Response to Reviewer 3

This manuscript evaluates a semi-Lagrangian (SL) advection scheme that seems to be
already developed and implemented in EImer/Elmer-Ice. The results from the SL scheme are
then compared with those from the discontinuous Galerkin (DG) method, which is also
already implemented in Elmer/Elmer-Ice. The authors evaluate both approaches using two
benchmark test (bodies in rotation and donut transport) and apply the SL method to
simulate ice-damage transport in Amundsen Sea Sector of Antarctica. The study addresses a
persistent numerical challenge in ice sheet modeling — to maintain accuracy and reduce
spurious diffusion while lowering computational cost and ensuring stability — particularly
when advecting sharp crevasse features.

My main concern/comment is that the amount of new contribution made in this article is
not significant in terms of model development as the SL and DG methods were previously
developed and implemented in Elmer/Elmer-Ice. Also, the results from the two benchmark
tests visually seem to show excessive diffusion although the RMSE is less than 5%, which |
found a bit confusing. Moreover, the Antarctic ice damage study is too simple as it lacks the
coupling between ice flow and damage processes. Perhaps, the most significant finding of
this article is that SL scheme suffers from less spurious diffusion than the DG method with
larger time steps, which is useful information for the ice sheet modelers. However, it is not
clear how one would estimate the optimal time step size with the SL scheme in a general
continental-scale ice sheet simulation. Is there a theoretical way of estimating the optimal
time step size or does one have to figure by trial and error.

Looking at the other two reviews, it is fair that the authors get a chance to respond to
reviewer comments and make substantial revisions. | have a few detailed comments for the
authors to consider below. Based on the authors' response regarding the paper's new
contribution, | could be convinced that the article warrants publication.

— Ravindra Duddu

We thank the reviewer for this important comment regarding the level of new model
development. We agree that both the DG and SL schemes already existed in Elmer. It is
true that we did not introduce any new changes on the DG scheme over the course of this
study but a substantial rework of the SL scheme has been conducted. We understand the
reviewer’s confusion, as the SL solver has indeed been available for many years. This
scheme was originally implemented by one of the main authors (Peter Raback). However,
several important limitations that had remained undetected at the time made the solver
unsuitable for the advection of active tracers. In particular, these limitations affected the
correct treatment of source terms.

As part of this work, we implemented and validated the following major improvements:



e Fixes for source terms that explicitly depend on the advected variable

e Improvement in the path-integral formulation by allowing forward integration of
the source term, as schematically presented in Figure 1.

e Better handling of initial conditions, which allows for simulation restarts that were
problematic.

e Better handling of boundary conditions that were leading to undesired particle
loss

e Fixes related to parallel execution and MPl communication.

The activity on the Elmer Github repository for the ParticuleUtils.FO0 and the
ParticleAdvector.F90 documents the progression of these developments. These fixes
have been made possible through extensive testing in both idealized and more realistic
configurations, with iterative refinement of the implementation.

In addition to these developments, our study (i) provides the first systematic quantitative
comparison of SL and DG for sharp, damage-like tracers under ice-flow conditions, (ii)
identifies their opposite convergence behaviors with respect to time stepping and spatial
resolution (as mentioned by the reviewer), and (iii) proposes practical guidelines for using
SL in the context of ice-damage evolution.

This work also presents the first 3D and large-scale application of Semi-Lagrangian
damage advection in Elmer/Ice. This application reveals practical limitations related to
coupling frequency, conservation errors, and computational cost. These insights are
directly relevant for the ice-sheet modeling community and go beyond what is currently
documented in the literature for SL schemes in glaciological damage transport.

The reviewer also raises a fair point about the estimation of the “optimal time step size
with the SL scheme in a general continental-scale ice sheet simulation”. It is important to
distinguish between the global coupling timestep used to synchronize advection with the
flow solver, and the internal substepping employed by the SL solver. The SL solver allows
several strategies for selecting internal substeps (8t), including fixed fractions of the
global timestep, bounds on physical displacement, or limits on the local Courant number.
These criteria can improve the accuracy and robustness of particle trajectories but do not
alter the frequency at which the advected field is coupled to the flow.

The choice of the global coupling timestep (At) remains governed by physical and
modeling considerations, such as the timescale of damage evolution, consistency with the
Stokes solver, and acceptable coupling error. In simple and idealized configurations, an
optimal timestep can in principle be identified. In practice, such an optimal SL timestep
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satisfies At = kﬁ, where k € Z is chosen such that particle displacements remain

comparable to the local element size.



