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3

Abstract4

In this paper, we present a set of transport equations (continuity, momentum, and energy)5

using the Kappa velocity distribution as our zeroth-order function within the framework of6

the five-moment approximation. Then, we derive the corresponding transport momentum and7

energy coefficients using the Boltzmann collision integral. The results are expressed in terms8

of hypergeometric functions. These calculations have been done for three types of collisions:9

Coulomb collisions, hard-sphere interactions, and Maxwell molecules collisions. Furthermore,10

we explore the transport coefficients in two special cases: (1) the limiting case when kappa11

index approaches infinity, where the results converge to those of the Maxwellian distribution,12

and (2) the case of a non-drifting Kappa distribution. Finally, we discuss the behaviour of the13

transport coefficients in the case of Coulomb collisions for the Kappa distribution and compare14

it with the result of Maxwellian distribution.15

keywords Transport equations, Five-moment approximation, Transport coefficients, Kappa distri-16

bution, Coulomb collisions.17

1 Introduction18

The transport equations based on the Maxwellian velocity distribution function were first derived19

by Tanenbaum [1967] and Burgers [1969], with a subsequent review by Schunk [1977]. These studies20

also obtained the transport coefficients ( i.e. the collision integrals ) using the Boltzmann collision21

integral approach and expressed them in terms of Chapman-Cowling collision integrals Chapman22

and Cowling [1970]. These coefficients are valid for arbitrary temperature differences between the23

interacting gases but are restricted to small drift velocities. In Jubeh and Barghouthi [2018], the24

transport coefficients were calculated, for the five-moment approximation, without restriction on the25

drift velocity and presented in closed form using hypergeometric functions. The transport equations26

and the transport coefficients for a bi-Maxwellian velocity distribution function have also been derived27

in several studies Chew et al. [1956], Demars and Schunk [1979], Hellinger and Trávńıček [2009], and28

Jubeh and Barghouthi [2017] in order to develop a more accurate model. Since, in space plasmas,29

the particle velocity distribution functions often deviate from the standard Maxwellian distribution,30

exhibiting non thermal suprathermal tails that decreases following a power law in terms of velocity.31

Such distributions are well-fitted by the so-called Kappa velocity distribution function, or generalized32

Lorentzian velocity distribution functions. The Kappa distribution, is a power-law distribution with33

long tails describing highly energetic particles, appears in a wide variety of settings, from low-density34

to high-density plasmas. It is commonly found at high altitudes in the solar wind and in various35

locations, including the terrestrial magnetosphere, radiation belts, and the magnetospheres of planets36

like Jupiter, Saturn, Uranus, and Neptune, as well as in other space plasma environments like Titan37

and the Io plasma torus. The prevalence of Kappa distributions in these regions has been extensively38

corroborated by Observations and satellite data from WIND Collier et al. [1996], Ulysses Meyer-39

Vernet et al. [1995], Cassini Steffl et al. [2004], and the Hubble Space Telescope Retherford et al.40
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[2003]. For a detailed discussion of the Kappa distribution, see Pierrard and Lazar [2010], Livadiotis41

[2018] and Davis et al. [2023]. Due to the frequent occurrence of the Kappa distribution in many42

space plasma environments, it’s significantly important to see how the transport equations and the43

transport coefficients will be affected when we expand the velocity distribution function around the44

Kappa distribution. To address this, the study starts in Section 2 with a discussion of the theoretical45

formulation of Boltzmann’s equation and the relevant collision terms, i.e., the Boltzmann collision46

integral. Section 3 presents the five-moment approximation of the transport equations. In Section47

4, we derive the five-moment approximation for the Kappa velocity distribution function. Then, in48

Section 5, we calculate the transport coefficients for drifting Kappa plasmas, applicable for arbitrary49

drift velocity differences as well as temperature differences between the interacting plasma species.50

Next, we express the resulting coefficients in a hypergeometric representation. Section 6 investigates51

two special cases; the first, where the kappa index approaches infinity; the second, for the non-drifting52

Kappa distribution. These calculations cover three types of interactions: Coulomb collisions, hard-53

sphere interactions, and Maxwell molecules collisions. Finally, in Section 7, we study the behaviour54

of the transport coefficients in the case of Coulomb collisions and see how collisions affect both55

the momentum and the energy of the colliding particles, as well as how the effect differs for both56

Maxwellian and Kappa distributions.57

2 Boltzmann Equation58

In dealing with plasma, we describe each species in the plasma by a separate velocity distribution59

function fs (r,vs, t), defined such that fs (r,vs, t) dvsdr represents the number of particles of specie60

s, which at time t have velocity between vs and vs + dvs and positions between r and r + dr.61

The evolution in time of the species velocity distribution function is determined by the net effect of62

collisions and the flow in phase space of species under the effect of external forces. The mathematical63

description of this evolution is given by Boltzmann equation, Schunk [1977],64

∂fs

∂t
+ vs · ∇fs + as · ∇vsfs =

δfs

δt
. (1)

Here, ∇ represents the gradient in coordinate space, ∇vs is the gradient in velocity space, and as65

denotes the particle acceleration due to external forces. In most plasma applications, the main66

external forces acting on the charged particles are gravitational and Lorentz forces . With allowance67

for these forces, the acceleration becomes68

as = G +
es

ms

(
E +

vs ×B

c

)
, (2)

where G is the acceleration due to gravity, es and ms are the charge and mass of species s respectively,69

E is the electric field, B is the magnetic field, and c is the speed of light. The quantity in the right70

side of the Boltzmann equation, (δfs/δt), represents the rate of change of fs in a given region of71

phase space as a result of collisions, and its form depends on the type of collision process.72

Boltzmann Collision Integral73

The appropriate expression for (δfs/δt) in case of binary elastic collisions between particles (collisions74

governed by inverse power potentials, and resonant charge exchange collisions) is the Boltzmann75

collision integral, given by, Schunk [1977], Schunk and Nagy [2009]76

δfs

δt
=

∑

t

∫

R3×Ω

[f ′s f ′t − fs ft] gst σst(gst, θ) dΩ dvt, (3)

where dvt is the velocity space volume element for the target species t, gst is the relative velocity of77

the colliding particles s and t, written as78

gst = vs − vt, and gst = |vs − vt|, (4)
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dΩ is the element of solid angle in the s particle reference frame, θ is the scattering angle, σst(gst, θ)
is the differential scattering cross section, defined as the number of particles scattered per solid angle
dΩ, per unit time, divided by the incident intensity, and the primes denote quantities evaluated after
the collision.

