
Response to Reviewer 2 
 

We thank Albert de Montserrat Navarro for their constructive and technically detailed review. Their 
feedback allowed us to clarify the implementation details, improve consistency, and expand the 
discussion of particle-based methods and parallelization. Below we address each of their general 
comments, as well as their specific comments.  

General Comments 
 

1. The manuscript discusses the Discontinuous Galerkin (DG) and Semi-Lagrangian (SL) advection 
methods. However, the Particles-in-Cell (PiC) approach (also known as Markers-in-Cell) is another 
particle-based technique that is widely applied in fields such as fluid and plasma dynamics as well 
as computational geodynamics. This method is known to produce substantially less numerical 
diffusion and can capture certain subgrid-scale features more accurately. Its implementation 
would likely be straightforward, as many components of the current SL scheme could be reused. 
I therefore recommend that the authors include a short discussion explaining why the PiC method 
was not considered, or outlining why it may not be suitable for their particular application. 

We thank the reviewer for this insightful suggestion. We agree that the Particles-in-Cell (PiC, or 
Markers-in-Cell) method is closely related to our Semi-Lagrangian (SL) scheme and could, in 
principle, replace it. Elmer already contains the code for forward particle-tracking that could serve 
as the basis for such an implementation. The PiC approach has clear advantages, such as avoiding 
the need to reinitialize particles at each time step and improving reversibility between backward 
tracking and forward integrations. 

However, a PiC implementation would require initializing a large number of particles per element 
to ensure statistically meaningful averages (since the sampling error scales as 1/√𝑁). This 
considerably increases both the computational cost. Particle location searches are also expensive 
in FEM unstructured meshes. In our current Elmer framework, which is optimized for FEM-centric 
data structures (element connectivity, handling of boundaries, …), PiC simulations are relatively 
slow for this reason. Implementing an efficient PiC scheme would likely require substantial 
restructuring of the FEM data structure to minimize the cost of particle-search. 

A short discussion will be added to Section 5 of the revised manuscript explaining why the PiC 
approach was not implemented. We highlight its conceptual similarities with the SL formulation, 
as well as its additional complexity and computational demands. We also note that PiC schemes 
can face the same conservation issues as SL and would require additional flux-balancing steps. A 
conservative PiC extension is therefore identified as a potential direction for future work: 

“A related family of particle–grid techniques, often termed Particles-in-Cell (PiC) or Markers-in-
Cell, could also be used for tracer advection. These methods deposit particle values back onto a 
fixed grid through conservative weighting, which can reduce numerical diffusion and capture sub-
grid variability. However, PiC schemes typically require a large number of particles per element to 



achieve statistically reliable averages, and the associated particle–mesh communication can 
become costly on unstructured grids. Implementing an efficient PiC scheme in Elmer would 
therefore require major modifications to the current FEM-based data structures. We opted instead 
for the SL formulation, which reuses existing FE interpolation operators while keeping 
computational costs low. Extending the present implementation toward a conservative PiC scheme 
will be explored in future work”. 

2. It is not entirely clear whether the Stokes solver also employs DG or another FEM formulation. 
Providing a brief and explicit description of the Stokes solver in Elmer would improve the 
manuscript’s clarity. If DG is also used for the flow solution, the velocity field would be 
discontinuous across element boundaries. In this case, when combining DG with the SL method, 
it would be useful to clarify how this discontinuity is handled. Do the authors use the 
discontinuous field directly, or is the velocity averaged (e.g., at element nodes) before advection? 

