiw _ 8£+ 8£

ot or | 0z Yor Tz
LLf4 (N4 duow 4 (Dw)®

cy 3'uk ox 3““633 0z 3”k 0z
L 2+2 udw | (Ow ?
e\ 9z “oz 0z M\ ar

L by (62T 82T) v OudT 1

Al I A AlS
Pr \ 022 022 +pPr 0z Oz cquID’ (A18)
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where fipx and fip, are the components of the ion drag force fip on the x- and z-axis, respectively.

In the above hydrodynamic equations, the Coriolis force has been neglected. For a two-dimensional wave geometry in
which both the background flow and the perturbation velocities are confined to the vertical (x,z) plane and all variables
are independent of the transverse horizontal coordinate y, the Coriolis acceleration associated with the Earth’s rotation is
directed entirely along the transverse direction and therefore does not enter the momentum equations considered here. More
precisely, for u= (u,0,w) and € = (—Qcos¢,0,2sin¢), where ¢ is the geographic latitude and Q2 =7.29 x 10~°s~! the
Earth’s angular velocity, the Coriolis force per unit mass is fc = —2Q x u = (0,2Q(cos ¢pw + sin pu),0). Thus, the Coriolis
acceleration is directed entirely along the transverse horizontal direction y and does not affect the two-dimensional (z, z)

momentum equations.
A2 Linearized equations

To linearize the hydrodynamic equations, we assume that all background (unperturbed) quantities vary only in the z-direction

and write

f@,z,t) = fol2) + f'(2,2,1),

where f denotes any state variable. In particular, we assume

u(2) = (uo(2),0,wo(2) =0), po = po(z), To =To(2). (A19)
Furthermore, we neglect the second derivative of the background horizontal wind and background temperature,
d*ug d*Ty
- =0 A20
12 ' 4.2 ; (A20)
1. The linearized continuity equation is
op o po , ou’  ouw'
— =—uy=— + ——w — —-— . A21
ot = "oz T TP\ e e (A2l

2. The linearized momentum equations are
ou’ dug o' 2 9p 2 orT

ot - dz uoax vpo 0z ~Ty Ox

n 0%’ n 0%/ +1 0%/ . 9w’
Hro i\ 2 T h22 3\ 022  0x0z

1 dug (Ou' O 1 dug oy’ 1 dug dug p’ 1 !
b e R e s (2 fin) (A22)
and
ow'’ 2o 2 (1T P cz orT’ ow’
ot :_’ypog vH, (To_po> ATy 0z B
(35 (255
Ox? 072 3\ 0z0z 022
1dug (40w 200 1 '
+ %g <38z - 38:1:) - <prDz) ) (A23)
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where

cs = V7 RmTo (A24)

is the speed of sound and H,, is the density scale height defined by

dpo Po
800 —_— = A25
dz H, (A25)
Here, (fipx/p)’ and (fip,/p)’ denote the perturbations of the x- and z-components, respectively, of the ion-drag force
per unit mass fipx/p and fip,/p.
3. The linearized heat equation is
oT’ ou'  ow' oT’  dTy
=—(y—-1Tt A '
o~ )0<6x+82> (“Oa +dz >
805 N 210 dug E?u’ . Oi/ n o [ dug /L B ﬂ/
¢y dz \ 9z Ox cypo \ dz Lo Po
woy (02T 0T v (dpe 0T dTy o' 1/1 !
—— | - A26
+ Pr <8x2 * 072 +p0Pr dz 0z + dz 0z Cy pqlD ’ (A26)

where (gip/p)’ denotes the perturbation of the ion-drag heating per unit mass.

The linearized equations (A21), (A22), (A23), and (A26) are structurally consistent with Eqs. (7), (4), (5), and (6) in Vadas and
Nicolls (2012), respectively, when only the terms in black and blue are considered (the terms indicated in red are not included).

810 They are likewise related to Egs. (3.5), (3.1), (3.3), and (3.4) in Knight et al. (2024), when only the terms indicated in black are
considered (the additional contributions indicated in red and blue are not included).

Using the following representation for the dynamic viscosity i (Dalgarno and Smith, 1962)

p=3.34x10""T7%" (A27)
we obtain
T oy duo (T’ o (T
815 =0.71 =0.711— 0.71 . A28
p = “OT B & \Ty +0.71po - 52 \ Ty (A238)

With these relations, the linearized equations can be written as follows:

1. z-momentum equation

ou’ dug o' 2 9p 2 orT

ot dz T "9r T po B ATy 0z
n 0%/ n 0%/ n 1 (0% N 9w’
Hol\ 922 7022 ) T3\ 922 T 0202
1 dpe (Ou' Ow' 1 dug dpo TV o (T
2 g Bl 11 ) S
820 +p0dz<82+8x +p0dz 0.7 dz TO+O7 06 To
1 dpuo dug p’ 1 '
_ Sl p (fmx) 7 (A29)
po dz dz po p
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2. z-momentum equation
ow' oy (T' p’) cz orT’ ow’

ot~ ypo 0z ~vH, FO_% ~Ty 0z 0%

n 0w’ n 0w’ +} o’ n 0w’
Hro i Taz2 T a2 3\ 0xdz 022
1 dug (40w 20U 1 !
825 s Ll (s —(=fm. ),
+p0 dz (3 0z 30z prD
3. heat equation

or" o' ou' or'  dTy
o~ _1)T0<3x+ az>_(“° oz +dzw>

92 / 2 T ’
4 20 duo ou’' n ow 4 Mo dug oL~
Cy 9z ' ox cypo \ dz To  po

+ Hk07Y 82T’ 82T/ Yy % (‘)T’
Pr \ 0xz? 022 poPr dz 0z
v dT, djio o (T 1 /1 Y\
830 ———0.711— 0.71 —— | = .
+ poPr dz { dz (TO> * Hogz 9z \ Ty Cy quD

A3 Plane wave solution

We assume that all perturbations vary harmonically in time and in the x-direction, that is,

f/(':l:7 Z? t) = ?(Z)e](wtikxz)7

where w is the angular frequency and ky the horizontal wavenumber. It then follows that

5f’ 8]” _ a2f/ 2

835 f7 Xf7 7kxf/'

The linearized continuity equation becomes

Pk o jdw
po Q QH, Qdz’
where

Q=w— kyug
840 is the intrinsic frequency. Further, using

d(p) 1dp 1 p
— =)= + =
dz \ po podz  H, po

together with

dY  dug dpo  po
= Fdz’ dz H,’
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we obtain

(A38)

(A39)

