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Abstract. Idealized experiments with coupled climate-carbon Earth system models (ESMs) provide a basis for understand-
ing the response of the carbon cycle to external forcing and for quantifying climate-carbon feedbacks. Here, we analyze
globally-averaged results from idealized esm-flat| 0 experiments and show that most models exhibit a quasi-linear relationship
between cumulative carbon uptake on land and in the ocean during a period of constant fossil fuel emissions of 10 PgClyr.
5 We hypothesize that this relationship does not depend on emission pathways. Further, as a simplification, we quantily the
relationship between cumulative ocean carbon uptake and changes in ocean heat content using a linear approximation. In this
way, changes in oceanic heat content and atmospheric CO, concentration become interdependent variables, reducing the cou-
pled temperature-CO> system to just one differential equation. The equation can be solved analytically or numerically for the
atmospheric CO> concentration as a function of fossil fuel emissions. This approach leads to a simplified description of global

10 carbon and climate dynamics, which could be used for applications beyond existing analytical frameworks.
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1 Introduction

The relationship between climate change and carbon emissions has been extensively studied (Cox et al., 2000; Friedlingstein
et al., 2006; Matthews and Zickfeld, 2012; Williams et al., 2016; Jones and Friedlingstein, 2020). The framework of idealized
experiments of the Coupled Climate—Carbon Cycle Model Intercomparison Project (C4MIP) (Jones et al., 2016) allowed
the climate-carbon feedback (Arora et al., 2020) to be quantified in the Coupled Model Intercomparison Project phase 6
(CMIP6) while experiments in the Zero Emissions Commitment Model Intercomparison Project (ZECMIP) helped to assessed
the zero-cmission climate commitment (Jones ct al., 2019; MacDougall et al., 2020). Recently, "flat10’ Modcl Intercomparison
(flat LOMIP) experiments (Sanderson et al., 2024a) were conducted with a suite of ESMs to assess the carbon-climate dynamics
relevant to mitigation (Sanderson et al., 2024b). The core experiment in flatlOMIP, esm-flat10, was designed to fssess the
response of temperature change and land/ocean carbon dynamics as a function of cumulative emissions. Th’g scenar‘lg,of’
constant emissions of 10 PgC/year y(con:nwmoo years with the expectation of a near-linear increase in global
temperature according to the concept of] Transient Climate Response to cumulative CO, Emissions (TCRE; Canadell et al.,

againsl & cimble”
2021). Here we Liée the results of the flat|OMIP experiments (o iun&h.fgu-he energy and carbon budget of the coupled climate-

carbon system. aalusly, 'Cm bqrh‘c]\;aﬁ—j wodel,
These idealized climate-carbon experiments differ from historical CMIP6 experiments, where historical forcings such as
emissions of aerosols, non-COs greenhouse gases and land-use changes were used for model evaluation against observed

global and regional climate changes and atmospheric CO, concentrations. Historical simulations were performed and compared

using both concentration- and emission-driven approaches (Hajima et al., 2025). For the carbon budget, historical simulations

of ESMs were evaluated against observed atmospheric CO5 concentration and results from stand-alone land and ocean carbon
ey which contributed
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models pesformedavithia the Global Carbon Project (GCP; Friedlingstein et al., 2023). Idealized experiments cannot be directly emipé.

evaluated against observations; however, they are very useful in understanding the role of different climate and carbon processes
and the timescales of their dynamics.
The global energy balance of the climate system is a useful framework for analyzing climate models and observations

(Forster et al., 2021; Gregory et al. 2024). Energy balance models assume that the Earth’s annual energy budget was in
Y

lonqgwavt
equilibrium in the pre- mduslnal)atf i.e., solar energy reaching the Earth was fully compensated by@@mto
space. The increase in greenhouse gases, especially CO», té-(-hs@m«mg—(-be-?aem-em—e{ balance. The equation for the global
has disvuptfed

energy balance can be formulated as follows:
N=F-\T (1)

where N is the Earth’s heat uptake, [W/m?], F is a forcing dependent on the anthropogenic greenhouse gases concentration
in the atmosphere, [W/m?], A is the climate feedback parameter, [W/m?/K], and T is the global temperature change relative
to equilibrium [K’]. Since the heat capacity of the land is negligible compared to the heat capacity of the ocean on annual time
scales (Palmer and McNeall, 2014), the heat uptake could be interpreted solely as the heat uptake of the ocean (Gregory et al.,
2024). The processes of oceanic heat uptake, mainly the warming of the mixed layer of the ocean and the transfer of heat to the

deep ocean by convection and diffusion, are similar to the processes of inorganic oceanic carbon uptake (Seferian et al., 2024).
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45 The recently explored link between ocean warming and carbon uptake indicates a strong role of the Southern Ocean in the
ocean carbon uptake (Williams et al., 2024; Bourgeois et al., 2022). In this study. we use the flat10 experiments to simplify the
global dynamics and avoid going into such regional analyses. Winkler er al. (2024) showed that there is pathway-independent
linear relationship between land and ocean carbon uptake in emission-driven simulations using the MPI Earth system model
{MPI-ESM; Mauritsen et al., 2019). We generalize this empirical relationship and use it to simplify the energy budget model