The Stokes equations are solved using continuous Galerkin FEMs with linear equal-order elements 
for velocity and pressure. The velocity field is continuous, ensuring smooth particle trajectories. 
DG is only used for advection, not for the flow solution. We will add a paragraph in Section 2.2 to 
make this statement clear: 

The Stokes equations are solved using Elmer’s standard continuous Galerkin formulation with 
stabilized equal-order linear elements for velocity and pressure. The resulting velocity field is 
continuous at element nodes, ensuring smooth trajectories for particle advection. Discontinuous 
Galerkin is not used for the flow solution; only the advection equation employs either DG or SL 
discretizations. Therefore, no averaging of discontinuous velocities is required when coupling with 
the SL method 

3. The manuscript refers to “linear square elements” and “linear edge elements” in the numerical 
experiments. Are these the same for both velocity and pressure fields? Additionally, line 329 
mentions that wedge elements have 44 integration points—are these the same “linear” 
elements referred to earlier? It would be beneficial to provide a concise description of these 
elements along with the relevant Elmer implementation details. 

We clarifiy that all simulations use linear Lagrange elements. 2D tests use quadrilateral elements 
(‘linear square’) and 3D tests use wedge (prismatic) elements with 44 integration points for 
quadrature. These correspond to Elmer element types 403 and 508, respectively. 

All experiments use first-order (linear) Lagrange elements. Two-dimensional tests employ 
quadrilateral elements (‘linear square’), and three-dimensional slab-flow experiments use 
prismatic wedge elements with linear interpolation along each coordinate. In Elmer, these 
correspond respectively to element types 403 and 508, the latter using 44 integration points for 
numerical quadrature. 

4. In Section 3.2.2, the authors state that the SL scheme seldom randomly leads to either an artificial 
increase or decrease of the advected field accumulated over the whole domain, and this 
potentially being caused by the number of internal time steps or loss of particles. Figure 5 shows 
± oscillations over time for all time steps used, so assuming the number of internal time steps 
remains constant throughout the simulation, it is unclear why such oscillations would occur as a 



result of the number of internal time steps. Could the authors elaborate on this behavior? 
Similarly, the observed particle loss when moving across partitions requires clarification. If 
particles are correctly reassigned to their respective MPI ranks after each internal time step, such 
losses should not occur. 

Oscillations stem from interpolation and rounding errors during particle reinitialization, not from 
sub-step count. Particle loss occurs when particles cross MPI domain boundaries between 
communication steps. These particles are reassigned at the next synchronization (i.e., timestep). 
We will add the following paragraph in Section 3.2.2: 

The small oscillations visible in Fig. 5 arise from interpolation and rounding errors that accumulate 
as particles are reinitialized at each simulation time step (Δ𝑡). The number of internal sub-steps 
(𝛿𝑡	, kept constant here) influences the oscillation amplitude only indirectly, through its effect on 
trajectory accuracy. The small particle losses observed in parallel runs result from particles crossing 
sub-domain boundaries between MPI synchronizations; when communication is performed only 
after the final internal sub-step, a few particles can transiently exit the active domain before being 
reassigned at the next exchange. These events are rare and decrease with more frequent 
synchronization. 

5. In Section 4, only the SL method is applied. It would strengthen the study to include a comparison 
using the DG method for the same experiment, thereby demonstrating the relative performance 
of both methods in a realistic application, rather than only in synthetic tests. This would better 
illustrate the practical trade-offs between the two schemes. 

We note that this comment overlaps with Reviewer 1’s request. As requested, we will include this 
comparison in Sec. 4. 

Minor technical and stylistic corrections 
 

All stylistic and consistency issues in the revised manuscript will be corrected, including: 

• Abbreviation: we agree that both “a” (for annum) and “yr” (for year) are used in the literature. “a” 
is widely adopted in glaciology and geosciences and is consistent with conventions in The 
Cryosphere (EGU journal) and other journals. It seems that yr is preferred in GMD and we will 
make the correction following the reviewer suggestion.  