1dp 1 p  k2duy_ ] kx dug 1 dH,\ _
845 — 4 = =X g el 2 7
podz  H,po Q2 dz QH,\Q dz H, dz
kedu  j (kyduy 1 \dw jd°w
Qdz Q\Qdz H,)dz Qdz2’
In a first step, we use Eqs. (A34) and (A38), together with the linearized forms of the momentum and the heat equation given
in Egs. (A29)—(A31), to express the governing equations in terms of %, w, T /Ty, and their vertical derivatives.
In a second step, we introduce the dimensionless state variables u, w, and ’f, defined by
850 T(z)= %ﬂ(z), wW(z) = %a(z), T(2) = Ty(2)T(2),

where wy is a reference frequency, together with their vertical derivatives

. du —~ ~dT
U=— W=—,7T=—.
dz z T dz

The state vector is organized as

855 and the corresponding system of ordinary differential equations is given by

1 ~
—— =,
k.dz kg
1 dw 1 —~
Rz R
1dT 1~
R
1 dif . 4 k 1duodug ., 2\~
ky —— | = |jQ+ k2 == —
Mko(kx dz) [J +3 XMkO+Q (po dz dz ! 5y “
dug ., 1 dpg ] 1 dugduy ., c2 N
860 2 ke — 2 — e T
+{dz + po dz  QH, \ pg dz dz . y v
kx 2 1 duod ~ 1 dpog~
=B (S o S0 2 Sy
wo ¥ po dz dz po dz

1 i (1 duyd 2\
+|:3jkx/f«k0+J( ) uo_ﬂ@?)}w

Q\po dz dz

o dug by ~ ke (1
—().71'“0“07-+<le><>7

po dz wo wo \ p
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870

875

880

885

4 i\ (1 aw 2 1dpy | k2 duy
b (oo — 25 ) [ =52 ) = (= Zjke—
<3Mko 79) (kx dz) ( ! po dz + Q2 dz

22
. jc kx dug 1 dH,
QO+ k20 — s B il e il
+[J + R tiko 'yQH,,(Q 4 H, dz

C k‘ 1 dTO ~ —~
— =07
v wo (Hp To dz) +( P 79)1/{
L[ (Rxdug - 1 41 dpo] g
’yQ Qdz H, 3po dz
2 by kx (1
& T+(fIDz>7 (A45)
7 wo wo \ P

pkoy (1 dT . L o dug \*|
kx —j(v—=1)+ =
Pr <k dz > —wo [ ity )+ Qe,Topo \ dz Y

LW 1 dTy jQMkokx dup o (du0>21 &
k TO dz cyly dz QH, c,Topo \ dz

+|jo+ B2 oy pgpr%%o%—o.ncv;gm (‘Zg’)Q T
el i ()R
- (plo dc’l“’ Cotio ; ddT°> T+ CVlTO (1 qID> (A46)

Equations (A44), (A45), and (A46) with the constants C; = 1.71 and C; = 2.71 correspond to the general model, in which all
altitude derivatives of the background parameters ug, Ty, H,, and i are retained. The terms shown in black and blue in these
equations, with the constants C; = 1.0 and Cy = 2.0, correspond to the model of Vadas and Nicolls (2012). Moreover, Eqs.
(A44), (A45), and (A46), when only the black terms are retained and the constants are set to Cy; = Co = 0, are consistent in form
with Egs. (3.32), (3.31), and (3.33) in Knight et al. (2024), respectively. Note that in Knight et al. (2024), the wave propagates
in three-dimensional space, the harmonic dependence of the perturbed quantities is taken as exp[—j(wt — kxx — kyy)], rather
than exp[j(wt — kxx)], the characteristic solutions have an exp(jmz) dependence, rather than exp(kx\z), and the state vector
is defined as [u,w, T,U, W, T]7 instead of [i,@,7, U, w, 717, where U = dui/dz and W = dw/dz. Essentially, the difference
between the model of Vadas and Nicolls (2012) and that of Knight et al. (2024) is that, in the latter, the derivative of the dynamic
viscosity dpg/dz is omitted. In the code, for testing purposes, we included a hard-coded logical flag that selects the linearized
model to be used. Our numerical simulations show that there are no significant differences between the general model and that
of Vadas and Nicolls (2012), and that the effect of the assumption dpo/dz = 0 is relatively small. This latter assumption was
discussed in detail in Knight et al. (2024). In the general model, the derivative dj/dz is computed as

d,uo 1 dTO
— =0.T1p
dz T dz
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whereas the derivatives of ug, Ty, and H, are computed using central finite differences.

The model can be particularized as follows:

1. For an isothermal (7; = constant), homogeneous (uxo = o/ po = constant), and windless atmosphere (ug = 0), we set

duyg dTy dH, Ldpo o
=0, — =0, Q= —L=0,and ——— = -+, A47
dz dz ’ w0, dz po dz H, ( )

In this case, the density scale height H, coincides with the atmospheric scale height H,, which satisfies

1d 1d 1
2 %0 _ 2 %o _ (A48)

po dz  po dz  H,

and is given by

R T
H,= 20— MI0 _ o onstant. (A49)
Pog g

2. For an atmosphere without ion drag, we set

Jiox =0, fip, =0, and gip = 0. (A50)
A4 Dispersion equation

For f(z) ox exp(kxAz), we obtain

~ df ~ dF ~

=Y kA f, =— =K\, (AS1)
dz dz

where f denotes u, w, and T, and F denotes U, VW, and T. Inserting Eq. (A51) into Eqs. (A44)—(A46) yields a homoge-

neous system of equations. Requiring the determinant of this system to vanish, and neglecting the ion-drag terms, leads to the

following dispersion equation:

_ % [Q ’Yﬂko k2 (1- /\2)} 0 ~jpuok? (1- )\2)] {Q Ao 202 (1 )\2)]

CS
. 2 2 - M0 ;2 2 2 2 kxA ki
[0 fmok? (1 32)] [ 14042 (1 ) [kx(l—/\)+ J—VQHgm_l)
=0. (A52)

The dispersion equation (A52) is the counterpart of dispersion relation (3.35) in Knight et al. (2024), under the aforementioned
equivalences. Remarkably, it does not include derivatives of the background parameters ug, 1o, H,, and jio. This result follows
from the variable-change method discussed by Knight et al. (2024) in their Section 2.2.