In large-scale ice-sheet simulations, however, heterogeneous velocities and mesh
resolutions make it impractical to define a universal coupling timestep based on local
Courant criteria. As a result, selecting the main timestep inevitably relies on sensitivity
tests rather than a theoretical optimum, with the goal of balancing interpolation-induced
diffusion against physically meaningful coupling frequency. An alternative strategy would
be to adapt the spatial resolution to the SL scheme by varying Ax, since locally adapting
k would introduce physical inconsistencies, as particles/ nodes would be updated at
different rates. Systematically designing meshes that adapt Ax to local flow speeds would
require additional development —and potential remeshing may itself introduce diffusion
diffusion—and therefore lies beyond the scope of the present study.

We also understand the reviewer’s interest in a fully coupled damage—viscosity
formulation. The present application is intentionally simplified and should not be
interpreted as a physically complete damage simulation. Introducing damage—viscosity
coupling would make it difficult to isolate numerical diffusion effects, as damage could
then develop outside the prescribed source regions through dynamical feedbacks. Our
goal here is to characterize the numerical limitations of the SL method so that EImer/Ice
users can more reliably assess and design future simulations of ice-damage evolution.

We believe that our work will facilitate further development of particle-based studies in
Elmer/Ice and help future users make informed methodological choices when using the
solver. It also improves awareness of accuracy and spurious diffusion issues that are often
underdiscussed in ice sheet modeling studies using advection schemes.

Detailed comments

1. Page 2, line 45 — | would assume the SL scheme and SUPG have a long history of
application in geosciences and glaciology. The limitations of SUPG can be overcome
with newer methods based on variational multiscale (VMS) stabilization, which
reduces cross-wind instability and robustly handles non-uniform meshes. The authors
could at the least improve the literature review here and cite the following works.

Masud, A., & Khurram, R. A. (2004). A multiscale/stabilized finite element method for
the advection—diffusion equation. Computer Methods in Applied Mechanics and
Engineering, 193(21-22), 1997-2018.

Cheng, G., Morlighem, M., & Gudmundsson, G. H. (2024). Numerical stabilization
methods for level-set-based ice front migration. Geoscientific Model Development,
17(16), 6227-6247.

While we were familiar with the work of Cheng et al. (2024), we thank the reviewer
for directing us to Masud et al. (2024). We will add these two cites in the new version
of the manuscript.



2. Page 2, line 56 — Lagrangian approaches can also involve moving mesh methods
(Jimenez et al.,, 2017), it does not have to be particle-based approaches. Semi-
Lagrangian or hybrid methods also include Arbitrary Lagrangian-Eulerian (ALE) and
coupled Eulerian—Lagrangian (CEL) formulations, including the material point method
(MPM) that we utilized. In Huth et al. (2021a), we proposed an advection benchmark
for the MISMIP+ configuration that is more relevant to ice sheet modeling than the
Zalesack disc test. In Huth et al. (2021b) we show that MPM along with creep damage
model can handle the feedback between ice flow and fracture, damage production
and advection and ice-ocean boundary evolution. In Huth et al. (2023) we show that
the creep damage model can reproduce the last two years of rift propagation in Larsen
C ice shelf that led to the calving of A-68 iceberg, which is perhaps the only such
prognostic modeling study in the literature. Bassis and Berg (2022) also use tracers
using particles in cell method to track crevasse advection. Citing these works and
putting them in context with the current work would improve the discussion of this
paper and inform the reader about the pros and cons of different SL schemes.

Jiménez, S., Duddu, R., & Bassis, J. (2017). An updated-Lagrangian damage mechanics
formulation for modeling the creeping flow and fracture of ice sheets. Computer
Methods in Applied Mechanics and Engineering, 313, 406-432.

Huth, A., Duddu, R., & Smith, B. (2021). A generalized interpolation material point
method for shallow ice shelves. 1: Shallow shelf approximation and ice thickness
evolution. Journal of Advances in Modeling Earth Systems, 13(8), e2020MS002277.

Huth, A., Duddu, R., & Smith, B. (2021). A generalized interpolation material point
method for shallow ice shelves. 2: Anisotropic nonlocal damage mechanics and rift
propagation. Journal of Advances in Modeling Earth Systems, 13(8), e2020MS002292.

Huth, A., Duddu, R., Smith, B., & Sergienko, O. (2023). Simulating the processes
controlling ice-shelf rift paths using damage mechanics. Journal of Glaciology,
69(278), 1915-1928.