f ′sf
′
t = f ′s(r,v

′
s, t) f ′t(r,v

′
t, t)

Moments Of The Velocity Distribution Function79

If Ns(r,vs, t) represents the number of species s at a given point in phase space (r,vs, t), then, by80

the definition of the velocity distribution function, we can write, Bittencourt [2004],81

dNs = fs dvs dr. (5)

Dividing both sides of the equation (5) by the volume element dr, and then integrate over the velocity82

space, gives the zeroth-order moment,83

ns(r, t) =

∫

R3

fs dvs, (6)

which represents the number density of particles. Hence, the number density ns is the number of84

particles per unit volume. From relation in equation (6), it is clear that the term fs/ns represents85

a normalized probability density function. As a result, the average value of ξs(vs) at any position r86

and time t is given by87

⟨ξs⟩ =
1

ns

∫

R3

ξs fs dvs. (7)

The first-order moment is the average value of vs, and it represents the drift velocity of a species s,

us(r, t) = ⟨vs⟩.

For higher moments, it is more convenient to evaluate them with respect to the drift velocity us, so88

we introduce the random velocity, Grad [1949], as follows89

cs(r,vs, t) = vs − us, (8)

clearly,90

⟨cs⟩ = 0. (9)

Then, the physically significant velocity moments of the species distribution function are91

Temperature : Ts(r, t) =
ms

3kB

〈
c2
s

〉
, (10)

Pressure tensor : Ps(r, t) = nsms ⟨cscs⟩ , (11)

Stress tensor : τ s(r, t) = Ps − ps I, (12)

Heat flow vector : qs(r, t) =
nsms

2

〈
c2
s cs

〉
, (13)

Heat flow tensor : Qs(r, t) = nsms ⟨cscscs⟩ . (14)

Higher-order pressure tensor : µs(r, t) =
nsms

2

〈
c2
s cscs

〉
, (15)

where kB is the Boltzmann constant, I is a unit dyadic, ps is the partial pressure and defined as92

ps = nskB Ts. (16)

The average value, defined in equation (7), can be written using the definition of the random velocity,93
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from which the relation dcs = dvs follows, as94

⟨ξs(cs)⟩ =
1

ns

∫
ξs(cs) fs(r, cs, t) dcs. (17)

3 The Five - Moment Approximation95

The transport equations describe the spatial and temporal evolution of the physically significant96

velocity moments, mentioned in the previous section. These equations can be obtained by multiplying97

the Boltzmann equation by an appropriate function of velocity and then integrating over the velocity98

space. If we multiply equation (1) by the factors 1, mscs,
1
2
msc

2
s, mscscs, and 1

2
msc

2
scs, and then99

integrate over the velocity space, we obtain the continuity, momentum, energy, pressure tensor, and100

heat flow equations, respectively. These are the general transport equations for species s, as given in101

Schunk [1977], Schunk and Nagy [2009], and Bittencourt [2004]. The general transport equations do102

not constitute a closed system because the equation governing the moment of order l contains the103

moment of order l + 1. That is, the continuity equation describes the evolution of the density, but104

it also contains the drift velocity, and similar dependencies occur in the higher moment equations.105

In order to close the system, it is necessary to adopt an approximate expression for fs. A common106

mathematical technique can be used to do that, is expanding fs in a complete orthogonal series of107

the form, Grad [1949] and Mintzer [1965],108

fs (r, cs, t) = f (0)
s (r, cs, t)

∑

p

ap(r, t)Mp (r, cs, t) , (18)

where f
(0)
s is an appropriate zeroth-order velocity distribution function, Mp represents a complete set109

of orthogonal polynomials, ap represents the unknown expansion coefficients, and the subscript p is110

used to indicate that the summation is generally over more than one coordinate index. The zeroth-111

order distribution function and the orthogonal set of polynomials are generally chosen so that the112

series converges rapidly, meaning that only a few terms in the series expansion are needed to describe113

the distribution function. Different levels of approximation are possible depending on the number114

of terms retained in the series expansion. The first term in the series expansion in equation (18) is115

1, regardless of the choice of the zeroth-order distribution function f
(0)
s Mintzer [1965]. Therefore,116

assuming the species distribution function fs is represented by the first term of the expansion, we117

have118

fs = f (0)
s . (19)

This approximation reduces the general system of transport equations to just the continuity, mo-119

mentum, and energy equations for each species,120

δns

δt
=

∂ns

∂t
+∇ · (nsus) , (20)

δMs

δt
= nsms

Dsus

D t
+∇ ·Ps − nsmsG− nses

(
E +

us ×B

c

)
, (21)

δEs

δt
=

Ds

D t

(
3

2
ps

)
+

3

2
ps (∇ · us) +∇ · qs + Ps : ∇us, (22)

where the operation Ps : ∇us, corresponds to the double product of the two tensors Ps, and ∇us,121

and122

Ds

D t
=

∂

∂t
+ us · ∇ . (23)
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The set of equations (20−22) were initially derived with no assumption about the f
(0)
s , Tanenbaum123

[1967]. If the choice of zeroth-order distribution function f
(0)
s satisfies124

qs = τ s = 0, (24)

as in the drifting Maxwellian distribution, we can write equations (20−22) as, Schunk [1977],125

δns

δt
=

∂ns

∂t
+∇ · (nsus) (25)

δMs

δt
= nsms

Dsus

D t
+∇ps − nsmsG− nses

(
E +

us ×B

c

)
(26)

δEs

δt
=

Ds

D t

(
3

2
ps

)
+

5

2
ps (∇ · us) (27)

These equations are known as the five-moment approximation of the transport equations because126

each species is characterized by five parameters: density, three components of drift velocity, and127

temperature. At this level of approximation, stress, heat flow, and all higher-order velocity moments128

are neglected, and the properties of the species are expressed in terms of just the species density,129

drift velocity, and temperature. The terms on the left-hand side of equations (25−27) are called130

the collision integrals, or, as we will refer to, the transport coefficients. These coefficients are the131

moments of the Boltzmann collision integral and describe the rate of change of density, momentum,132

and energy due to collisions. They are defined as follows:133

δns

δt
=

∫

R3

δfs

δt
dcs, (28)

δMs

δt
= ms

∫

R3

cs
δfs

δt
dcs, (29)