• Line 35: FEM acronym corrected 
• Line 96:  Thank you for this suggestion. We did not test an explicit RK4 integrator, as we do not 

expect it to significantly improve the overall accuracy of the Semi-Lagrangian (SL) scheme. When 
a sufficiently large number of internal time steps is used for particle trajectory integration, the 
dominant source of error in the SL method arises from the interpolation between particles and 
the Eulerian mesh rather than from the trajectory integration itself. RK4 integrator could be useful 
in certain situations: (1) very long simulations where errors accumulate over time, (2) a small 
number of internal time step is used, or (3) in complex flow fields with rapid directional variations. 
However, we expect that increasing the number of timesteps is a more effective strategy. 



• Line 113-114: We will remove the term ‘traditional cell search’ and rewrite the sentence: “The 
simplest way to find this position is to localize the particle’s new location using the coordinate of 
the particle to retrieve its position into the mesh.” 

• Line 159 and elsewhere: RMS consistently renamed RMSE. 
• Line 165: Add a short introduction to Section 3.2 
• Line 200: Clarified 3D slab-flow setup (layers of prismatic elements). 
• Sec. 3.2.1.: Yes, we use 3D elements constructed by extruding the 2D squares on the vertical axis. 

We have made that clearer in the new version of the manuscript. 
• Line 210-213: we will add a short paragraph describing that simulations use distributed-memory 

MPI only, with communication performed after each internal sub-step. No OpenMP is used. 
• Tab. 1:  We also explained that slight decreases in computation time per particle with N (Table 1) 

mostly results from the interpolation, which is done one time per time step, whatever the value 
of N. The SL average time step time (s) follows the relation: 𝑡 = 	𝑡!"#$%&	(")	*#+$%	*&$%(#!*", +
𝑁 × 𝑡-#	().$/#!*" with 	𝑡!"#$%&	(")	*#+$%	*&$%(#!*",~	0.035	s and 𝑡-#	().$/#!*"~	0.075	s, resulting 
in : 

§ 𝑡(𝑁 = 1) = 0.035 + 0.075 = 0.11 s 
§ 𝑡(𝑁 = 5) = 0.035 + 5	 × 0.075 = 0.41 s 
§ 𝑡(𝑁 = 10) = 0.035 + 10	 × 0.075 = 0.78	s 

The reviewer is therefore right to think that the time per N is approximatively constant. 

• Sec. 4.1: The grid resolution and the type of elements is presented in Appendix B2 but, following 
the reviewer’s suggestion we added a short summary in Sec 4.1. We also better explained how 
the damage variable is computed (i.e., evaluated at integration points after the Stokes calculation 
and interpolated to the nodes).  

We also accounted for the remaining minor comments in the reviewer’s annotated version of the 
manuscript: 

• “this may be a bit misleading, SL does not require any particles”. We agree with the reviewer 
that this wording may be misleading. In a strict sense, Semi-Lagrangian schemes do not 
require particles, as they are based on characteristic back-tracing rather than on discrete 
material. In the present implementation, the SL scheme is realized using a particle-based 
formulation to approximate the characteristic paths and source-term integration. We will 
clarify this distinction in the text and consistently refer to this approach as a particle-based 
implementation of a Semi-Lagrangian method. 

• In the Appendix of ice flow model initialization: “what do you mean by 2D-plan? you mean a 
mesh of the surface”. Not exactly, it is a 2D-plan mesh of the footprint of the glacier basin, it 
is then extruded between the upper surface and the lower surface (described through a DEM).  

• Figure 4. The DG solution looks smoother at t0 because of how the field is represented and 
visualized in DG, not because diffusion has already occurred. 

• The damage source is computed at the node. We will make this clearer with the following 
sentence: “[…] the damage source term is evaluated at the nodes, using stresses interpolated 
from integration points”. 

• Regarding the construction of the 3D mesh, the domain is first discretized as a 2D footprint 
using triangular elements. This 2D mesh is then vertically extruded into 11 layers, with the 



bottom and top surfaces adjusted to match the glacier bed and surface digital elevation 
models. We will clarify this procedure in the revised manuscript.  

We thank the reviewer again for their detailed review. Their suggestions will substantially improve the 
clarity, completeness, and technical precision of the manuscript. 

 