Berg, B., & Bassis, J. (2022). Crevasse advection increases glacier calving. Journal of
Glaciology, 68(271), 977-986.

We thank the reviewer for these valuable references, which we will add to the revised
manuscript. We agree that Lagrangian and hybrid formulations include a broad range
of methods beyond particle-based SL, including ALE, CEL, and MPM approaches
(Jiménez et al., 2017; Huth et al., 2021a,b; 2023). These methods are particularly well
suited for fully coupled fracture—damage—flow problems and evolving boundaries.

Our present focus is different: we specifically target advection of damage-like tracers
within an Eulerian Stokes solver. We have expanded the discussion to better position
SL relative to MPM, PiC, and tracer-based approaches (including Berg & Bassis, 2022).



3. Figures 1-4 can be improved along with the discussion.

In Figure 1, there is not much difference in the two subfigures except for showing two
different quantities — position vector r and integral |_t. Perhaps, they can be
combined. Also, the SL scheme is explained with a triangular mesh in Figure 1,
whereas the mesh used for Figure 2 is noted as a linear square finite element. Was
there any triangulation done to apply the SL scheme.

We agree that there is little change between left and right panel. However, we think
that combining the two panels make less impacting the difference between the back-
tracking of the particle value at previous timestep and the along-flow integral after
reversing the tracking in the algorithm. Since we think both arguments are valid to us,
we let this to the appreciation of the editors.

In Figure 2, the subfigures (a) — (g) are not labelled but are referred to in the caption.
The result for the SL scheme with reinitialization looks quite diffused compared to the
reference solution, however, the error is less than 5% in Figure 3 which is puzzling.
Please explain this better.

Thanks, we have added the subfigures labels. It is true that the figure looks quite
diffuse for small SL timesteps but so does the DG for large timesteps while showing
similar RMSE. This is partially due to the fact that, while the sharp U-shaped circle
(located on top at the beginning and the end of the simulation) can lose its consistence
rapidly, the more diffuse circles are less sensitive to diffusion, at least in regard of the
RMSE metric.

In addition, the error metric in Fig. 3 is computed as a domain-wide difference
between the advected field and the reference field. Because the tracer occupies only
a limited fraction of the domain, large portions of the mesh remain at (near-)zero
values for both the reference and the numerical solution. These regions dominate the
domain-average and can lead to relatively small values even when visible diffusion
occurs near the tracer boundary.

We emphasize that the error metric is not expressed in percent in its original form.
Following the reviewer’s comment, we verified the implementation and found that
the quantity initially reported corresponded to a mean squared error (MSE) rather
than a root mean squared error (RMSE). This has been corrected, leading to a
maximum RMSE of approximately 0.20.

To better align with a percentage-based interpretation and avoid ambiguity, we
additionally report a normalized RMSE defined as:

NRMSE = 1/0 f (@ = Grep)?/ max(dyes)
Q



In the present case, the tracer is normalized to max(qr.r) = 1, so the NRMSE is
identical to the RMSE up to the percent conversion. This clarification will be added to
the figure caption and the main text to avoid confusion.
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Figure. (a) RMSE, (b) NRMSE and (c) the concentration of the tracer after one
revolution and for different timestep At.

Figure 3, please increase the font size of the text and axis labels and tick values.

In Section 3.2.2, the authors refer to Fig. 4a and Fig. 4b, but there is such labeling in
Figure 4, only left and right.

We will change that in the new manuscript. Thank you.



4. Page5line 129 and Page 6 line 131 —| did not quite follow the argument of linear and
logarithmic scaling. Isn’t linear scaling better than logarithmic. Please explain.

We agree with this statement and we believe that this is what we wrote: “While the
method requires some complex geometrical tests, it is shown that the computational
time roughly scales linearly [...]. This makes the method faster than most tree-based
localizations that are shown to scale logarithmically [...]”

5. Figure 3 — Typically, a numerical method for a time-dependent advection problem is

designed to yield more accurate results as the time step is reduced. Depending on the
rate of decay of error with the time step size one would call it first or second order
and so on. With the DG method, the error decreases with decreasing time step size,
which makes sense, whereas it does not make sense that with the SL method, the
error increases with decreasing time step size. Moreover, the results in Figure 4 look
basically juxtaposed. The result for DG with dt = 1 looks the same as SL with dt = 0.01.
This requires more mathematical analysis and better explanation, perhaps it is
explained in the literature and would be useful to discuss here.
We agree that the opposite convergence behaviors of DG and SL with respect to time
step size may appear counterintuitive at first sight but this is exactly one of the topic
of this paper. For DG, the temporal truncation error dominates, and therefore
reducing the time step naturally improves accuracy.

