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Abstract. Accurate estimation of second-order turbulence statistics using pulsed Doppler lidar has been a challenge for a long

time, mainly due to the negative influence of probe volume averaging. The present study aims to investigate a novel approach

to extracting first- and second-order turbulence statistics directly from the average Doppler spectra in the frequency domain.

The main hypothesis is that averaging Doppler spectra over 10-minute intervals can mitigate the influence of probe volume

averaging and random noise in velocity retrievals, thereby improving estimates of velocity variance. To achieve this, we develop5

a new analytical model for the time-averaged Doppler spectrum, beginning with a theoretical formulation based on the beat

signal within the interrogation window
:::::
range

::::
gate. The model is applied to 10-minute averaged Doppler spectra collected by

a pulsed lidar system pointing toward a sonic anemometer mounted on a meteorological mast in front of a Vestas V52 wind

turbine at the DTU Risø campus in Denmark. Validation results demonstrate that the Doppler spectra model, when fitted to

400 ns nominal pulse durations, closely matches sonic anemometer measurements in both mean radial velocities and standard10

deviations. This agreement is quantified by the least orthogonal square fit slopes of 0.978
:::::
0.976

:
for the mean velocities and

0.967
:::::
0.983 for the standard deviations. In comparison to the conventional time-domain approach, which accounts for only

70.6
:::
72.1% of the standard deviation, the proposed spectral method captures 96.7

:::
98.3% , corresponding to an 88.7% reduction

in estimation loss
:
of
:::
the

::::::::
standard

:::::::
deviation

::::::::
observed

::
in

:::
the

::::
sonic

:::::::::::
anemometer. However, this model does not accurately estimate

variances using the short pulse (200 ns) of the instrument. Despite this limitation for the short pulse, the proposed method is15

an important step towards better turbulence estimation from pulsed Doppler lidars.

1 Introduction

Turbulence, characterized by the standard deviation of wind speed fluctuations, is crucial in determining the mechanical loads

on wind turbines (Brand et al., 2011; Van Kuik et al., 2016; Veers et al., 2019). However, accurately measuring turbulence

with pulsed lidar remains challenging due to factors such as probe volume averaging, cross-contamination, and high-frequency20

noise in the velocity estimation process, which degrade the accuracy of velocity variance measurements (Mann et al., 2008;

Sathe and Mann, 2013; Sathe et al., 2015; Puccioni and Iungo, 2021).

The conventional method for measuring turbulence with pulsed lidar involves deriving velocity time series and computing

variances relative to the mean velocity, but this approach presents the above challenges (Sathe et al., 2011). As an illustration

of some of the challenges associated with lidar-based turbulence measurements, figure 1 presents an example highlighting25

the contrasting biases due to high-frequency noise and probe volume averaging on velocity variance estimates. The figure
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Figure 1. Turbulence spectra derived from the 10-minute radial velocity time series using pulsed lidar without additional averaging (red

curve) and a sonic anemometer (black curve). The blue
::::
light and green

:::
dark

::::
blue curves illustrate turbulence spectra obtained from moving

averages of the Doppler spectra calculated over two and four times the original number of pulses.

shows pre-multiplied turbulence spectra of radial velocity for a pulsed lidar, where different averaging levels have been applied

to the Doppler spectra. The turbulence spectra from pulsed lidar are compared with a high-resolution turbulence spectrum

derived from a collocated sonic anemometer at the corresponding lidar range gate. The original Doppler spectra (without

additional averaging) are averaged over 4000 pulses (red curve), with a sampling frequency of 5 Hz. An additional averaging30

is applied through moving averages over two (
::::
light blue curve) and four times (green

:::
dark

::::
blue

:
curve) the original number

of pulses. The reference spectrum from the sonic anemometer (black curve) is based on the projection of three-dimensional

wind velocity, with a sampling rate of 50 Hz, onto the lidar beam direction. The comparison indicates that the spectra from

the lidar and the sonic anemometer align up to a frequency of 0.03 Hz. However, as the number of averaged Doppler spectra

increases, the lidar measurements exhibit reduced variance compared to those from the sonic anemometer, particularly at35

the high-frequency end of the original turbulence spectrum derived from the lidar. While the total variance observed in the

experimental lidar measurements (without additional averaging) coincidentally aligns with the variance measured by the sonic

anemometer, this appears due to erroneous reasons. The observed compensation in total variance results from the combined

effect of increased variance caused by high-frequency noise and the reduced variance due to probe volume averaging. This

arbitrariness underscores the inherent difficulty in obtaining accurate, noise-free variance estimates, which is the main objective40

of this study.