δEs

δt
=

ms

2

∫

R3

c2
s

δfs

δt
dcs, (30)

where the Boltzmann’s collision integral, expressed in terms of the random velocities cs and ct, and134

takes the form:135

δfs

δt
=

∑

t

∫

R3×Ω

[f ′sf
′
t − fsft] gst σst(gst, θ) dΩ dct, (31)

with the functions f ′s, f ′t , fs, and ft depends on (r, cs or ct, t).136

4 The Five - Moment Approximation For Drifting Kappa137

Distribution138

In 3-dimensions, the drifting Kappa distribution function of particle velocities is commonly written139

in the form, Livadiotis [2018], Davis et al. [2023],140

fκα
α (r, cα, t) =

nαη(κα)

π3/2 w3
α

(
1 +

c2
α

κ0α w2
α

)−κα−1

, (32)

where α denotes the particle type, cα is the random velocity of species α, and it is defined in terms141

of the particle drift velocity uα, as142

cα = vα − uα, (33)

the thermal velocity of particle α, wα, is given by143

wα =

√
2kBTα

mα

, (34)
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mα and Tα are the mass and the absolute temperature of particle α, respectively, kB is the Boltzmann144

constant, η(κα) is a function of kappa index κα, defined as145

η(κα) = κ
−3/2
0α

Γ(κα + 1)

Γ (κα − 1/2)
, κ0α = κα −

3

2
, (35)

κ0α is the invariant kappa index and κα is a shape parameter that controls the power-law tails,146

sometimes referred to as the spectral index, with the condition κα > 3/2. This condition prevents147

the Kappa distribution function in equation (32) from collapsing, as the equivalent temperature148

would not be defined Pierrard and Lazar [2010]. Setting the zeroth-order distribution function f
(0)
s149

to be a drifting Kappa distribution, it is expressed as150

f (0)
s = fκα

s =
nsη(κα)

π3/2 w3
s

(
1 +

c2
s

κ0α w2
s

)−κα−1

, (36)

leads to the five-moment approximation described in equations (25–27), provided the condition in151

equation (24) is satisfied. Since if we substitute the following average values of the Kappa distribution,152

see Appendix A for details,153

⟨cscs⟩ =
kBTs

ms

I,
〈
c2
s cs

〉
= 0. (37)

into equations (11), (12), and (13) yields to154

Ps = nsms ⟨cscs⟩ = nskBTs I (38)

τ s = Ps − psI = 0, (39)

qs =
nsms

2

〈
c2
s cs

〉
= 0. (40)

5 Transport Coefficients155

Calculating the transport coefficients involves solving integrals known as the transfer collision inte-156

gral, which take the form157

δξs

δt
=

∫

R3

ξs
δfs

δt
dcs, (41)

where ξs represents a general velocity moment. Specifically, for ξs = 1, mscs, and 1
2
msc

2
s, the integral158

corresponds to the expressions in equations (28−30). We are interested in collisions described by the159

Boltzmann collision integral mentioned in equation (31). Therefore, the transfer collision integral is160

δξs

δt
=

∑

t

∫

R3

∫

R3×Ω

ξs [f ′sf
′
t − fsft] gst σst(gst, θ) dΩ dct dcs. (42)

Rewriting equation (42) in an equivalent form161

δξs

δt
=

∑

t

∫

R3

∫

R3×Ω

fsft [ξ′s − ξs] gst σst(gst, θ) dΩ dct dcs, (43)

that does not require the distribution functions after the collision, f ′sf
′
t , which can be reorganized to162

obtain163

δξs

δt
=

∑

t

∫

R3×R3

fsft gst

(∫

Ω

[ξ′s − ξs] σst(gst, θ) dΩ

)
dct dcs. (44)

Since we are interested in the transport coefficients for density, momentum, and energy, we obtain the164

following by substituting the corresponding value of ξs into equation (44), and using the momentum165

transfer cross-section integral,166

Q
(1)
st (gst) =

∫

Ω

(1− cos θ) σst (gst, θ) dΩ, (45)
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we can write the transport coefficients as, Schunk and Nagy [2009],167

δns

δt
= 0, (46)

δMs

δt
= −

∑

t

mst

∫

R3×R3

fsft gst Q
(1)
st gst dct dcs, (47)

δEs

δt
= −

∑

t

mst

∫

R3×R3

fsft gst Q
(1)
st

(
V̂c · gst

)
dct dcs, (48)

where the dot product is written as168

V̂c · gst =
mscs · gst + mtct · gst + mt ∆u · gst

ms + mt

, (49)

and the reduced mass mst defined as:169

mst =
msmt

ms + mt

. (50)

Equations (47) and (48) are expressed in terms of the momentum transfer cross-section integral170

Q
(1)
st , which is considered in three cases: Coulomb collisions, hard-sphere interactions, and Maxwell171

molecule collisions.172

Coulomb Collision173

The momentum transfer cross section for Coulomb collisions is given by174

Q
(1)
st (gst) =

QCo

g4
st

, (51)

where175

QCo = 4π

(
eset

4πε0mst

)2

ln Λ. (52)

Here, es and et are the charges of species s and t, respectively, ε0 is the permittivity of free space,176

and ln Λ is the Coulomb logarithm.177

Hard-Sphere Interactions178

For hard-sphere interactions, the momentum transfer cross section,179

Q
(1)
st = QHS = π σ2, (53)

is a constant (σ is the sum of the radii of the colliding particles).180

Maxwell Molecule Collisions181

In the case of Maxwell molecule collisions, the product of the relative velocity and the momentum182

transfer cross-section,183

gstQ
(1)
st = QMC, (54)

is constant and can be removed from the integrals in equations (46−48).184

Transport Coefficients For Drifting Kappa Distribution185

Up to this point, the evaluation of the transport coefficients was generalized. Now, we will calculate186

the transport coefficients for the five-moment approximation, under the assumption that the velocity187

distribution function is a drifting Kappa distribution for both interacting particles. Evaluating the188

transport coefficients for each type of collision for the drifting Kappa distribution requires rewriting189

the distribution in an integral representation. So, rather than writing the distributions in the form190
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of equation (32), they can be written as191

fκs
s =

nsη(κs)

π3/2 w3
s

1

Γ(κs + 1)

∫ ∞

0

ξκs
1 e−ξ1 exp

[
− ξ1 c2

s

κ0s w2
s

]
dξ1, (55)

fκt
t =

ntη(κt)

π3/2 w3
t

1

Γ(κt + 1)