For an isothermal, homogeneous, and windless atmosphere without ion drag, the dispersion equation reduces to the cubic

equation (Midgley and Liemohn, 1966)

C3R®+CyR* +C1R+Cy =0, (A53)
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for R = —\% 4+ a\+ 1,where a = 1/k, H,, or equivalently, R = x? — jak + 1, where

1 1
=jA=— |k, +] . A54
k=] e ( 2 +) 2Ha) ( )
The coefficients of the cubic equations are given by
Cs = —=3nv(l+4n), (A55)
3n(l14+4
Co = m +vpB(147n) + 3n, (A56)
1+7
Ci= —[62—277a2(1+3n)]v—5(7_177) -5, (A57)
2 _2na?(1+3
co="2 Za_(l +31) +a2(1+3n), (A58)
where
. Wo Ho k20T, ey o w§
30w T e 7T g, (A9
If R,,, m =1,...,3 are the solutions of the dispersion equation, the corresponding vertical wavenumbers kX are given by
2
kr = Tke\/Rm—1— T (A60)

The wavenumbers k), with Im(k,,) < 0 are associated with ascending modes, whereas the wavenumbers k&, with Im(k,,,) >

0 correspond to descending modes. Ordering the ascending wavenumbers as
Im(kf5) < Im(k}) < Im(kf;) <0,

we identify (i) &, and k_; as ascending and descending gravity-wave modes, respectively, (ii) k.5, and k_, as ascending and
descending viscosity-wave modes, respectively, and (iii) k:;g and k_; as ascending and descending thermal-conduction wave
modes, respectively. A similar cubic equation was derived by Francis (1973) under the assumption that the geomagnetic field
is either in the horizontal or the vertical direction.

For an isothermal, homogeneous, and windless atmosphere, without viscosity and ion drag, the dispersion equation (A53)

reduces to the quadratic equation

CoR*+ C1R+Cy =0, (A61)
with
Cy=vp, (A62)
Cy=—B%v—p——, (A63)
v—1
_ P 2
Co=—"—+a (A64)
v—1

For Im(k,) < Im(k;}}) < 0, the permissible modes are (i) the ascending and descending gravity-wave modes associated to the

pair (kf;,k,;), and (i) the ascending and descending thermal conduction-wave modes associated to the pair (k. k5).
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Appendix B: Derivation of the ion-drag terms
In this appendix we derive the expressions for the ion-drag terms that enter the hydrodynamic equations (A44)—(A46).
B1 Ion equations

For each ion species ¢, the ion continuity equation is

6?17;
ot

+ V- (njw;) = P —n Ly, (B1)

and the corresponding ion momentum equation, including pressure gradient, electric field, magnetic field, gravity, and colli-

sions, is
0 i 1 ) %

T (wi V) = - Vpi+ LE+ Ly, xB+tg
ot min; m; m;

— Vin(u; —u) — Z vij(u; —uj ). (B2)
J

Here n;, u;, T;, m;, and p; = n;kgT; are the number density, velocity, temperature, mass, and pressure of ion species 7; E is
the electric field, B the magnetic field, ¢; the ion charge, g the gravitational acceleration, and kg the Boltzmann constant. The
quantities P; and £; denote the ionization production rate and the loss rate due to chemical processes of ion 4, respectively.
The neutral wind velocity is u, and the collision frequencies v;,, and v;; describe ion—neutral and ion—ion collisions.

In addition to ion equations, we consider the electron momentum equation

1
Vpo — —E—-Su, xB, (B3)
MeNe me me

0=—

where n, ue, T, me, and p. = n. kg7, are the number density, velocity, temperature, mass, and pressure of electrons. In Eq.
(B3), electron inertia is neglected because of the small electron mass, while electron collisional terms are neglected because
ve < )., where v, denotes the electron collision frequencies and 2. is the electron cyclotron frequency.

In the ion momentum equation we neglect the ion inertia and the ion—ion collisions, and introduce the drift velocity up by

writing u; = u + up. This yields
1

miVinup = ¢; [E+ (u+up) x B] — n—Vpi +m;g. (B4)
i

The momentum equation is projected along the direction of the magnetic field b and perpendicular to it. The parallel and

perpendicular force-balance equations are

1
miVipup| = ¢ E) — e (quz)” +migy, (BS)
and
1
miVipupy = ¢; [BE1 + (uL +upy ) x B] - — (Vpi) | +migl, (Bo)

3
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respectively, where in general a| = (a- B)B =aq band a 1 = a—a. The parallel transport equation for electrons reduces to

1 Ope
Eyj=—— )
I ene Ob

B7)

The parallel and perpendicular force-balance equations are solved as follows. We first consider the ambipolar diffusion velocity,

and then the electromagnetic drift velocity.

970 1. Ambipolar diffusion velocity. For a single dominant ion species of charge g; = +e¢, the parallel force balance equation

for ions becomes

1 Op;
miVipup| = eE) — oy +mig), (B3)

where dp; /0b = Vp; - b. Inserting Eq. (B7) into Eq. (B8), gives

1 0p 1 Op;
M;VinUp|| = — (n abe o 8bl> +mig), (B9)
975 where g =g - b. Using the ideal-gas relations p; = n;kg7; and p. = n.kgT,, assuming quasi-neutrality n. = n;, and

thermal equilibrium 7; = T, = T', we obtain

10n; 10T g
=D, — — = B1
upl A<m ab T8b>+um’ (B10)
where
2kgT
Dy =B (B11)
MmiVin
980 is the ambipolar diffusion coefficient.

2. Electromagnetic drift velocity. Neglecting perpendicular pressure-gradient and gravity terms, which are often small
compared to the electromagnetic drift terms, and assuming a collisionless or weakly collisional limit in which the ion—

neutral drag term is negligible, the perpendicular momentum balance reduces to

E, +(uy +up,)xB=0. (B12)
985 With u;; =u, +up,, this gives u;; x B =—E |, whose solution is the electromagnetic drift velocity

ug = ELBZB - E;B. (B13)

Consequently,

Up, =upg-—uj. (B14)

Collecting all contributions, the ion velocity can be written as

990 u; =u +up| +ug, (B15)
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where uj = (u- B)B is the field-aligned neutral velocity, up = uDHB is the ambipolar diffusion velocity given by Eq. (B10),
and ug is the electromagnetic drift velocity given by Eq. (B13). This expression follows from the decomposition u; = u+ up,
together with up; = ug — u_, so that the perpendicular neutral velocity cancels.