In this study, we explore an alternative technique for extracting turbulence information from pulsed lidar, inspired by a

methodology previously applied to continuous-wave lidars (Branlard et al., 2013). While it has long been recognized that the
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width of the Doppler spectrum is partially linked to turbulence (Zrnic, 1979; Frehlich, 2013; Banakh and Smalikho, 2013), we

aim to establish the theoretical relationship. Our key hypothesis is that time-averaged Doppler spectra can yield more accurate45

velocity variance estimates by reducing the impact of volume (or spatial) averaging as well as decreasing the impact of random

noise in the measurement of the velocity fluctuations compared to the standard way of calculating statistics from a time series.

The proposed method provides more robust estimates that could contribute to more cost-effective mechanical load assessments

of wind turbines.

2 Methodology50

To understand the properties of the Doppler spectrum of a pulsed lidar, we begin by analyzing the basic geometry of the

detection process. The pulsed lidar transmits pulses in rapid succession, and for this analysis, we assume that these pulses have

a Gaussian temporal profile with a full width at half maximum, FWHM , determined by the Gaussian fit. The Gaussian shape

is a reasonable assumption for the Lumibird pulsed lidar under study. This assumption is confirmed by the measured pulse

shapes after the photodiode for nominal pulse durations of 200 ns, 400 ns, and 800 ns, as depicted in figure 2. We assume that55

the interrogation window
::::
range

::::
gate

:
T is centered around t= 0, with the zero of the line-of-sight

::::::
(LOS) axis set to align with

the center of the corresponding range gate. The interrogation window
::::
range

::::
gate

:
is assumed to be rectangular, without any

additional weighting. As illustrated in figure 3, only a scattering particle p will scatter light into the interrogation window
:::::
range

:::
gate. Due to the line-of-sight

::::
LOS velocity u of the particle, the scattered light will experience an angular frequency shift of

∆! = 2u!0=c, where !0 is the emitted angular frequency and c is the speed of light. We assume the scattered light has a60

complex amplitude A, which depends on the particle’s properties. The lidar typically averages thousands of spectra to compute

a Doppler spectrum, usually over about one second. In this case, we focus on longer averaging periods, such as 10 minutes, to

estimate the turbulence averaged over that time.
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Figure 2. Measured pulse shape
:::
laser

:::::
power

::::
over

::::
time (blue points) and

:::
with

:
Gaussian fit

::
fits (red curves)

:::::::::::
approximating

:::
the

::::
pulse

:::::
shapes.

::::
Each

::::
pulse

:
is
:::::::::

normalized
::
to

::
its

::::
peak

:::::
power.
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Figure 3. Time-space schematic of an emitted Gaussian pulse of durationF W HM , lengthL = F W HM � c wherec is thespeedof light,

andwith a
::::::
angular frequency! 0 . A particlep is positioned at aline-of-sight

:::
LOS

:
distances. Thereceived

::::::::::
back-scattered

:
light scattering

from the particle
::::
with

:::::::
frequency

::::
shift

:::
� !

:
is received in awindowof

::::
range

:::
gate

::::
with durationT .

We assume that the beat signala(t) in the interrogationwindow
::::
range

::::
gate

:
can be written in terms of a Gaussian pulse

shifted by a frequency of� ! :65

a(t) =
A

p
2�� p

exp

0

B
@�

1
2

(t � 2s)2

� 2
p

(t � 2s
c )2

� 2
p

:::::::

1

C
A exp(i � !t ); (1)

where a scattering particle is at a positions and the Gaussian pulse has an amplitudeA and a standard deviation� p. If the

particle is further away wheres = 0 (see �gure 3), then the maximum of the scattered pulse signal will arrive2s
::
2s
c later to the

detector. We also assumed that
::
the

:::::::
particle

::
at

:::::::
positions does not change signi�cantly during exposure to the pulseandhasa

concise
:
,
:::
and

:::
the

:::::::
particle

:::
has

:
a
::::::::
constant velocity. The frequencies at which the spectrum is obtained are given by:70