50 (Eq. ) in such a way that it could be solved analytically or numerical]y,ﬁhgr?use the example of one model, MPI-ESM, to
show how this approach could be applied to idealized experiments. We also use this simplified approach for the ramp-down
trajectory of MPI-ESM and discuss our results. Afterwards, we apply this approach to some other flatlOMIP ESMs and discuss
analylical and numerical solutions for the airborne [raction ol carbon emissions. Finally. we compare fatlOMIP and C4MIP

results and hypothesize about the dependence of idealized climate-carbon dynamics on CO» emission pathways.

vamp down '\T'\:)CC“U\'J "v a ScenaraD, W&WM MP | model

55 2 Linking carbon cycle with ocean heat uptake

In differential equation form for the change in the ocean heat content (OHC) H, [J], Eq. | could be written as

dH Suggest using AT instead 4 T,and 1 vepresents ocean heat comtenmt”
—— =F-\T : ine Hhi (2)
dt -—’—\ \n‘\'csvf\'\ha 'S5 t , ¢ 2
ith initial conditi MATO—O Hee) = HCO)*fo CF(t)~)‘ATCt))&
with initial conditions ) ( )l:l." iy ik
For the carbon cycle variableﬁfCa, C,, and C’t?fanthropogenic carbon content of the atmosphere, ocean, and land reSpec-] Suggest
usi
60 tively, [PgC1, the initial values are zeroes (pre-industrial equilibrium). Annual carbon emissions in the initial 100 years of AC:.S
flat10 experiments are prescribed at a constant rate of £ =10 PgC/yr (Sanderson et al., 2024a, b). For the flat]1OMIP analysis oCL

(Sanderson et al., 2024b) , most of the models show a linear relationship between cumulative land and ocean uptakes (Fig. 1): °

Gt = ThC,(n. > T¥'s ok obvious Hhy & 1 wfber K. Camw bl enplain e vatiele?

This linear relationship was also observed in a study using MPI-ESM and different idealized emission pathways (Winkler et al.,
65 2024).

The ratios of land to ocean carbon uptakes, C;/C,, in the flat]O experiments are similar to the ratios 3;//3, of the car-
bon—concentration feedback parameters as well as to the C;/C, ratios at the 2xCO5 level in the C4MIP experiments of CMIP6
(Tab. 1). This similarity is expected, as the carbon—concentration feedback parameters 3; and G, rellect an increase of land
and ocean carbon pools, respectively, in response to atmospheric CO- changes. However, the linearity of the C;/C, ratio for

70 the range of emissions from 0 to 1000 PgC is unexpected. Although processes that govern land and ocean carbon uptakes are
different, the link between them could be explained by increasing atmospheric CO» concentration which is a primary forcing
for both‘ land and ocean carbon uptakes. We can apply this empirical relationship to simplify the description of carbon cycle
dynamics, in particular for MPI-ESM (Fig. 3, left). Additionally, for simplicity one can assume a linear relationship between
ocean heat and carbon uptake, as the processes of dissolution and transport of CO; into the deep ocean are generally similar to

75 the transport of heat (Fig. 2, Fig. 3, right):
usinj As wrll ru\.”d W

aco = 1 AKLY) au(t) = H(E)—H (o)
3

Co(t) =nH (1), (4)
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Figure 1. Cumulative land vs occan carbon uptakes in the flat10 experiments for the first 100 ycars. Historical land vs occan carbon sinks

provided by the Global Carbon Project (Friedlingstein et al., 2023) for the period 1850-2022 are shown by continuous black line. Note that
—_—

anes. The thin dash line is the 1:1 ratio.