In our model, the ion velocity is assumed to be aligned with the magnetic field lines. This assumption is introduced to

decouple the hydrodynamic and ion equation systems. Accordingly, the ion velocity is approximated by

u; = (u-b)b + upb. (B16)

This approximation is justified when perpendicular ion transport is small compared to the dominant field-aligned diffusion. The
resulting formulation captures the leading-order effects of ambipolar diffusion along the magnetic field lines, while deliberately
neglecting perpendicular electrodynamic coupling, such as cross-field advection and E x B drifts. Consequently, the model is
applicable to regimes in which field-aligned transport dominates and perpendicular electrodynamic effects play a secondary
role. We note, however, that the neglect of the electromagnetic drift velocity is not appropriate for all geophysical regimes.
At high latitudes, ion convection is largely controlled by magnetospheric forcing (Dungey, 1961), and realistic modeling
generally requires externally imposed convection electric fields, for example from empirical models such as Weimer (2005).
At mid-latitudes, perpendicular ion motion may be influenced by inter-hemispheric coupling and neutral-wind differences
between conjugate hemispheres (Laundal et al., 2025; Buchert, 2020). A fully self-consistent electrodynamic formulation, in
which the electric field is obtained from an electrostatic potential ® via E = —V®, with ¢ determined from quasi-neutral
current continuity and the conductivity-tensor relation (Weimer, 2005), is therefore beyond the scope of the present study but
constitutes an important extension for future work.

In the following, for simplicity, the subscript || is omitted, and we write up and up instead of up and up, respectively. Let
g=(0,0,—g), b= (=cosl,0,—sinl), u= (u,0,w), (B17)
where [ is the geomagnetic inclination. The field-aligned derivative is
% =V-b=— (cos[aax—ksinlaaz),
and the scalar field-aligned diffusion velocity becomes (cf. Eq. (B10))

10T

1 On; 1 on; 10T .
UD:DA <COSIni 87;' +Sln]n71 az +COSIT8$+SIHIT82) +

9

Vin

sin /. (B18)
B2 Linearized equations

The linearized continuity equation, together with the linearized expressions for the diffusion velocity, ion-drag force, and

ion-drag heating, are as follows.

1. Ion continuity equation. Neglecting the perturbed production and loss terms, the perturbed ion continuity equation is
on,
ot

+n;Vulo+ulOVni+n10Vu2+u;anO:O (B19)
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Using Eq. (B17) and the standard assumptions 7,0 = n;0(2), ug(z) = (uo(z),0,0), and upy = upo(z), we obtain
o [ n 0 [ n 1 dny . n' dupg . n’
el 7 — I AT I 7 I i
ot (niO ) Hpo [8b (niO ) 40 dz St (niO ) :l + dz St N0

o’ 1 dn, ow’ 1 dn,
—I—( Y nOsinIu')cosI+( v nOsian’) sin ]

% B V) dz % B 0 dz
8u]’) 1 dnio . ’ 8 77/»
— — I I— L
( 3 ng dz sinfup | +upcos 9 \ g
d 1 dn; 4
—cosTsing [ S0 4y — S0 ) (i) (B20)
dz n;o dz 0

2. Diffusion velocity. For the perturbed diffusion velocity uf, , we have the representation

o (T o (n
r_ e i e 7
Up = DAO@b(%) Doy (no)

1 dny 1 dTp)\ . , gsinl (V]
— — |sinID, — —n ., B21
+ <TL7;0 dz * Ty dz >Sln A Vino ( :

Vino

3. Ion-drag force and ion-drag heating. For the ion-drag force per unit mass (cf. Eq. (A10) of Appendix A),

1
—fip = Vm‘(ll* ui),
p

we obtain

1 ' [
<pfn)x> = Upio |sin® v/ —sin I cos Tw' + cos T'uf,

/
+ (uDo cos I + ugsin® I) (Vm>], (B22)

Vni0

1 ! [
<prDz> = Vpio | —sin T cos Tu' + cos® Tw' + sin Tuj,

/
+ (uppsinf —ugcosIsinl) (V’”>] (B23)

Unio
For the ion-drag heating per unit mass (cf. Eq. (A11) of Appendix A)
1

2
—qmD = Vm'\ll* ui| s
p
we find

1 !
<QID) = Unio [2 (sin2 Tupu' — cosI'sin Tugw' + upoup)
p

!
+ (udsin® T+ udy) ( Uni )} . (B24)

Vnio

1040 Under the assumption that, in the ionosphere, the atomic oxygen O and O -ions are the main neutral and ionic constituents,

Unio = 7.22 x 107" T3 0,0, vino =

we compute the background neutral-ion and ion-neutral collision frequencies as (Shibata, 1983; Stubbe, 1968)

Vnio .
e, n=0,i=07
n40
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and their perturbed values as

T v
D), = Dpo [ = — Zin_ B25
A A0 <T0 Vmo> ) (B25)
{ T/ /
Yin _ 372 4 2 (B26)
Vino To  po
/ . T/ /
Pni g g7 4 M (B27)
Vni0 0 450

B3 Decoupled system of equations

From Egs. (B20)—(B24) we deduce that the hydrodynamic equations should be solved together with the ion continuity and
momentum equations by introducing two additional state variables, namely n//n;o and uf,. The resulting system then consists
of eight equations, obtained by augmenting the hydrodynamic system with the ion continuity and momentum equations. This
fully coupled approach was used by Shibata (1983).

In our analysis we instead employ a simplified, approximate model that decouples the hydrodynamic and ion equations. We

have several options.

1. Klostermeyer Approximation. Klostermeyer (1972) solved the ion-continuity equation by neglecting the diffuse ve-

locity and neutral winds, i.e.,

’ o’ du' 1 dn;
0 (n’>:—<coslu+sin1u+ nOSinIUI> cost

At \ nyo ox 0z  ny dz
ow’ ow’ 1 dn,
—(cosT 2L +sin1 2 & 0 cin T’ sin 1, (B28)
ox 0z  ny dz
and then computed the ion-drag force and ion-drag heating by including the background neutral wind, i.e.,
1 ! v
<fIDX> = Upnio [sin2 Iv' —sinI cosTw' + ugsin® I <m>} , (B29)
14 Vnio
1 ! v
(fm) = Unio [—sin[cos[u' +cos? Tw' — ugcosIsinI (U")] , (B30)
p ni0
and
1 ! v
<(I1D) = Vnio {2 (sin® Tugu’ — cosIsinTugw') + ugsin® I <’”>} . (B31)
14 Vnio

Klostermeyer’s method is best viewed as a semi—diagnostic approximation: one solves a simplified ion continuity equa-
tion driven only by the wave-induced divergence, and then evaluates ion-drag force and heating, including uy and v/),;,
but assuming no diffusion velocity. In other words, field-aligned diffusion and background neutral wind are neglected
in the ion continuity equation when computing n/, and the ion drag is treated as a diagnostic based on the neutral wave

field and background wind.