∫ ∞

0

ξκt
2 e−ξ2 exp

[
− ξ2 c2

t

κ0t w2
t

]
dξ2, (56)

Coulomb Collision192

Using equation (51), The transport coefficients for Coulomb collisions, are193

δns

δt
= 0, (57)

δMs

δt
= −

∑

t

mst QCo

∫

R3×R3

fκs
s fκt

t

gst

g3
st

dct dcs, (58)

δEs

δt
= −

∑

t

mst QCo

∫

R3×R3

fκs
s fκt

t

(V̂c · gst)

g3
st

dct dcs. (59)

The Momentum Coefficient194

The momentum coefficient for Coulomb collision is given in equation (58). Substituting the distri-195

butions given in equations (55) and (56) into the integral196

IM =

∫

R3×R3

fκs
s fκt

t

gst

g3
st

dct dcs, (60)

gives197

IM =
nsnt

π3 w3
s w3

t

η(κs)η(κt)

Γ(κs + 1)Γ(κt + 1)

∫ ∞

0

∫ ∞

0

ξκs
1 ξκt

2 e−ξ1−ξ2

(∫

R3

∫

R3

exp

[
− ξ1 c2

s

κ0s w2
s

− ξ2 c2
t

κ0t w2
t

]
gst

g3
st

dcsdct

)
dξ1 dξ2. (61)

To solve the integral in equation (61) we will introduce the following transformation, let198

cs =

(
κ0s

ξ1

)1/2

(c∗ − Ag∗) , ct =

(
κ0t

ξ2

)1/2

(c∗ + Bg∗) . (62)

The constant A and B are defined as:199

A =
mtTs

mtTs + msTt

, B =
msTt

mtTs + msTt

. (63)

The variables c∗ and g∗ are expressed as:200

c∗ = Vc − uc + ξ ∆u + ξ gst, (64)

g∗ = −gst −∆u, (65)

with201

uc =
msus + mtut

ms + mt

, ξ =
mst

ms + mt

Tt − Ts

Tst

. (66)

202

The reduced temperature Tst are defined as:203

Tst =
msTt + mtTs

ms + mt

, (67)
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and the difference between the drift velocities of s and t particles is204

∆u = ut − us. (68)

By calculating the determinant of the Jacobian matrix J for the transformation described in equations205

(62) and (63), we have206

dcsdct = det(J) dc∗dg∗ =

[
κ0sκ0t

ξ1ξ2

]1/2

dc∗dg∗. (69)

Applying the transformation make the integrals in equation (61) independent of each other, so by207

evaluating the integrals on c∗, ξ1 and ξ2 , and rewriting the g∗ integral, gives208

IM =
nsnt

π3/2 b3
D(κs, κt)

∫

R3

e−|gst+∆u|2/b2 gst

g3
st

dgst. (70)

where209

D(κs, κt) =
(κs − 1/2)

(κs − 3/2)

(κt − 1/2)

(κt − 3/2)
(71)

and210

b =

(
2kB

Tst

mst

)1/2

. (72)

Using the result of the integral In
1 for n = −3 (see Appendix B for details), we have211

IM = −4

3

nsnt

π1/2 b3
D(κs, κt) ∆u ΦCo(εst). (73)

Substituting equation (73) into equation (58), we can write the momentum coefficient for Coulomb212

collision as213

δMs

δt
=

∑

t

nsmsν
Co
st D(κs, κt) ∆u ΦCo(εst), (74)

where ΦCo is defined as in equation (153), Appendix B, and214

νCo
st =

4

3

mt

ms + mt

nt

π1/2 b3
QCo, εst =

|∆u|
b

. (75)

215

The Energy Coefficient216

The energy coefficient for Coulomb collision is given in equation (59). Substitute the dot product217

from equation (49) into the integral218

IE =

∫

R3×R3

fκs
s fκt

t

(V̂c · gst)

g3
st

dct dcs, (76)

leads to three integrals, which can be evaluated by following the same steps as the integral in equation219

(60), where we substitute the distributions given in equations (55) and (56) into the integrals, and220

apply the transformation mentioned in equations (62) and (63). This results in two integrals that221

depend on gst. Using the results of the integrals In
2 and In

3 at n = −3, as given in Appendix B, and222

combining all three integrals, we obtain:223

IE = − 1

ms + mt

4

3

nsnt

π1/2 b3

[
3kB ∆T W(κs, κt) ΨCo(εst) + mt D(κs, κt) |∆u|2 ΦCo(εst)

]
, (77)

where ∆T is the difference between the drift velocities of s and t particles,224

∆T = Tt − Ts, (78)

and W(κs, κt) defined as225

W(κs, κt) =
1

(κs − 3/2)1/2

Γ(κs)

Γ(κs − 1/2)

(κt − 1/2)

(κt − 3/2)
. (79)
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Substituting equation (77) in equation (59), we can write the energy coefficient for Coulomb collision,226

as227

δEs

δt
=

∑

t

nsmsν
Co
st

ms + mt

[
3kB ∆T W(κs, κt) ΨCo(εst) + mt D(κs, κt) |∆u|2 ΦCo(εst)

]
, (80)

where ΦCo and ΨCo are defined as in equation (153) and (155), respectively, and228

νCo
st =

4

3

mt

ms + mt

nt

π1/2 b3
QCo. (81)

Hard-Sphere Interactions229

Using equation (53), we can write the transport coefficients for hard-sphere interactions as230

δns

δt
= 0, (82)

δMs

δt
= −

∑

t

mst QHS

∫

R3×R3

fsft gst gst dct dcs, (83)

δEs

δt
= −

∑

t

mst QHS

∫

R3×R3

fsft gst

(
V̂c · gst

)
dct dcs. (84)

Calculating the transport coefficients for hard-sphere interactions follows the same steps that have231

been applied previously for the Coulomb collision, since the main difference between the integrals in232

equations (82−84) and those in equations (57−59) is that gst has a power of 1 rather than −3. This233

results in a change only in the final integrals, where we use In
1 , In

2 , and In
3 with n = 1, see Appendix234

B, to obtain the momentum coefficient for hard-sphere interactions.235

δMs

δt
=

∑

t

nsmsν
HS
st D(κ) ∆u ΦHS(εst), (85)

and the energy coefficient for hard-sphere interactions236

δEs

δt
=

∑

t

nsmsν
HS
st

ms + mt

[
3kB ∆T W(κ) ΨHS(εst) + mt D(κ) |∆u|2 ΦHS(εst)

