
1 
 

Improved endmember mixing analysis (EMMA): Application to a 
snowmelt-dominated stream in northern Utah 
Alyssa N. Thompson1, Barry R. Bickmore1, Gregory T. Carling1, Emily J. Evans2, Stephen T. Nelson1, 
Joshua J. LeMonte1, Kevin A. Rey1, Diego P. Fernandez3, Kendra L. Caskey1  
1Department of Geological Sciences, Brigham Young University, Provo, 84602, USA 5 
2Department of Mathematics, Brigham Young University, Provo, 84602, USA 
3Department of Geology & Geophysics, University of Utah, Salt Lake City, 84112, USA 
 

Correspondence to: Greg Carling (greg.carling@byu.edu) 

Abstract. An endmember mixing analysis (EMMA) is a sophisticated hydrograph separation technique used to determine the 10 

primary water sources in a watershed and estimate their respective input over time. In a traditional EMMA approach, a principal 

component analysis (PCA) is used to identify endmember composition, and the retained principal component (PC) scores are 

used to calculate the fractional contributions of each endmember. This approach is based on the idea that the reduced 

dimensionality of the endmember data in just a handful of PCs contains the most useful information. While this approach does 

simplify the mixing calculation, it limits potential model complexity. We show that calculating endmember contributions using 15 

the original water chemistry data (tracer space) results in a more simplified and uniform approach than performing the 

calculation in PC-defined subspace. Additionally, we demonstrate an iterative approach to selecting the tracers and 

endmembers to create a more complex (and more representative) model. We applied EMMA to the upper Provo River 

watershed (262 km2), a snowmelt-dominated catchment in northern Utah, to test some potential improvements in the method. 

Five endmembers (quartzite groundwater, carbonate groundwater, mineral soil water, organic soil water, and snow) were 20 

identified for the watershed and differentiated using seven tracers (δ18O, δ2H, HCO3
-, Si, Mg2+, K+, and Ca2+). We applied this 

approach in a well-defined workflow implemented in EMMALAB, a software application designed to perform EMMA on one 

or more stream locations in a catchment. The analysis showed that snow was the dominant endmember during spring runoff, 

contributing 38% of flow on average, while quartzite groundwater contributed 60% during baseflow. The iterative analysis for 

selecting endmembers and tracers is easily implemented through EMMALAB, allowing for a uniform and simplified approach 25 

to apply the complex mathematics behind EMMA for more accurate hydrograph separation calculations.   

1 Introduction 

Hydrograph separation is a critical tool for quantifying the contributions of surface and subsurface water sources to streams, 

which is especially important for forecasting the evolution of water resources and water quality due to climate change and 
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human activities. As we attempt to characterize larger, more complex watersheds, it will also be necessary to apply 30 

hydrographic separation methods that are capable of handling added complexity.     

Endmember mixing analysis (EMMA) is a relatively sophisticated hydrograph separation method (Christophersen and Hooper, 

1992) in which endmember water sources (e.g., groundwater, precipitation, snow, soil water) are defined  using conservative 

chemical or isotopic tracers (e.g., Ca2+, Mg2+, K+, Na+, Si, Cl-, HCO3
-, NO3

-, δ18O, δ2H, and electrical conductivity) 

(Christophersen et al., 1990a; Hooper, 2003; Barthold et al., 2011). EMMA traditionally relies on a principal component 35 

analysis (PCA) to reduce the dimensionality of the data, making it possible to visualize and identify clusters of data, and to 

use a greater variety of data features in the analysis than was previously the case with isotopic hydrograph separation methods 

(Christophersen and Hooper, 1992). Visualizing the data in a dimensionally reduced space allows for identifying potential 

endmembers that circumscribe the stream chemistry data. The extent of mixing between the various endmembers is calculated 

by solving a system of linear equations, typically involving the dimensionally reduced data, to obtain the fractional 40 

contributions of each endmember (Birkel et al., 2021; Jacobs et al., 2018; Lukens et al., 2022; Foks et al., 2018; Bugaets et al., 

2023; Christophersen and Hooper, 1992).  

Given that EMMA uses more types of data than most hydrograph separation methods, it is a good starting point for hydrological 

analysis of relatively complex watersheds. Our impression, however, is that there are two barriers to maximizing its usefulness: 

1) there has been no standard software package to streamline the process, and 2) the mathematical approach typically used in 45 

the mixing calculation is not optimal for expanding model complexity.  

EMMA model calculations have to this point usually been programmed by individual researchers and so may have been 

underutilized by researchers who lack the mathematical or computational background to set up the calculations correctly 

(Chaves et al., 2008; He et al., 2020; Petermann et al., 2018). EMMA also requires several subjective choices throughout the 

process that can be difficult and time-consuming to iterate upon without a standardized approach. These choices primarily 50 

consist of tracer selection, endmember selection, and the number of principal components (PCs) to retain. As a result of this 

difficulty, some studies offer flawed justification for tracer selection (Chisola et al., 2022; Guinn et al., 2010; Liu et al., 2004; 

Lund et al., 2023) and endmember selection (Montagud et al., 2021).  