2. Fast Field-Aligned Diffusion. In the second method, we assume that field-aligned diffusion is sufficiently strong that

the relative ion perturbation and the perturbed diffusion velocity are nearly constant along the magnetic field line (but
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1070 can vary across it):

o (n 0 0 n'
Z () =~ (cosI— +sin]— | [ £ | ~
ab(ni()) < oz " 6z> <no> !

and
ouf ouf ouyf
aul? =cos/ 812’) +sin[%%0.

We then obtain

1 dnig

1075 0 (n cos/ dug cos/ !
— = u —_— = i
ot ) Do 150 dz dz 0

d ' 1 dn;
+ Z;ZDO ) Sin]( i > + Z;;O sin Tug,

N0 N0

I@u’ i I@u’ n 1 dny
— | cosI — +sinl —
ox 0z  n;o dz
ow'’ ow'’ 1 dn,
—(cosTZL +sinT &% 4 = T in 1w Vsing
ox 0z  ny dz
and
o [T L0 /[T
1080 ufy = Dag {cos[ax (To> +sm1$ (T())]
1 ; 1 dT¢ sin [ !
dnio 1 dTo )\ G ppy — 950 ( Vin
) dz T() dz Vin0 Vino

The ion-drag force and ion-drag heating are still computed from Eqgs. (B22)—(B24).

B4 Plane wave solutions
Let

1085 nl(w,z,t) = ﬁi(z)ej(“’t—k*z), i(2) = nio(2) N4 (2),
and (cf. Eq. (A32) of Appendix A)

F(x,2,t) = f(z) d@t=ha),

As in Appendix A, we introduce the dimensionless state variables @, w, and T , defined by

_ 0~ _ wo~ T
u=—u, w=—w, —=1T,

kx kx 1o
1090 together with their derivatives

di _woy dw _woss d (T)df?

dz ke 0 dz ke dz \Tp

sin[u’) cosl

(B32)

(B33)
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1. Representation of up. From Eq. (B35) we obtain

up = —jkxDao cosIT + Dy sinI T

1 dnyg 1 dTp\ . ,— gsinl [ U,
— Y0 1D, — Yin |
* (niO dz * Ty dz )sm A im0 \Wino

Using
Dax T Uy

— 7 9
Do To Vin0

Vin

T 7
=0.37T—+ —,
Vino To  po
together with (cf. Eq. (A34) of Appendix A)
Pk j dw
.S 7
o Q' am, T Qd:

we express up as

p = Ui + Uy @ + UrT + Uy W+ Ur T,

where the U coefficients are given by

Uuz—%(DAOEwL
U, =i L (poE+a)
W_JQ kap AO 3

Ur = _jkxDAO cosl 4+ 0.63DpoF —0.37G,

. Wo 1
Uy =—j—= = (DagE+G
W ) kx( skl +G),
UTZDA()SinI,
with
. 1 dnio 1 dTo gsin[
St (nio dZ To dZ >) Vino

2. Representation of 7;. From Eq. (B34) we obtain

1 dn, d
jw —upo 10 sinl + ﬂcos[sin[
n;o dz dz

1 dn; . d . ~
—&—uo—ﬂcoslsmf— Do sinl |n;
nio dz dz
= nOsmIﬂDJr jkxcosI — nOsmI cosfﬂu
50 dz ) dz kix

X X X

1 dn; . . ~ —
+ (jkx cos] — — 0 sin[) sinI %w —cosIsin %u - smzl%w.

10 z

50

(B37)
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1115 After some manipulations, the expression for 72; reads
fi; = Nyti + Ny @ + Ny T + Nyid + NyW + N7 T,

where the IV coefficients are given by

1 1 dn; 1 dnio .
Ny = — || jkxcosI — 0 Gn g cos]ﬂ—i— nosmIUu ,
NO 10 z kx 150 dz
1 1 dny . 1 dni .
Ny = kxcosI — — I Iy IU, |,
No |:<J cos p— sin )sm e +n10 P sin }
1 1 dni() .
1120 Np=—— U
T No 150 dz s T
1
Ny = —Focoslsinf%,
1
Ny = —— (20 - Ldmo g
0 ke mnyo dz
1 1 dnio
N IU
T No njo dz ' 7
and
1d dug
1125 Ny = jw — upo 10 inl + —cosIsmI
;0 dz dz
1
+ ug d&cosfsinl— dupg sinl.
nio dz

3. Ion-drag force and ion-drag heating. Using Eqs. (B40) and (B48), together with

—0. 377 M 0.37T + 7,
Vnio Ty  nio

p’l’bl

we obtain

1130

( fIDx) XUU+FXWw+FXTT+FXZ/{Z/[+FXWW+FXTT

Vnio

( fIDZ)
Vnio

Lo )
Vnio \ P

With

Fpu+ Fpyw+ FzTT + qu?/l + F1WW + FZrT

P+ Py w+PTT+PuZ/{+PWW+P7—T

Ay =upgcosI +ugsin®I, A, = upgsinl —ugcosIsinl, B = ulz)o —&—u%sinQI,
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the coefficients corresponding to fipx are

Fo,= sinQI% + ANy + cos T Uy,

X

F = —SinICOSI% + ANy +cos I Uy,

X

For=0.37A + AxNt + cos I Ur,
FXU = AXNUa
Fay = ANw + cosl Uy,

For = AxNt + cosIUr,
the coefficients corresponding to fip, are

o= —sin]cos]% + A,N, +sinIU,,

X

Fy = cos? I % + A,Ny +sinl Uy,

X

Fr=0.37A,+ A,Nt+sinl U,
FZM = AZNM7
FZW = AZNW + SinIUw,

F,r = A,Ny+sinl Uy,

and the coefficients corresponding to ¢ip are

P, = 2sin® 1 %uo + BN, + 2upoUs,

P, = —QCosIsinI%uo + BNy, + 2upgUy,

X

PT =037B + BNT + 2’LLDOUT,
Py = BNy,
Py = BNw + 2upoUpy,

Py = BNt + 2upyUs.
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Note that, in the algorithm implementation, the derivatives dn;o/dz and dupg/dz are computed using central finite differences.
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Appendix C: Solution methods for the grid-point values of the state vector

In this appendix, the global matrix method with matrix exponential and the scattering matrix method will be formulated for the

grid-point values of the state vector.
C1 Global matrix method with matrix exponential