For the SL, when using the quadratic correction for the velocity field (activated
through a logical keyword), the particle trajectory integration is formally second-order
accurate in time for smooth solutions, such that the trajectory error scales as
0(4t*), compared to 0(At) without correction. Consequently, halving the timestep
is expected to reduce the integration error by a factor of approximately four.

However, in the present tests, the dominant source of error is not time integration,
but the repeated interpolation between the mesh and the particle (after is localization
during the back-tracking process). As the time step decreases, the number of
interpolation operations increases proportionally, leading to accumulated numerical
diffusion. This explains why SL accuracy can degrade when At becomes too small, as
observed in Fig. 3.

For the correspondence between the DG with dt = 1 and the SL with dt = 0.01, we
believe that is mostly a coincidence but, in both cases, they represent a poor timestep
for the respective schemes.

6. Page 16, line 329 — How does it help to use 44 points as the integration of quadratic
elements just needs 9 Gauss points. Over-integration sometimes causes issues



including numerical instability or increasing computational cost. Perhaps, it is ok to do
this with SL scheme but not with DG. Please add a comment on this.

The 44 integration points are not chosen for the particle scheme itself, but follow
directly from the quadrature used by the Stokes solver for triangular wedge elements
(11 points on the triangle and 4 in depth), allowing for the integration of 4" order
polynomials. This quadrature is also required by the use of bubble-function
stabilization, which increases the polynomial degree of the integrands to fourth order
or higher.

Our suggestion for future work is to reuse these integration points for the SL algorithm
to ensure both consistent coupling and dense sampling of the advected fields. While
such a number of integration points would be unnecessary for polynomial DG
quadrature —and potentially penalizing— it is appropriate in SL framework. We will
clarify this distinction in the revised manuscript.

In Appendix A, the authors mention parallelization and the benefits of the SL scheme
implementation. Table 1 states simulations were conducted with 8 partitions. Adding
strong/weak scaling studies and discussing communication overhead would improve
the discussion in the paper. One issue maybe that for problems with small number of
degrees of freedom, parallelization may not show optimal scaling.

We thank the reviewer for this constructive suggestion. Following this comment, we
have extended Appendix A with a dedicated scalability analysis (new Appendix A3), in
which we assess both strong and weak scaling of the Semi-Lagrangian (SL) advection
scheme.

Strong-scaling tests were performed by fixing the global problem size while increasing
the number of MPI partitions from 1 to 128. Weak-scaling tests were conducted by
increasing the global problem size proportionally to the number of partitions, while
keeping the number of nodes and particles per partition approximately constant (with
less than 1% variation in the number of nodes per partition). All tests were performed
on a single compute node of the French supercomputer IRENE at TGCC.



Strong scaling: efficiency and wall time

Weak scaling: efficiency and wall time
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Figure. Strong and weak scaling efficiency and wall-clock time for the donut test case.
For the strong scaling, the simulations were conducted with a total of 15 984 nodes
and with a total of 500 time steps. For the weak scaling a constant ~4000
nodes/partition was enforced, and the total of time steps was reduced to 100 to speed
up the simulation. In both cases, the SL algorithm was run with 5 internal time steps.

Strong-scaling efficiency remains above 0.8 up to 16 partitions. Weak-scaling
experiments exhibit good efficiency, with a decrease of only 8% when reaching 16
partitions (a test up to 256 partitions / 2 nodes of 128 cores). Overall, these results
demonstrate that the SLimplementation achieves good parallel efficiency over a wide
range of partition counts. Deviations from ideal scaling are primarily associated with
particle exchange across partition boundaries and MPI communication overhead. As
anticipated by the reviewer, scaling efficiency degrades for small problem sizes per
partition, for which communication costs become comparable to computation. These
effects will be discussed explicitly in Appendix A3.

We believe that this additional analysis significantly strengthens the discussion of the
parallel performance and practical applicability of the SL scheme.

| found more than a few typos in the paper. Also, some words have been unnecessarily
capitalized, for example you can use lower case for “finite element method” “semi-
Lagrangian” “discontinuous Galerkin” “streamline upwind Petrov-Galerkin” Only if it
is based on the name of a person like Lagrange or Galerkin it warrants capitalization.

We thank the reviewer for noting these issues. All typographical errors and
unnecessary capitalizations will be corrected in the revised manuscript.