The standard method of performing the mixing calculations in dimensionally reduced space is problematic for two reasons.  

First, the number of dimensions used in the calculation places a limit on the number of endmembers that can be included, in 55 

turn limiting the hydrological complexity that can be modelled. Second, while dimensional reduction via PCA is indispensable 

for visualizing the relationship between potential endmembers and stream chemistry data, there is no compelling reason to 

perform the mixing calculation in dimensionally reduced space even when only a few endmembers are needed. Whereas some 

assume that the reduced dimensionality removes unimportant “noise” from the data, there is no way to know in advance 

whether any of the discarded information will turn out to be important (Lichtert and Verbeeck, 2013). 60 

In this contribution, we critically evaluate previous EMMA approaches and introduce a new software package (EMMALAB) 

to facilitate a rapid, iterative modelling process that yields more reliable results and can accommodate maximum complexity. 

To illustrate, we apply the method to the upper Provo River, a snowmelt-dominated perennial stream located in the Uinta 
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Mountains of northern Utah, USA. The Provo River contributes to the drinking water supply for over half of Utah’s population. 

The upper Provo River watershed covers a significantly larger area (262 km2) than is typically analysed (1 – 100 km2) via 65 

EMMA (Durand and Torres, 1996; Cuoco et al., 2021; Guinn et al., 2010; Barthold et al., 2010; Lukens et al., 2022; 

Christophersen et al., 1990b; Christophersen and Hooper, 1992), but the lithology is relatively simple, making it an ideal study 

site for our purposes.  

2 Materials and Methods 

An endmember mixing analysis (EMMA) is a tracer-based hydrograph separation technique carried out via the following steps 70 

proposed by Christophersen et al. (1990a) and (Christophersen and Hooper, 1992): (1) measure chemistry of stream water and 

water sources (e.g., groundwater, precipitation, soil water, etc.) that could be used as potential endmembers for hydrograph 

separation; (2) determine which solutes or isotopes behave conservatively for use as tracers; (3) identify which potential 

endmembers can be plausibly applied to the model using a principal components analysis; (4) optimize the mixing model to 

calculate the fractional endmember contributions to the stream; and (5) perform an error analysis of the endmember datasets. 75 

In the following subsections, we describe the Provo River watershed, where we applied EMMA, and provide further details 

on how we have modified established EMMA methods to simplify and improve mixing estimates. 

 

2.1 Upper Provo River watershed site description 

The upper Provo River watershed is located in the southwestern Uinta Mountains of northern Utah (Figure 1). The watershed 80 

is dominantly fed by high elevation snowmelt and receives diverted water from the Duchesne River as part of the Provo River 

Project (U.S. Bureau of Reclamation, 1958).The watershed above Soapstone, including the upper Duchesne River watershed 

above the diversion, covers 262 km2. 
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 85 
Figure 1: Delineated watershed boundaries for the upper Provo and Duchesne rivers in northern Utah, USA. The river sampling 
location at Soapstone was selected at the transition between underlying siliciclastic and carbonate rocks.  Endmember sampling sites 
were exclusively collected within the upper Provo River watershed. Geologic map modified after Bryant (2003).  

 

The upper Provo River extends ~19 km with a vertical relief of 540 m, from 2900 m asl at the headwaters at Trial Lake to 90 

2360 m asl at Soapstone. The discharge for Soapstone was estimated using available datasets. Specifically, the measured 

Duchesne diversion discharge was subtracted from the US Geological Survey-measured discharge at Woodland (located ~15 

km downstream of Soapstone on the Provo River) then multiplied by the ratio of the area of Soapstone and Woodland 

watersheds. The Duchesne diversion discharge was then added back to this value to create the final estimated discharge values 

at Soapstone from 2016 to 2022 (Figure 2). 95 
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Figure 2: Time-series daily discharge rates for Soapstone from 2016 – 2018 and 2021- 2022.  

 100 

The geology of the watershed primarily consists of weakly metamorphosed Neoproterozoic siliciclastic rocks with minor 

amounts of shale, overlain by glacial and other Quaternary deposits (Figure 1). The soil depth is typically ~1 m (Munroe et al., 

2015), enriched by dust in the A soil horizons with a different composition than the underlying lithology (Munroe et al., 2020). 

The soil types of the area are mostly dominated by inceptisols, with some alfisols, mollisols, and histosols. Vegetation primarily 

consists of Lodgepole pines and Engleman spruces with an understory of huckleberry, sedges, and moss. The study area is 105 

mostly undeveloped except for the Mirror Lake Highway and several campgrounds. 