In the layer [, with boundaries z; and 2,11, the discrete values e; 11 = e(2;4+1) and e; = e(z;) are related through the relation
(cf. Eq. (14))

e11 = Vidiaglem AV ley, (C1)
or equivalently,
V; tery 1 = diagle® 1AV, e (C2)

Taking into account that by Egs. (13) and (14), we have e; = V;a; and e;11 = V;1a;11,we see that Eq. (35) and (C2) are
completely equivalent. Multiplying Eq. (C2) with the scaling matrix K17, we obtain the layer equation

Alejy1 —Ale; =05, 1=1,...,L -1, (C3)
where

Al =KLV, €4
AY =K}V, (C5)

and K} and K?, are given by Egs. (36) and (37), respectively. Essentially, we have L—1 equations imposed on layers 1,..., L—1
for the L unknowns e, ...,er. On the layer [ = 1, the boundary condition (cf. Eq. (42)) af =iy, translates into (cf. Eq. (24))

[Tar, 00V ter =1y, (Co6)

while on the layer [ = L, the boundary condition (cf. Eq. (45)) a; = 0, translates into (cf. Eq. (25))

027,10V 'er, = 0. (CT)

As in Section 3, the layer equations (C3) together with the boundary conditions (C6) and (C7) for a unit scale factor, are

assembled into a system of equations for the stratified atmosphere, i.e.,

Ae=b, (C8)
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[ [0a,InVEE 0 0 0 |
Al | —AY .0 0
: ; : : ; (C9)
0 0 ... Al —A?
i 0 0 o 0 [Ia,0m]VIt ]
S o
er_1 02/
andb=| : |. (C10)
() O2ns
L €1 . L il .

When applying the lower boundary condition (55), i; in Eq. (C10) should be replaced by B~ by, where, for a unit scale factor,

by = [1,0,0]". After solving Eq. (C8), we compute the wave amplitudes by using Eq. (60).
Comments.
1. The ascending and descending solution modes can be derived by using the upward and downward recurrence relations
(cf. Egs. (28)—(31), (41) and (44))
e/, =T/e, forl=1,...,L—1, withef =v{, and (C11)
e, =T, e, forl=L~-1,...,1, withe; =02y, (C12)
respectively, where
| diag[eP midt] 0y, 1
T =V, vit, (€13)
Onr Opr
0 0
T, =v, | ¥ Mo \ (C14)
0pr diagle B miA]
Obviously, the relation ; = elJr +e,; ,l=1,...,L, can be used to verify the numerical algorithm.
2. If we assume that the ascending modes are the dominant modes, i.e., e; ~ elJr for! =1,..., L, we may compute the state
vector by means of the upward recurrence relation (cf. Eq. (C11))
el+1:Tl+el, fori=1,...,.L—1, Withelzvf. (C15)
3. The layer equation (C3) was derived from the solution representation (C1). In fact, this equation is simply the matrix-

exponential representation of the solution, i.e., e;41 = exp(A;kxA;)e;, where the matrix exponential is calculated us-
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ing an eigendecomposition of the propagation matrix A;, i.e., A; = Vldiag[Anl]Vfl. However, instead of an eigen-
decomposition method, we can use the Padé approximation to compute the matrix exponential (Doicu and Traut-
mann, 2009a, b). The nth diagonal Padé approximation to the matrix exponential is exp(Ax) = [D(Ax)] !N(Axz),
where D(Az) and N(Az) are polynomials in Az of degree n given respectively, by D(Az) = >"}'_,(—1)*c,z*A* and

N(Az) =D(—Az) = Y }_, ckx®A¥. The coefficients ¢ can be computed recursively by means of the relation

n—k+1
= p_1, k>1 Cl6
Ck k(2n—k+1)ck 1, k> (C16)

with the initial value ¢y = 1. The layer equation then becomes
Allel+1—A?el202M, l:1,...,L—1, (C17)

where A} = D(AjkxA;) and A) = N(A;k.A;). The resulting system of layer equations, together with the boundary
conditions, is assembled into a banded linear system. Eigendecomposition is required only in the lower and upper layers
to apply the boundary conditions, whereas the Padé approximation is used in all interior layers. This approach is presum-
ably more efficient than a full eigendecomposition. However, since the first-order Padé approximation corresponds to
a centered finite-difference scheme, whereas the first-order Taylor expansion yields a forward finite-difference scheme,
the method is less accurate. For this reason, the Padé approximation of the matrix exponential is not implemented in our

computer code and is included here solely for theoretical completeness.

C2 Scattering matrix method

In principle, the scattering matrix method can also be formulated in terms of the discrete values of the state vector. Starting

from the interaction principle equation (67), using Eq. (27), i.e., eli = Vliali, and Egs. (24)—(25), i.e.,

a = [Lar, 002 = [Ly, 00V, ey, (C18)
a; = [Oar,Ing)ay = [Oar,1ne] Vi ey, (C19)
we find that for the stack Sy, the interaction principle equation involving the discrete values of the state vector is
[ - + - +
€ | _ Rt Tl € (©20)
| elt,-l gl:z '@l;l €1
where dim(%lfl) = dim(ylj) =2M x 2M, and
Lt T
PR = (e - A) A, (C21)
L SINIEN
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with
Vi ROV Vi TV e

A= . lil o R (C22)
Vl 7;01[\/10 ]1 Vl Rlol[vl ]2

Vi=[V/,V;],and V; ! = . (C23)

Since the matrices '@il and Zi are twice the size of the matrices ngl and ’7;23 the associated computational cost is sig-
nificantly higher. Owing to its low numerical efficiency, this method is therefore of purely theoretical interest and is not

implemented in our computer code.

Appendix D: Implementation issues

In this appendix, we discuss several implementation issues related to the computation of lower and upper bounds for the
wave period, the choice of frequency and time discretization for the Fourier transform, and the determination of the imaginary

frequency shift.
D1 Wave period

To define practical bounds for the wave period ), we solve the inviscid dispersion equation (cf. Eq. (A61) with v = 0 and with

the intrinsic frequency €2 = w — kxug replacing w)
O — [w? + (k] + k)] + R wg =0, (D1)

for an assumed value of the vertical wavenumber k,, where w, = v/ — 1g/c is the buoyancy (gravity-wave) frequency and
wy =79/ (2¢) is the acoustic cutoff frequency. Thus, for a stratified atmosphere, the solution €2;,, depends on the altitude z
and the wavenumber k,, and satisfies Qiny(2,k,) < wg(2). In this context we define winy (k) = min, [Qiny (2, k,) + kxuo(2)].
The equation is solved for two assumed minimum and maximum values of the vertical wavelength \,, namely A i, = 125 km
and A,max = 250 km, implying kzmin = 27/ Asmax and kymax = 27/ Azmin- The corresponding solutions are denoted by wiin =
Winy (kzmax) and Wimax = Winy (Kzmin ), and the resulting time periods are A¢min = 27 /Wimax and A max = 27 /wmin. These values
are likely underestimates, since dissipative effects (v # 0) tend to reduce the oscillation frequencies and thus increase the wave
periods. For this reason, we round the bounds upward to the nearest multiple of 10 min, and set A¢min = 10 [A¢min/10] and
Atmax = 10[A¢max/10], where [z] denotes the upward rounding of z to the next integer.