! l = l
2�
T

; l 2 Z (2)

Now, the average spectrum can be expressed as the ensemble average of the absolutesquareof the
::::::
squared

:
Fourier transform

of the beat signal:

S(! l ) =

*
�
�
�
�
�
�
�

� T=2

� T=2

A
p

2�� p
exp

0

B
@�

1
2

(t � 2s)2

� 2
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(t � 2s
c )2

� 2
p

:::::::

1

C
A exp(i (� ! � ! l )t)dt

�
�
�
�
�
�
�

2+

(3)

The ensemble average in the expression (3) for the average Doppler spectrum is over all particle positionss, all velocities75

u, and all amplitudesA. The particles appear randomly and uniformly along the range, and theu, s, andA are assumed
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independent. The distribution of velocities is assumed Gaussian with mean� and standard deviation� , and it does not change

along the beam. The ensemble average representation in the spectrum can be expressed as an integral of probability densities

(Wolf and Mandel, 1995):

S(! l ) =
� 1

0

� 1

�1
j�j 2 p(s)p(u)p(A)dsdudA; (4)80

wherep(s), p(u) andp(A) are the probability density distributions of those variables. The probability density function ofs, is

considered to be uniform, and the probability density ofu is considered to be normal and independent ofs:

p(u) =
1

p
2��

exp
�

�
1
2

(u � � )2

� 2

�
; (5)

where� is the meanline-of-sight(LOS)
::::
LOS velocity and� is the standard deviation.

The absolute square in equation (3) can be rewritten as a two-dimensional integral85

�
�
�
�
�

� T=2

� T=2
f (t)dt

�
�
�
�
�

2

=
� T=2

� T=2
f (t)f � (t0)dtdt0; (6)

where� denotes complex conjugation. Thus, according to equation (4),S(! l ) can be expressed as a �ve-fold integral. However,

since amplitude is independent of all the other variables, the integral overA can be pulled outside the �ve-fold integral and it

is discarded because we are only interested in the shape of the spectrum, not its amplitude. Discarding all constant terms gives:

S(! l ) =
� 1

�1

� T=2

� T=2
exp

0

B
@�

1
2

(t � 2s)2

� 2
p

(t � 2s
c )2

� 2
p

:::::::

1

C
A exp

0

B
@�

1
2

(t0� 2s)2

� 2
p

(t0� 2s
c )2

� 2
p

::::::::

1

C
A ei (� ! � ! l )( t � t 0) p(u)p(s)dtdt0dsdu:

(7)90

The integral overs is a convolution of two Gaussians, which is again a Gaussian such that (discarding any constants):

S(! l ) =
� 1

�1

� T=2

� T=2
exp

�
�

(t � t0)2

4� 2
p

�
ei (� ! � ! l )( t � t 0) p(u)dtdt0du: (8)

We shall now perform the integral overu. Apart fromp(u), the only term in the integrand that depends onu is � ! = 2 ! 0u=c,

which means that the integral is essentially a Fourier transform of a non-centered Gaussian and the result is:

S(! l ) =
� T=2

� T=2
exp

�
� A� D

:::
(t � t0)2

�
exp(iB (t � t0))dtdt0; (9)95

where

AD: =
1

4� 2
p

+ 2 ! 2
0

� 2

c2 =
1

4� 2
p

+
8� 2

� 2
0

� 2; (10)

B = 2
�
c

! 0 � ! l =
4��
� 0

�
2�
T

l : (11)
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This double integral can be reduced to a single integral by the following change of variables:� = t � t0 ands = t + t0, i.e.,

the so-called diamond transformation, and the �nal result becomes100

S(! l ) /
� T

0
(T � � )e� A� 2 � D� 2

:::: cos(B� )d�: (12)

The computationally ef�cient version of the above equation is as follows:

S(! l ) =
� 1 + e� � cos�

2�
+

1
2� 3=2

�
� F

�
�

2
p

�

�
� Re

�
(2i� + � )e� � + i� F

�
i
p

� +
�

2
p

�

���
; (13)

whereF is the Dawson integral (Abramowitz and Stegun, 1972)

F (x) = e� z2
� z

0
ez2

dz ; (14)105

and� = AT 2
::::::::
� = DT 2

:
and� = BT .