]
, (86)

where ΦHS and ΨHS define as in equation (154) and (156), respectively, and237

νHS
st =

8

3

mt

ms + mt

nt

π1/2
b QHS. (87)

Maxwell Molecule Collisions238

Using equation (54), the transport coefficients for Maxwell molecule collisions become,239

δns

δt
= 0, (88)

δMs

δt
= −

∑

t

mst QMC

∫

R3×R3

fκs
s fκt

t gst dct dcs, (89)

δEs

δt
= −

∑

t

mst QMC

∫

R3×R3

fκs
s fκt

t

(
V̂c · gst

)
dct dcs. (90)

There’s no integration technique required to evaluate equations (88−90), since after rewriting the240

relative velocity in equation (4) and the dot product in equation (49) in terms of the random velocities241

cs and ct, as242

gst = cs − ct −∆u, (91)
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and243

V̂c · gst =
msc

2
s −mtc

2
t + (mt −ms)ct · cs + (mt −ms) cs ·∆u− 2mtct ·∆u−mt|∆u|2

ms + mt

. (92)

We can use the following expectation values, see Appendix A,244

〈
c2
α

〉
=

3kBTα

mα

, ⟨cα⟩ = 0, ⟨A⟩ = A , A is constant (93)

to obtain the momentum coefficient for Maxwell molecule collisions245

δMs

δt
=

∑

t

nsmsν
MC
st ∆u, (94)

and the energy coefficient for Maxwell molecule collisions246

δEs

δt
=

∑

t

nsmsν
MC
st

ms + mt

[
3kB ∆T + mt |∆u|2

]
, (95)

where247

νMC
st =

nt mt

ms + mt

QMC. (96)

Summary248

The general expressions for the transport coefficients in the five-moment approximation, where the249

the distribution function is set to be drifting Kappa, are summarized as follows:250

δns

δt
= 0, (97)

δMs

δt
=

∑

t

nsmsνst D(κs, κt) ∆uΦ(εst), (98)

δEs

δt
=

∑

t

nsmsνst

ms + mt

[
3kB∆T W(κs, κt) Ψ(εst) + mt D(κs, κt) |∆u|2 Φ(εst)

]
. (99)

where251

εst =

(
1

2kB

mst

Tst

)1/2

|∆u|, ∆u = ut − us, ∆T = Tt − Ts, (100)

and252

D(κs, κt) =
(κs − 1/2)

(κs − 3/2)

(κt − 1/2)

(κt − 3/2)
, W(κs, κt) =

1

(κs − 3/2)1/2

Γ(κs)

Γ(κs − 1/2)

(κt − 1/2)

(κt − 3/2)
. (101)

The factors νst, Φ, and Ψ change depending on the collision type, such as Coulomb, hard-sphere, and253

Maxwell molecule collisions. These are summarized as follows:254

Coulomb collisions :255

νst = νCo
st =

4

3

nt

π1/2

mt

ms + mt

(
1

2kB

mst

Tst

)3/2

QCo, QCo = 4π

(
eset

4πε0mst

)2

ln Λ, (102)

and256

Φ(εst) = ΦCo(εst) =
3
√

π

4

erf(εst)

ε3
st

− 3 e−ε2
st

2 ε2
st

, (103)

Ψ(εst) = ΨCo(εst) = e−ε2
st . (104)
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Hard-sphere interaction:257

258

νst = νHS
st =

8

3

nt

π1/2

mt

ms + mt

(
2kB

Tst

mst

)1/2

QHS, QHS = π σ2, (105)

and259

Φ(εst) = ΦHS(εst) =
3
√

π

8

(
εst +

1

εst

− 1

4ε3
st

)
erf(εst) +

3

8

(
1 +

1

2ε2
st

)
e−ε2

st , (106)

Ψ(εst) = ΨHS(εst) =

√
π

2

(
εst +

1

2εst

)
erf(εst) +

1

2
e−ε2

st . (107)

Maxwell molecule collisions260

Φ(εst) = ΦMC(εst) = 1/D(κs, κt), (108)

Ψ(εst) = ΨMC(εst) = 1/W(κs, κt), (109)

and261

νst = νMC
st =

nt mt

ms + mt

QMC, QMC = gstQ
(1)
st = constant. (110)

Hypergeometric Representation262

Here, we rewrite the resulting transport coefficients in terms of the hypergeometric function, and263

this is done by expressing the Φ’s and Ψ’s in the hypergeometric representation, where they can be264

written as265

Coulomb collisions :266

ΦCo(εst) = 1F1

(
3

2
;
5

2
;−ε2

st

)
, (111)

ΨCo(εst) = 1F1

(
1

2
;
1

2
;−ε2

st

)
. (112)

Hard-sphere:267

ΦHS(εst) = 1F1

(
−1

2
;
5

2
;−ε2

st

)
, (113)

ΨHS(εst) = 1F1

(
−1

2
;
3

2
;−ε2

st

)
. (114)

Maxwell molecule:268

ΦMC(εst) = 1/D(κs, κt), (115)

ΨMC(εst) = 1/W(κs, κt). (116)

6 Special Cases269

6.1 Limiting case270

One of the special properties of the Kappa distribution is that as κ tends to infinity, the Kappa271

distribution turns to a Maxwellian distribution, where we have, Pierrard and Lazar [2010],272

lim
κ→∞

η(κ) = 1 and lim
κ→∞

[
1 +

a

(κ− 3/2)

]−κ−1

= e−a , (117)
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thus, the Kappa distribution becomes identically Maxwellian distribution273

lim
κ→∞

fκ
α =

nα

π3/2 w3
α

exp

(
− c2

α

w2
α

)
= fM

α , (118)

which gives us one more step to be sure that the derived formulas are correct by taking the limit274

of transport coefficients as κ → ∞ and comparing the resulting limit with existing formulas for275

the Maxwellian. The transport coefficients in the three cases Coulomb collisions, hard sphere, and276

Maxwell molecule are given in equation (97−99), and in the derived formulas the kappa index exist277

only in the two function D(κs, κt) and W(κs, κt) which mean that the limit of the transport coefficient278

is simplified to the two limits279

lim
κ→∞

D(κ, κ) = lim
κ→∞

W(κ, κ) = 1, κ = κs = κt (119)

so the limit of the transport equations (97−99), as κ goes to ∞ is280

lim
κ→∞

[
δns

δt

]
= 0, (120)

lim
κ→∞

[
δMs

δt

]
=

∑

t

nsmsνst ∆uΦ(εst), (121)

lim
κ→∞

[
δEs

δt

]
=

∑

t

nsmsνst

ms + mt

[
3kB ∆T Ψ(εst) + mt |∆u|2 Φ(εst)