To provide a physical interpretation of this approach, we note that Eq. (D1) yields

02 —w? w?
2 _ 2 g
kZ—Ta+kx <Q2_1 , (D2)
so that, under the assumption €2 < w, , we obtain
k w? 1
RACZNTN T S D3
o o ' iem ©3)
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If

w2

1
g
§717W>0f0rallz, (D4)

then k, is real and exp(—jk,z) € C; thus, the wave is propagating. When this condition is not satisfied, &, is purely imaginary

and exp(—jk,z) € R; thus, for Im(k,) < 0, the wave is evanescent. This condition yields

w < Qiny(2,k;, = 0) + kxug(z) for all z, (D5)
where
Qi (2, k, = 0) = ——2— (D6)

V1t mem

is the solution of the inviscid dispersion equation in the case k, =0 (A, — oc0). We conclude that the condition wiy, (k,) =
min, [Qiny (2, k,) + kxuo ()] implies that the time period is chosen such that only propagating waves are considered. Condition
(D3), written ©(z) < Qiny (2, k, = 0) was used by Knight et al. (2024) to determine the intrinsic evanescent frequencies that lead
to the so-called “anomalous results”. In practice, evanescent frequencies occur at altitudes up to at least 100 km; consequently,
these anomalous results are of limited relevance for upper-thermospheric gravity-wave studies, since evanescence below about
100 km and critical layers in the lower thermosphere strongly attenuate such waves before they can reach higher altitudes
(Knight et al., 2024).

D2 Frequency and time discretization for the Fourier transform

In the code, we do not use a Fast Fourier Transform (FFT). Instead, we perform a direct (discrete) Fourier Transform (FT) by
explicitly discretizing the Fourier integral. The discretization parameters are chosen to resolve a source that is localized both

in frequency and in time.

1. Frequency band centered on wy. The Fourier transform is performed over a frequency band centered on the reference
frequency wy. We introduce a frequency standard deviation o, defined as a fraction of wy, i.e., o, = wo /K., Where
Kw > 6 1s an input parameter. The effective frequency band of interest is chosen to cover approximately plus/minus three
standard deviations of the source spectrum: wp,in = Wy — 30, and wmax = wo + 30,,. The total frequency interval and
the frequency step are, respectively, L, = Wmax — Wmin = 6wy /K and Aw = L, /(Ngr — 1), where Ngt is the number

of discrete points. The discrete frequency grid wy, is then constructed as wy, = wmin + (K — 1)Aw, k =1,2,..., Npr.

2. Time interval and time step. The time grid is chosen to be consistent with the assumed temporal localization of the
source and with the chosen frequency bandwidth. First, we define the time standard deviation oy as oy = 1/0,, . The
time interval L is chosen to contain NN, periods of the reference frequency. The time period is given by A\, = 27 /wo,
and therefore, L = NpA.. The time step At is then computed as At = L;/(Npr — 1). The time grid ¢, is defined on the
interval [tmin, tmax), Where ¢y, is an input parameter and ¢yax = tmin + Li, by tg = tmin + (K — 1)At, k= 1,2,..., Npr.
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We also define a time shift by ¢p = (tmax — tmin)/2 Which places the reference time close to the center of the time

window.

In the code, Npr, £, IV and i, are input parameters. Specifically, &, determines the length of the frequency interval L,
whereas IV, determines the length of the time interval L. The discretization is considered adequate if the following conditions

are satisfied:

1. The time window is long enough for the chosen frequency bandwidth. This requires that the number of time standard
deviations contained in the interval satisfies L;/o, > 6, which ensures that the main part of the source is well contained

within the time window and that truncation effects are negligible.

2. The Nyquist condition At < 7 /wmax, and the dual Nyquist condition Aw < 27/ L, are satisfied. These conditions ensure
that the temporal signal is properly sampled in time and frequency, prevent aliasing effects, and guarantee a consistent

discrete Fourier transform between the time and frequency domains

Since the Fourier transform is computed by direct discretization of the Fourier integral, no FFT-specific constraint is imposed
between the frequency step Aw and the time step At. In particular, the grid relation At Aw = 27 /Ny, which is characteristic
of discrete Fourier transforms based on periodic sampling and exact discrete orthogonality, is not required here. Instead, the
frequency and time grids are chosen independently, based on the desired frequency band and time window needed to resolve
a source that is localized in both domains. This provides greater flexibility in selecting the bandwidth, resolution, and window

length.
D3 Imaginary frequency shift

The imaginary frequency shift is determined using a heuristic approach that combines two criteria: application of the Layerwise

Causality (LC) condition at selected altitude levels, and a Source-Function Reconstruction (SFR) test.

1. LC condition at selected altitude levels. Choose a subset Lo C {1,2,...,L} of altitude indices, and let Ny, be the
number of elements of the set Lo, i.e., Np, = |Lo|. At each altitude level Iy € Ly, start with §;, = dare and increases d;,,
in steps of Ad, i.e., 9, <= min(d;, + Ad,dsop), until the LC condition (c.f. Eq. (108))

diy (wi) = Re[Ayy, (Wi — jor, )] — Re[AT; (wi —jdi,)] > eLc (D7)

is satisfied for all wy = wmin + (K —1)Aw, k =1,2,..., Npr, and some prescribed tolerance e; ¢ = 10~19. If there exists
an altitude level for which it is not possible to satisfy the LC condition for all frequencies wy, by increasing the imaginary
frequency shift within the interval from the start value dg,r to the stop value dyqp, then the subset-based LC criterion is
said to fail. Otherwise, the LC frequency shift is computed as

5LC = max 5[0 . (DS)

lo€ELg
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2. SFR. A frequency shift ¢ is considered valid if the relative RMS error between the source function s(¢) and the inverse
Fourier transform applied to S(w — jd) is below a prescribed tolerance espr = 5 x 1073, In practice, we compare the

normalized functions

. 5(t) - s5(t)
t B t e ——
( max; Re{s(t)}’ 5s(t) max; Re{ss(t)}’
where (compare with Eq. (115))
s5(t) :Ae5<t*t0>2i / S (w— o)t dw, (D9)
s

and s(t) and . (w) are given by Egs. (83) and (91), respectively. The relative RMS error is computed as

Nrr 1 -~ 2
tr) — t
s — k:l[SISFf)A 85(tn)] D10)

k=1 S(tk)2

with ¢, = tmin + (kK — 1)At, k= 1,2,..., Ngr. In the algorithm,

(a) if ess > espr, the frequency shift is relaxed according to ¢ <— max(d — Ad, dyop), and

(b) if g5 > espr also holds for § = dg0p, the SFR test fails.