Equation (13) represents the simpli�ed form of the averaged Doppler spectra
:::::
model

:
used for estimating turbulence statistics.

:::
The

::::::::
proposed

::::::
model

::::::
allows

:::
for

:::
the

::::::::::::
quanti�cation

::
of

:::::::::
turbulence

::::::::
statistics

::::::
across

:::
all

::::::
scales.

::
A

:::::::::
signi�cant

:::::::::
advantage

::
of

::::
this

:::::::
approach

::
is

:::
its

:::::
ability

:::
to

::::::
capture

:::::::
velocity

::::::::
variances

::
at

::::::
scales

::::::
smaller

::::
than

:::
the

:::::
probe

:::::::
volume,

::
a

::::::
feature

::::::::
generally

::::::
absent

::
in

:::
the

::::::::::
conventional

:::::::
method.

::::
The

::::::
model

:::::::::
considered

:::
the

:::::::::::
homogeneity

::::::::::
assumption

:::::
along

::::
the

::::
LOS,

::::::
which

:::::::
neglects

:::
the

:::::
shear

:::::::
effects.110

::::::::
However,

:
it

::::
does

:::
not

::::
rely

:::
on

:::
any

:::::::
isotropy

::::::::::
assumptions

::::
that

::::::
restrict

:::
the

::::::::::::
measurements

::
to

::::::::
preferred

:::::::::
directions.

This theoretical model is validated through �eld experiments using a pulsed lidar pointing toward a sonic anemometer. In the

analysis, Doppler spectra obtained from the pulsed lidar are averaged over 10-minute intervals for two different pulse durations.

The proposed model, equation (13), is then �tted to the averaged
::::::
Doppler

:
spectra to estimate the mean wind velocities and

standard deviations. The downhill simplex method (Nelder and Mead, 1965; Nocedal and Wright, 2006) is chosen to minimize115

the objective function, which is de�ned as the least squares difference between the model's prediction and the peak section

of the averaged Doppler spectra. The downhill simplex optimization method is a direct search algorithm that does not require

analytical or numerical derivatives. However, this method is relatively slow in terms of computational ef�ciency. The estimated

mean wind radial velocities and standard deviations from this model, equation (13), are validated with those obtained by

projecting the sonic velocity onto the direction of the lidar beam. The following section provides a detailed overview of the120

�eld experiment.

3 Field Experiment

During the �eld experiment, Doppler spectra were collected using a prototype pulsed lidar system developed by Lumibird.

This pulsed lidar has a telescope aperture diameter of 50 mm and operates at a wavelength of 1548 nm, with a pulse energy of

50 � J and a sampling rate of 250 MHz. This system was deployed near a meteorological mast used for measuring the westerly125

in�ow to a Vestas V52 wind turbine at the Risø campus in Denmark (�gure 4). The
::::::
optimal

::::
wind

::::::::
direction

:::::::::
according

::
to

:::
the

::::::::
geometry

::
of

:::
the

:::::::::
experiment

::
is

:::
the

:::::::
westerly

::::::
sector,

:::::
where

:::
the

::::
�ow

::::::
comes.

::::
The

:::::::
westerly

::::
�ow

::::::
comes

::::
from

:::
the

:::::
fjord

:::
and

:::::::
remains

::::::::
unaffected

:::
by

:::::
wake

::::::
effects

:::::
from

:::::
either

:::
the

::::
V52

:::::
wind

::::::
turbine

:::
or

:::
the

::::
met

:::::
mast.

:::
The

:
ground-based pulsed lidar was aligned
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using ari�e
::::::::
telescopic

:
sight to point at the sonic anemometers mounted on the

::::
north

::::
side

::
of

:::
the

:
V52 mast,

:
as demonstrated

in �gure 5. To ensure accurate velocity projection, the coordinates of the lidar, boom, and sonic anemometers were recorded130

within the same coordinate system using the Leica Total Station (Leica Geosystems AG, 2013), allowing for the projection of

three-dimensional sonic velocity measurements onto the lidar beam direction. The Leica Total Station can accurately measure

distances with re�ectors to an order of magnitudeO(10� 4) meters within ranges of 1800 meters. After taking the distance and

angular measurements, the device performs trigonometric conversions to transform the relative polar coordinates to the station

setup into cartesian coordinates. The local coordinates of the desired points will then be converted into the global reference135

system. The reference coordinate system was set to WGS 84 / UTM zone 32N for all recorded coordinates in our experiments.