]
. (122)

The resulting limit in the equations gives exactly the same result as the Maxwellian, as seen in281

Schunk and Nagy [2009], with the same definitions of Φ, Ψ, and νst.282

6.2 Non -Drifting Kappa Distribution283

If we chose both species s and t to have non-drifting kappa distribution, then the drift velocities for284

both of the interacting particles is equal to zero, us = ut = 0, and since we define, ∆u = ut−us, we285

have286

∆u = 0, |∆u| = 0 (123)

then using the relation287

ΨCo(0) = ΨHS(0) = 1, ΨMC(0) = 1/W(κs, κt), (124)

the transport coefficient becomes288

δns

δt
= 0, (125)

δMs

δt
= 0, (126)

δEs

δt
=

∑

t

nsmsνst

ms + mt

[3kB ∆T W(κs, κt) F(κs, κt) ] . (127)

where F is a function of κs and κt defined for Coulomb and Hard-sphere, as289

F(κs, κt) = FCo(κs, κt) = FHS(κs, κt) = 1, (128)

and for Maxwell molecule, as290

F(κ) = FMC(κ) = 1/W(κs, κt). (129)

When the drift velocities of the species s and t are equal, i.e. us = ut, we obtain the same result as291

given in equations (125−127).292
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7 Variations Of Transport Coefficients As A Result293

Of Coulomb Collisions294

The transport coefficients for the five-moment approximation, presented in equations (97−99), de-295

scribe how density, momentum, and energy, for particles s change under the effect of collisions. These296

coefficients depend on three variables, number density ns, drift velocity us, and temperature Ts for297

particles s, as well as on the parameters of particles t, number density nt, drift velocity ut, and tem-298

perature Tt. Additionally, two functions of κs and κt , D(κs, κt) and W(κs, κt). The masses of both299

interacting particles, s and t, (ms, mt) are constant and remain unchanged throughout the collision300

process for all types of collisions, this makes the density coefficient to be zero according to equation301

(97). In this section, we will examine how these coefficients, in the case of Coulomb collisions, vary302

with respect to the variables (ns, us, Ts), the parameters (nt, ut, Tt), and the functions D and W.303

Maxwellian Distribution304

In the Maxwellian case, both functions D(κs, κt) and W(κs, κt) are set to one, Section 6.1. For better305

clarity, we will discuss the behaviour of the transport coefficients in three cases. In each case, we will306

consider a specific set of variables or parameters.307

First case, the number density of the interacting particles ns and nt. From equations (97−99), we308

see that ns and nt appear as a product. This indicates that an increase in the number density of309

either particle s or t will increase the influence of collisions on both momentum and energy of the s310

particles. Such a result is reasonable because the number density is defined as the number of particles311

per unit volume. Increasing the number density requires increasing the number of particles within312

the same volume. This results in more collisions between the interacting particles s and t, leading313

to a greater change in both momentum and energy due to the collisions.314

Second case, the drift velocities of the interacting particles us, ut, and the temperature of the s315

particles Ts. Equations (97−99) show that the transport coefficients depend on the difference in316

drift velocity, ∆u = ut − us, and Ts. In Figures (1a) and (1c), we plot the isolines of the transport317

coefficients for momentum and energy as functions of ∆u and Ts, with all other constants set to318

1.0 for simplicity. Additionally, we assume identical parameters for all t particles, so the summation319

over t, in equations (97−99), reduces to multiplication by the number of t particles, Nt, which is set320

to 1000 for easier comparison with other cases. Figure (1a) shows the magnitude of the momentum321

transport coefficient, assuming that the direction of ∆u is along the z-axis. From the figure, we can322

see that the momentum of the particles s does not change when the difference in drift velocities,323

∆u, is zero, regardless of the temperature Ts. In other words, the drift velocities of the two particles324

are either equal or both zero, meaning that the particles are not moving relative to each other, or325

the system is in a state where there is no net current flow (e.g., no applied electric field). Under326

these conditions, Coulomb collisions can be treated as an elastic collisions, so that the total kinetic327

energy and momentum of the system are conserved, resulting in no change in momentum caused328

by the collisions. To see how momentum transport coefficient changes relative to ∆u, we plot the329

cross-section of the momentum transport coefficient at Ts equals to zero as shown in Figure (1b).330

We can observe that when one particle’s drift velocity is slightly larger than the other’s, the change331

in momentum of particle s due to collisions will increase until it reaches its maximum. Beyond this332

maximum point, as absolute value of the difference between the drift velocities becomes very large,333

i.e., us ≫ ut or ut ≫ us, collisions have less and less effect on the momentum, and it approaches334

zero when ∆u becomes very large, because when the interacting particles are moving at significantly335

different speeds (i.e., have large differences in drift velocities), they are more likely to move past336

each other without interacting, leading to decreasing in the number of collisions. Referring back337

to Figure (1a), as the temperature of the s particles increases, the impact of collisions on their338

momentum decreases until it eventually vanishes. This occurs because the mean collision frequency,339

ν, between the particles decreases with increasing temperature. Specifically, for Coulomb collisions,340
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the relationship given by Freidberg [2008],341

ν ∝ 1

T 3/2
, (130)

showing that collisions become less probable at higher temperatures, leading to a reduction in their342

influence on momentum. Figure (1c) represents the energy transport coefficient, the graph shows343

that the maximum energy exchange occurs when the difference in the drift velocities is zero. As we344

mentioned earlier, in this case, both momentum and kinetic energy are conserved, meaning there is345

no change in these quantities. The change in the energy comes from the potential energy, specifi-346

cally the difference between the temperatures of the interacting particles. Figure (1d) presents the347

cross-section of the energy transport coefficient when ∆u equals to zero. At Ts equals to zero, colli-348

sions have their highest effect,since particles s gains temperature from particles t, the energy change349

of particles s decreases as Ts approaches Tt, reducing the temperature transfer. Eventually, when350
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Figure 1: The transport coefficients for momentum and energy for the Maxwellian velocity distribu-
tion function in the case of Coulomb collisions.
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the temperatures of particles s and t are equal, Ts = Tt, the temperature difference becomes zero,351