Model C/Co, flatli0 /B,  Ci/Co, CAMIP

CESM2 1.17 1.17 1.08

CNRM-ESM2-| 1.17 1.69 1.36

GFDL-ESM4 0.90 .11 0.88

GISS-E2-1G 0.57 0.8* 0.96*

MIROC-ES2L 1.24 1.71 1.41

MPI-ESM1.2-LR 1.27 1.23 1.33

NorESM2-LM 1.09 1.07 1.03

UKESM1.2 1.05 1.14 0.98
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Table 1. Parameters of flatl0 ESMs. Left, C;/C, = k& — 1, the ratio of cumulative {and to ocean carbon uptakes by the year 100. For

comparison with C4MIP experiments at the 2xCO2 level (Arora et al., 2020): middle, ratio of 3; to 3,; right, a ratio of cumulative land to

ocean carbon uptake. *GISS model results are based on slightly older version of GISS-ESM.

where the units of 1 are [PgC/J]. Note that the ocean carbon sink saturates with rising CO» concentration and warming,

therefore a non-linear logarithmic relationship between carbon and heat uptake might fit better (Fig. 2), but for simplicity we

use the linear relationship (Eq. 4) thus allowing us to find an analytical solution of the coupled climate-carbon system.

For the atmospheric carbon content, carbon conservation can be written as:

C,=Et-C,—C,=Et—kC,=Et—knH

k» fel

Suggest u(‘ir\j

O-db - E
4

(5)
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Figure 2. Analogous to Figure |: Changes in cumulative ocean carbon and heat uptakes in the flat10 experiments.
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Figure 3. Results of the flat10 experiment with MPI-ESM1.2-LR (bluc lines). Left: dynamics of cumulative land vs occan carbon uptakes.

Right: changes in cumulative ocean carbon and heat uptakes. Black lines are for linear fits.

where Et are the cumulative carbon emissions. The derivative of C, is then

dCo _p ot
dt Ta

From the Eq. (2), it follows
dC,

= E — kn(F — \T).

(7
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The Eq. (7), where left and right parts are functions of atmospheric CO, and time, reduces the coupled temperature-CO»

system to just one differential equation. This is the novelty of our approach.

byl - carlorr .
ch . '
2.1 Analytical solution for dynamicays‘ystem . ol Mensran "‘% n"”"“'/AM

We assume that the forcing F is linearly proportional to the CO concentration, F' = 7', where 7 is a constant [W/m?/ PgC],
and that tlemperature is growing linearly with time as a consequence of constant TCRE (Transient Climate Response 1o cumu-
lative CO» Emissions; Canadell et al., 2021). Accordingly, T" = ( E't, where ( = TCRE [K/PgC). and we can write

(—i-% =E —knrC, + kn\(Et = E(1 + knA(t) — knrC, (8

By renaming constants and writing x instead of C,,, this differential equation can be written in the form

dx

— = ky + kot + k3x 9
T 1+ kot + Azx (9
where k;,7i = 1,2,3 are constants. By substituting the variable = to u = k; + kot + k3, Eq. (9) can be written as

du

— = ko + k3zu l
T 2+ k3u (10)

and solved analytically. The solution for the coupled C,, and 7" system is

AC,  (r=2A])

Ca(t):E(7t+W(l —ckrt)) (I
and

T(t)=(Et. (12)
By renaming constants ¢g = 5,5 T = (Trf,js), Te = k}“_, Eq. (11) can be written as

Calt) = Etlpo+ 7 (1 =c™*/™)) = Etp(1), (13)

where p(t) = po+ (1 —c~t/7¢) is the airborne fraction of cumulative CO; emissions, g is the asymptotic airborne fraction,
7, and T, are, respectively, linear and exponential lime scales of the exponential component of the airborne fraction, [y7].
Values of parameters ¢g, 7; and 7. for ESMs are given in the Table 2.

According to Eq. (13), the cumulative airborne CO» fraction, ¢(t) includes two terms. The first term g is a constant, and
the second term (1 —c~4/7) is time-dependent. Because the later term is proportional to 1, it decreases with time, therefore,
the cumulative airborne fraction o(t) also decreases with time. The instantaneous airborne fraction ¢; can be written as

_dC, 1

L —tj7.
(pL(t) — L/Te

— = =9+ —c¢C (14)
dt E s Te

Because the exponential term ¢~¢/7 is decreasing with time, the instantaneous airborne fraction also decreases with time
approaching ¢ (Fig. 4, left). The land and ocean carbon storages can be written as

Cult) = %(Er,—ca) (15)
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Figure 4. Instantaneous COy airborne fraction in the analytical (Icft) and numerical (right) solutions for flat10 ESMs %\.,.I:
and AF caladdted oom
1 acrual flaHO
Co(t) = Z(Ef Cads simulahoms  (16)
115 and the derivative of atmospheric CO, with respect to temperature:
dC, _dC, dt + (7 - Q) okt (17)
dT ~ dt dT 7 rA

These results can be used to understand the dynamics of carbon feedback parameters.