This measurement campaign was carried out over several months, and various tests were performed. However, the period

from October 17 to October 31, 2024, was selected for analysis of Doppler spectra due to the higher data availability. During

this period, the lidar was pointing at the sonic anemometer positioned at a height of 18 meters. The radial distance from the lidar

telescope to the base of the sonic anemometer is 117.45 m. Therefore, the gate centered at 120 m was selected for the Doppler140

spectra analysis, as it is the nearest gate to the sonic anemometer. Two different nominal pulse durations were considered in the

pulsed lidar: short (200 ns) and medium (400 ns), alternating every 20 minutes in this experiment. The acquisition time was set

to 400 ms, with a pulse repetition rate of 20 kHz for short and 10 kHz for medium pulses.

4 Results and Analysis

As stated earlier, the experiment aimed to compare turbulence statistics obtained from �tting the model, equation (13), to the145

10-minute averaged Doppler spectra with those measured by the sonic anemometer.
::::::::
Hereafter,

:::
the

:::::
model

:::
�t

::
to

:::
the

::::::::
averaged

:::::::
Doppler

::::::
spectra

::::::::
measured

::::
will

::
be

:::::::
referred

::
to

:::
as

:::
the

::::::
model.

:
Figure 6 illustrates the mean radial wind velocities and standard

deviation for the two analyzed pulse lengths. The results demonstrate that the model's estimated mean wind velocities closely

align with reference measurements from the sonic anemometer for both short and medium pulses. For the standard deviation,

the model's estimations based on Doppler spectra of medium pulses generally follow the trend observed in the sonic data.150

However, when the standard deviation is low, the model occasionally estimates zero. This issue is more pronounced when

using Doppler spectra from short pulses, where zero values frequently appear at low standard deviations. Moreover, for short

pulses, the model fails to capture the standard deviation trend observed in the sonic instrument.
::
In

:::::::::
particular,

:::::
under

:::::::
laminar

::::
�ow

:::::::::
conditions,

:::::::::
estimating

:::::::
velocity

::::::::
variances

::
is

::::::::
expected

::
to

::
be

:::::::::::
challenging,

::::
since

:::
in

:::
this

::::::
regime

:::
the

:::::::
primary

:::::::::::
contribution

::
to

::
the

::::::::
Doppler

::::::
spectral

::::::
width

:::::
arises

::::
from

:::
the

:::::
�nite

:::::
length

:::
of

:::
the

:::::
range

::::
gate.

::::::::
However,

:::::::::
obtaining

::::
zero

::::::::
variances

::::
from

:::
the

::::::
model155

:
is

::::::
clearly

::::::::::
unrealistic.

::::
This

::::::::
outcome

::::::
re�ects

:::
the

:::::::::::
imperfection

::
of

:::
the

::::::
model,

::::::
which

:::::
relies

:::
on

::::::
several

::::::::::
simplifying

:::::::::::
assumptions.

:::
One

::::
key

:::::::::
assumption

::
is

:::
that

:::
the

:::::
pulse

:::::
shape

::::::
follows

::
a

::::::::
Gaussian

::::::::::
distribution,

:::::::
whereas,

::
in

:::::::
practice,

:::::::::
measured

:::::
pulses

:::::
often

::::::
deviate

::::
from

:
a
::::::::
Gaussian

:::::
form.

:::::::
Another

::::::
source

::
of

:::::
error

:::::
arises

::::
from

:::
the

::::::::::
background

:::::
noise

::::::::
removal:

::::
when

:::
the

:::::
noise

:::::
level

:
is

::::::::::
subtracted,

:
it

::::
can

:::::::::
sometimes

::::
yield

::::::::
negative

:::::
values

::
in

::::
the

:::::::
Doppler

:::::::
spectra.

:::
The

::::::::
negative

:::::::
Doppler

::::::
spectra

:::
are

:::::::::::
non-physical

::::
and

::::::::
introduce

::::::::::
inaccuracies

::
in

:::
the

:::::::
variance

:::::::::
estimation.

:
160
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