∆T = 0, leading to no temperature transfer and the change in the energy of particle s is zero. This352

occurs in the Figure (1d) at Ts = Tt = 1. As the temperature of particles s increases above the353

temperature of particles t, Ts > Tt, particles s starts losing temperature to particles t, and this354

reduction increases as the temperature of particle s increases. Consequently, the energy transport355

coefficient becomes negative and continues decreasing until it reaches a minimum value, in our case,356

this happens at Ts = 5. After this point, the increase in the temperature of the particles s affects the357

collision frequency, meaning fewer collisions occur, as we see in equation (130). As a result, particles358

s keeps its temperature, without losing part of it to particles t. This explains the subsequent increase359

in the change of energy. Eventually, when the collision frequency reaches zero and the particles no360

longer collide, the change in the energy becomes zero, the limit of the transport coefficient as Ts361

approaches infinity is zero. Back to Figure (1c), as the absolute value of the difference in drift veloc-362

ity becomes large, the distance between particles increase, which leads to a decrease in the energy363

change of particles s, because the particles become less likely to collide, the energy transport coeffi-364

cient approaches zero as the drift velocity difference, ∆u, tends to ±∞, similar to the behaviour of365

the momentum transport coefficient when either us ≫ ut or ut ≫ us.366

Third case, the temperature of the t particles Tt. In Figure (2), we plot the isolines of the transport367

coefficients under the same conditions as in Figure (1), but for different values of Tt. As Tt increases368

the transport coefficients still exhibits the same behaviour, but the impact of collisions on the trans-369

port coefficients becomes smaller and smaller and the numerical values of the transport coefficients370

decreases. This can be seen by comparing the numbers on the color bars to those in Figure (1),371

(e.g. δMs/δt equals 35 in Figure (1a) at Tt = 1, and 18 in Figure (2a) at Tt = 2; δEs/δt equals 60372

in Figure (1c) at Tt = 1, and 48 in Figure (2b) at Tt = 2 ), because as temperature increases, the373

number of collisions decreases as mentioned before. Another observation from Figure (2) is that the374

range of ∆u, which contributes to the transport coefficients (represented by the red area relative to375

the horizontal axis), expands as Tt increases. This occurs because a decrease in collision frequency376

results in fewer interruptions in particle motion. With fewer collisions, particles can accelerate more377

effectively under the influence of the external force, leading to an increase in their drift velocities.378

Kappa Distribution379

The Kappa distribution affects the transport coefficients through two functions D(κs, κt) and W(κs, κt),380

where we assume the kappa values for both species s and t to be equal, i.e., κs = κt = κ so we can381

compare the results with the Maxwellian case. To understand how these two functions change the382

transport coefficients, we plot the isolines of the transport coefficients for momentum and energy383

as functions of ∆u and Ts, as shown in Figures (3), with the same conditions as in Figure (1a),384

for various κ values. Additionally, in Figures (4), we show the cross-sections of these coefficients at385

Ts = 0. For the momentum coefficient, D(κ, κ) appears as a multiplication in equation (98), and this386

can be observed in Figures (3) and (4), as the behaviour of the momentum coefficient is similar to387

the Maxwellian case, with D(κ, κ) acting as a scaling parameter making the change of momentum388

increase at low kappa value. This occurs because at low κ, the suprathermal tails contain more389

particles with very high speeds. The extra particles increase the collision frequency, and the higher390

speeds lead to greater momentum transfer during collisions. For the energy coefficient, W(κ, κ) is391

multiplied in the first term of equation (99), which represents the change in the potential energy of392

the particles s, and D(κ, κ) is multiplied in the second term of the same equation, representing the393

change in the kinetic energy of the particles s. The general behaviour of the energy coefficient is394

approximately the same as in the Maxwellian case, particularly at high κ values. However, at low κ395

values, especially at κ = 2, the value of D(κ, κ) exceeds w(κ, κ), i.e., D(κ, κ) > W(κ, κ), as outlined396

in Table (1). This causes the peaks near zero seen for κ = 2 in Figure (4b), due to the higher speeds397

of the extra particles, which cause greater kinetic energy exchange compared to the Maxwellian case.398

For both coefficients, as κ increases, the value of the transport coefficients decreases, and the result399

get closer to the result obtained by the Maxwellian distribution.400
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Figure 2: The transport coefficients for momentum and energy, for the Maxwellian velocity distribu-
tion function in the case of Coulomb collisions, at different values of Tt: 2, 5, and 10.
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(b) δEs/δt at κ = 2
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(c) δMs/δt at κ = 3
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(d) δEs/δt at κ = 3
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(e) δMs/δt at κ = 4
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Figure 3: The transport coefficients, momentum and energy for the Kappa velocity distribution
function in the case of Coulomb collisions at different values of κ: 2, 3, and 4.
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Figure 4: The cross-section of the transport coefficients, momentum and energy, for Kappa and
Maxwell velocity distribution functions in the case of Coulomb collisions, at Ts = 0.

κ D(κ, κ) W(κ, κ)

2 9.0000 4.7873

3 2.7778 2.0474

4 1.9600 1.5986

10 1.2491 1.1661

100 1.0204 1.0140

1000 1.0020 1.0014

Table 1: D(κ, κ) and W(κ, κ) at different values of κ
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8 Conclusion401

For isotropic plasmas, we have presented a closed system of transport equations. In these equations,402

the transport properties of a given species are defined with respect to the random velocity of that403

species, where the species velocity distribution function is expanded in an orthogonal polynomial404

series about a drifting Kappa weighting function. By taking the first term of the expansion, ignoring405

all higher moments of the velocity distribution, and showing that the drifting kappa has zero heat406

flux and zero stress pressure tensor, we obtain the five-moment approximation equation (25–27). We407

then obtained the transport coefficients for density, momentum and energy, as a result of collisions,408

based on a drifting Kappa velocity distribution function using the Boltzmann collision integral. We409

provide these coefficients for different types of collisions, including Coulomb collisions, hard-sphere410

interactions, and Maxwell molecules collisions in equation (97−99). Given the complexity of the411

terms involved in the transport coefficient, we have expressed the final results using hypergeomet-412

ric functions in equations (111–116), to optimize and simplify the process for performing numerical413

calculations. Next, we investigate two special cases; The first case, when kappa index approaches414

infinity, which reproduces the result for the Maxwellian distribution case. In this limit, κ goes to415

infinity, the functions D(κ, κ) and W(κ, κ) approach 1. The second case involves taking the zeroth-416

order function to be a non-drifting Kappa distribution for the interacting particles by setting the417

drift velocity of the interacting particles to be zero. This case corresponds to an isolated system418

with no external force acting on the particles, and the collisions turns to be elastic. As a result,419

both total momentum and total kinetic energy are conserved, meaning the change in momentum420

is zero and the change in energy is affected by changes in the potential energy of the interacting421

particle. We concluded with a discussion on Coulomb collisions and how they affect the momentum422

and energy of the particles for both Maxwellian and Kappa velocity distributions, we found at low423

kappa index values, the number of collisions increased significantly, resulting in a greater changes in424

the momentum and energy of the particles, due to the increase in the number of particles with very425

high speeds. In general, as kappa index increases, the number of particles in the suprathermal tails426

decreases and the result become closer and closer to the Maxwellian distribution case.427