o¥-

2.2 N\/erlcalsolutlon with jvfal/:f /(»07 *’—ﬂ‘mw ‘7 o,

The assumption that the forcing F' is linearly proportional to the CO, concentration, F' = rC,, is only valid for small changes
120 in CO,. More correctly, a logarithmic dependence F = rIn(1 + %ﬂ(y) where C? is pre-industrial atmospheric CO» storage,
leads to an equation in the form:

dx
E-—kl-i-]‘wt-i-kgln(l-f-l.) (]8)

which does not have an analytical solution.
The equation for atmospheric CO, concentration:

dC,
dt

125 :E—lmrln(l+%)+kn/\§Et (19)

a
can be solved using a numerical approach. Equations (15) and (4) provide solutions for carbon and heat variables, respectively.
Accounting for the logarithmic dependence of the forcing on CO» results in much better agreement with the MPI-ESM simu-

lation (see Fig. 5, left). The cumulative airborne COs fraction is decreasing until about year 40 for MPI-ESM and then starts
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to increase slowly (Fig. 4, right). This is different from the airborne CO, fraction of the analytical solution that continues to

130 decline (Fig. 4. left). Results of the analytical and numerical solutions for several other flatl0 ESMs are presented on the Fig.

6.
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Figure 5. Atmospheric CO, concentration in the flat10 (left) and flat [Ocdr (right) experiments with MPI-ESM (black). Bluc and orangc lincs

are for analytical and numerical solutions, respectively.

Model wo=CAN/r T, [yrl Te, [yr]
CESM2 0.29 8.6 12.1
CNRM-ESM2-1 0.26 10.6 14.2
GFDL-ESM4 0.28 8.2 11.3
GISS-E2-1G 0.33 8.9 13.3
MIROC-ES2L 0.29 6.7 9.3
MPI-ESM1.2-LR 0.27 8.4 11.6
NorESM2-LM 0.26 10.0 13.6
UKESMI.2 0.32 6.9 10.2

Table 2. Parameters of airborne fraction of atmospheric CO» for flat]10 ESMSs. Left, o, an asymptotical airborne fraction; middle, ¢, linear

airborne timescale; right, 7., exponential airborne timescale.

() 2.3 Ramp-down flat10cdr experiments

Beyond 100 years of flat10 simulations (ramp-up), the flatlOMIP experiments also included flat1Ocdr simulations for a further
200 years aiming to assess time scales and hysteresis in climate and carbon variables. The flat10cdr scenario included a

135 linear decrease in emissions from +10 to -10 PgC per year over 100 years and constant -10 PgC emissions (removed from
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Figure 6. Atmospheric CO3 concentration in the flat]0 experiment with ESMs (black) and model results (blue - analytical, orange - numerical

solution). 9
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Figure 7. Cumulative land to ocean carbon uptakes (left) and ocean carbon to heat uptakes (right) in the flat10 and flat10cdr experiments

Knear Jo3

with MPI-ESM |1.2-LR. Gray lines arc linear fits for the corresponding simulations.

Model k-1=C/C, n=C,JOHC[PgC/Z]] (=TCRE [K/EgC] A[W/m?/K)] > T}»
CESM2 117 0.18 (0.27) 1.8 0.63 (1.42)
CNRM-ESM2-1 1.17 0.23 1.72 0.74 (1.32)
GISS-E2-1G 0.57 0.3 (0.34) 1.62 1.46 (1.82)
GFDL-ESM4 0.9 0.33 1.45 0.82 (1.7)
MIROC-ES2L 1.24 0.28 (0.34) 1.3 1.54 (1.95)
MPI-ESM1.2-LR 137 0.27 1.5 1.6
NorESM2-LM 1.09 0.29 (0.25) 1.4 1.65
UKESM1.2 1.05 0.21 (0.34) 245 0.67 (1.17)

Table 3. Parameters based on flat10 experiments: C;/C,, the ratio of cumulative land to ocean carbon uptake (yr 100); Co/OHC, the ratio
of cumulative ocean carbon to heat uptake, PgC/ZJ (yr 100); TCRE,K/EgC (yr 100); and A from 4xCO> experiments (Zelinka et al., 2020).

Numbers in parentheses are adjusted parameters for analytical and numerical solutions.

the atmosphere) over the next 100 years (ramp-down trajectory). The results for carbon and heat uptake for the MPI-ESM
are shown in the Fig. 7. The ramp-down dynamics are quasi-linear for both the carbon variables and the ocean heat content,
although the statistical significance of fits is lower than for the ramp-up curve. With the simplified approach (Egs. 9-18),

modified parameters and initial conditions, we are able to simulate the atmospheric CO, trajectory for the last 100 years of

“the flat10cdr experiment quite well (Fig. 5, right). This indicates that the dynamics with constant negative emissions could be

simplified in a similar way to the path with positive emissions.
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