The algorithm proceeds as follows.
Step 1: Initialization and SFR test at d,in

We choose diin = AS and Jpax = ks AJ, where A6 (e.g., A§ =107 s71) is the initial discrete step of the imaginary fre-
quency shift and ks is an integer. We first apply the SFR test to the input dyin, using dstop = Ad and the step Aé as a
decreasing update of §. With this choice, the algorithm effectively checks whether d,,,;, passes the SFR test, that is, without
invoking a frequency-shift relaxation. If the SFR test fails, we stop the algorithm. Otherwise, the value d,,;, is accepted as
SFR-admissible. Based on the monotonic behavior of the SFR error in §, we assume that any § < d,,;, would also satisfy the
SFR test.

Step 2: SFR test at d,,,,x and refinement of d,;,,x

We apply the SFR test to the input dmax, USing dstop = dmin and the step Ad again as a decreasing update of §. Since the
SFR test has already been successful at d,,i,, this second SFR call is guaranteed to succeed: if necessary, the procedure can
always relax § down to dpin. Let dspr = kspr Ad denote the value returned by the SFR routine. We then reset 0,2 < dsgr. By

construction, every 0 € [Omin,max] satisfies the SFR test.
Step 3: Construction and adjustment of an internal -grid

The next steps require an internal grid of discrete values of § between d.,;,, and .5, With a sufficiently large number of points

(e.g., at least five) to reliably apply the LC procedure. This internal grid uses the spacing Ad, but is independent of the number
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N used later in the final selection step. To avoid a degenerate interval and to obtain a reasonably fine internal spacing, we adjust
Omin and Ad according to the following rules: if dax — Omin < Ad/2 (i-€., dmax = Omin), then set dmin — Imax — AJ/2 and
Ad <+ A§/8; else if Ad/2 < dmax — Omin < 3A0/2 (i.€., max — Imin = AJ), then set Ad <+ Ad/4; else if 3AI/2 < dmax —
Omin < BAG/2 (i.e., Omax — Omin ~ 2A0), then set AJ + 2A5/3. After this adjustment, the interval [dmin,dmax] contains a
suitable number of internal grid points spaced by Ad. These internal points are used only in the LC procedure described in the

next step.
Step 4: LC procedure and update of d,y,;,

We apply the subset-based LC procedure to , starting from the current value §,,;, and moving towards larger values, with
an upper bound Jstop = Omax — A and an increasing step Ad. If there exists an altitude level for which the LC test fails,
we stop the algorithm. Otherwise, let d; c = krc A denote the LC-based estimate returned by the procedure. We then update
Omin ¢ OLc- By construction, for every ¢ € [dmin, Omax], both the SFR test and the LC condition at the selected altitude levels

are satisfied.
Step 5: Final selection of the frequency shift

The final selection step is based on a separate set of Ny equidistant values of § in the interval dy,in < 0 < dnax. Here, N is
chosen independently of the internal grid used in Steps 3 and 4, and we define 6; = dmin + (j — 1) Adfinar » j = 1,2,..., Ns,
with Adfinal = (dmax — 6min)/ (N5 — 1). For each ¢;, we perform the following tasks:

1. Compute the wave parameters corresponding to 6;.

2. Evaluate the maximum perturbed horizontal velocity, the maximum perturbed vertical velocity, and the maximum per-

turbed temperature.
3. Check whether the layerwise causality condition is satisfied over the entire altitude range.

Finally, among all frequency shifts for which the causality condition is satisfied over the full altitude range, the algorithm
determines the center of mass in the space spanned by the maximum values of the perturbed horizontal velocity, vertical

velocity, and temperature, and selects the solution whose maximum-amplitude vector is closest to this center of mass.

Comments:

1. The algorithm determines not a single value but an interval of admissible imaginary frequency shifts. This is necessary

for two reasons.

(a) First, the LC procedure evaluates the layerwise causality condition only at a selected subset of altitude levels. As a
consequence, the value returned by the LC test guarantees causality only at these selected levels, but not necessarily

across the entire altitude range. By retaining an interval rather than a single value, we ensure that the subsequent
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analysis can identify those values of the frequency shift that satisfy the LC condition everywhere, not just at the

sampled altitudes.

(b) Second, even when the LC condition is applied across the full altitude range, it is often the case that more than one
frequency shift satisfies the LC condition over all altitudes. Since these admissible shifts may lead to solutions with
different numerical behaviors, a mechanism is needed to select an optimal value. For this purpose, the algorithm
evaluates the wave parameters for a discrete set of shifts within the admissible interval and selects the optimal value

based on the distance to the center of mass.

2. In principle, a Global Causality (CG) test can be applied at selected frequencies. Such a test proceeds as follows. Choose
a set of Nk, equidistant frequencies wy, € {wk}fffl with kg € Ko ={1,2,..., N, }. For each test frequency wy,,, start

with 0y, = dgar and increases dy, in steps of Ad, i.e., Oy, < min(dx, + Ad, dgop), until the GC condition (c.f. Eq. (104))

_maXLRe[)\Tl(wko —joky)] < l_I{linLRe[)\i(wko —J0ko)]

is satisfied. If there exists a test frequency for which the GC condition is not satisfied, we say that the subset-based GC
criterion fails for dyp. Otherwise, the GC frequency shift is computed as

5(‘,(} = Imax 5k0~
ko€ Ko

This test can be applied after the first step to determine d,,,, = dgc. However, our numerical experiments indicate that
this test is computationally very expensive and typically yields an excessively large value of dgc. In the subsequent step,
this large value would be reduced by the SFR test. Importantly, if one instead prescribes a moderate but still sufficiently
large input value for d,,,, the source-function reconstruction test reduces 0y, to the same final value as when starting
from dgc. Since the LC test alone is sufficient to ensure causality, we therefore do not employ the GC test in practice and

use a prescribed moderate value of Oy ax.
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