Building on the foundation developed in this study, future efforts will focus on extending transport428

theory to more general plasma conditions. While the present work is limited to isotropic plasmas, a429

significant next step involves extending the model to account for anisotropic plasmas, where pressure430

and temperature vary with direction. Addressing anisotropy is particularly relevant for magnetized431

and space plasmas, where directional dependencies are essential for accurately describing transport432

processes. Another point of focus is providing a complete transport theory that covers the kappa433

velocity distribution case, as introduced by Schunk [1977], for the Maxwellian distribution func-434

tion. This involves obtaining transport equations by expanding the species distribution function435

in a generalized orthogonal polynomial series with a kappa weighting function, resulting in various436

approximations, such as the eight-, ten-, thirteen-, and twenty-moment approximations. These ad-437

vancements will allow for a more comprehensive understanding of collisional transport in a broader438

range of plasma environments.439

A Appendix A440

In this appendix, we want to calculate the following average values of the Kappa distribution function:

⟨A⟩ , ⟨cα⟩ ,
〈
c2
α

〉
, ⟨cαcα⟩ ,

〈
c2
α cα

〉
,

where A is constant, and cα is the random speed. The Kappa distribution,441

fκ
α =

nα η(κ)

π3/2 w3
α

(
1 +

c2
α

κ0 w2
α

)−κ−1

, (131)
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is normalized to nα, so by the definition of the average value,442

⟨ξα⟩ =
1

nα

∫
ξα fκ

α dcα, (132)

we have443

⟨A⟩ = A. (133)

The Kappa distribution is an even function in cα, and its components cαx, cαy, and cαz imply that444

these average values are zero,445

⟨cα⟩ =
〈
c2
α cα

〉
= 0, (134)

and446

⟨cαi⟩ = ⟨cαi cαj⟩ = 0, i ̸= j i, j = x, y, z. (135)

To evolute the expectation value of c2
α, we substitute fκ

α into equation (132), to get447

〈
c2
α

〉
=

1

nα

∫

R3

c2
α fκ

α dcα =
η(κ)

π3/2 w3
α

∫

R3

c2
α

(
1 +

c2
α

κ0 w2
α

)−κ−1

dcα, (136)

by transforming the integral to the spherical coordinates, we have448

〈
c2
α

〉
=

3

2
w2

α =
3kBTα

mα

. (137)

In the same way, the expectation value of cαcα is449

⟨cαcα⟩ =
1

nα

∫

R3

cαcα fκ
α dcα, (138)

cαcα is second rank tenser, so

⟨cαcα⟩ =



⟨c2

αx⟩ ⟨cαx cαy⟩ ⟨cαxc αz⟩
⟨cαy cαx⟩

〈
c2
αy

〉
⟨cαy cαz⟩

⟨cαz cαx⟩ ⟨cαz cαy⟩ ⟨c2
αz⟩


 ,

all the off-diagonal expectation values are zero, according to equation (135), and the expectation450

values on the diagonal are equal451

⟨cαcα⟩ =
〈
c2
αx

〉
I, (139)

smilier to ⟨c2
α⟩, the average value of ⟨c2

αx⟩ is452

〈
c2
αx

〉
=

w2
α

2
=

kBTα

mα

, (140)

which makes equation (139) become453

⟨cαcα⟩ =
〈
c2
αx

〉
I =

kBTα

mα

I. (141)

B Appendix B454

In the process of evaluating the transport coefficient, three kinds of integrals that takes the form455

In
1 =

∫

R3

gn
st e

−|gst+∆u|2/b2 gst dgst, (142)

In
2 =

∫

R3

(gn+2
st + gn

st ∆u · gst) e−|gst+∆u|2/b2 dgst, (143)

In
3 =

∫

R3

gn
st ∆u · gst e

−|gst+∆u|2/b2 dgst, (144)
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appears, with n equal −3 or 1. The evaluation of these integrals follows the same steps, where the456

first step is to use the vector property,457

|gst + ∆u|2 = g2
st + |∆u|2 + 2gst ·∆u, (145)

By setting z-axis in the direction of vector ∆u, the dot product of the vectors gst and ∆u is458

gst ·∆u = gst |∆u| cos θ, (146)

where here θ is the angle between vectors gst and ∆u in the same time its the polar angle in the459

spherical coordinates, because vector ∆u is in the direction of the z-axis. After using the expressions460

in equations (145) and (146), the second step is to transform the integrals to the spherical coordinates,461

and preform the integrals in the cases we are interested in, n = −3 and n = 1, to get462

I -3
1 = −4

3
π ∆u ΦCo(εst), (147)

I1
1 = −8

3
π b4 ∆u ΦHS(εst), (148)

I -3
2 = 2πb2 ΨCo(εst), (149)

I1
2 = 4πb6 ΨHS(εst), (150)

I -3
2 = −4

3
π |∆u|2 ΦCo(εst), (151)

I1
2 = −8

3
π b4 |∆u|2 ΦHS(εst). (152)

where463

ΦCo(εst) =
3
√

π

4

erf(εst)

ε3
st

− 3 e−ε2
st

2 ε2
st

, (153)

ΦHS(εst) =
3
√

π

8

(
εst +

1

εst

− 1

4ε3
st

)
erf(εst) +

3

8

(
1 +

1

2ε2
st

)
e−ε2

st , (154)

ΨCo(εst) = e−ε2
st , (155)

ΨHS(εst) =

√
π

2

(
εst +

1

2εst

)
erf(εst) +

1

2
e−ε2

st . (156)
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