2.2 Stream and endmember water sample collection 

Water samples were collected from the Provo River at Soapstone during water years 2016 through 2018 and 2021 through 

2022. Samples were collected once or twice per month, with more intensive weekly or twice-weekly sampling during the 

snowmelt runoff period (April – June) each year. A total of 106 stream samples were collected over the five-year period. 110 

Potential endmember samples were collected between 2012 and 2022. Snowpack endmember samples (n = 22) were collected 

prior to spring snowmelt at maximum accumulation. Samples were collected by digging snow pits and taking a full-depth 

snow core using an acid-washed plastic tube. Samples from the plastic tube were deposited into clean FLPE bottles. The bottles 

were melted in the lab, then sub-sampled for chemical analysis.  
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Soil water endmember samples for two different soil water endmembers, mineral soil water and organic soil water, (n = 6 and 115 

n = 3) were collected during spring snowmelt to allow for maximum saturation of the soils. The mineral soil water samples 

were collected from an inceptisol, and the organic soil water samples were collected from an alfisol containing a litter layer. 

Both soil types are a similar geomorphology, consisting of deep, well-drained permeable soils on mountain moraines with a 

relatively thin soil layer. Samples were collected by using a small shovel to collect saturated soil and placed into a plastic bag. 

Soils were transferred into 50 mL centrifuged tubes and centrifuged at 6000 rpm for 20 minutes. The supernatant was decanted 120 

and sub-sampled for various analyses.  

Quartzite (n = 9) and carbonate (n = 5) groundwater endmember samples were collected from springs throughout the watershed 

during summer and fall (between July and October) to collect representative chemistry with limited mixing with snowmelt. 

Springs discharging from siliciclastic and carbonate rocks were classified as quartzite and carbonate groundwater, respectively. 

Although no quartzite or carbonate groundwater springs were sampled in the Duchesne watershed, the chemistry of these 125 

endmembers was assumed to be uniform across the two watersheds.  

Stream and endmember samples were analysed for major cations and trace elements, major anions, bicarbonate, and δ18O and 

δ2H isotopes. Samples for major cations and trace elements were filtered with a 0.45 µm PES syringe filter into an acid-washed 

60 mL LDPE bottle and acidified to 2.4% v/v TMG nitric acid. Samples for major anions and bicarbonate were collected in a 

1 L plastic bottle and further processed in the lab. Water samples for δ18O and δ2H analysis were collected in amber glass 130 

bottles with Polyseal caps to prevent evaporation. All samples were refrigerated until analysis. 

2.3 Laboratory analysis 

Water samples were collected for analysis of major cations and trace elements using an Agilent 7500ce quadrupole inductively 

coupled plasma mass spectrometer (ICP-MS). The following elements were measured for all stream and endmember samples: 

Al, As, B, Ba, Be, Ca, Cd, Ce, Co, Cr, Cs, Cu, Dy, Er, Eu, Fe, Gd, Ho, K, La, Li, Lu, Mg, Mn, Mo, Na, Nd, Ni, Pb, Pr, Rb, 135 

Sb, Sc, Se, Sm, Sr, Tb, Th, Tl, U, V, Y, Yb, and Zn. Further descriptions of the methods are given in Checketts et al. (2020). 

Inductively coupled plasma optical emissions spectroscopy (ICP-OES) was additionally used to analyse for Si as the detection 

limits through ICP-MS were insufficient to accurately determine Si concentrations. Major anion (F-, Cl-, NO3-, and SO4
2-) 

concentrations were analysed using a Dionex ICS-90 ion chromatograph (IC). HCO3
- concentrations were analysed on 

unfiltered samples by acid titration using a Mettler Toledo DL50 titrator on the samples collected through 2018 and titrated by 140 

hand using a Hach alkalinity test kit on the samples collected after 2020. Alkalinity values were assumed to be equal to 

bicarbonate concentrations. Water stable isotope (δ18O and δ2H) ratios in water were analysed using a Los Gatos Research 

Liquid Water Isotope Analyzer with results reported relative to Vienna Standard Mean Ocean Water (VSMOW).  

To evaluate analytical errors in the major anion and major cations datasets, we calculated the charge balance error for each 

sample. Most samples had acceptable charge balance error using the raw data. However, any sample that was outside of +/- 145 

5% charge balance error was adjusted by varying the bicarbonate concentration. Bicarbonate values were determined to be the 
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solute concentrations with the most uncertainty and were adjusted in 50 out of 106 Soapstone samples, with an average 

adjustment of 9.5 mg/L. Of the total adjustments made, 88% of the samples were adjusted from samples collected during 2020 

and later. This is likely due to the change in methods in measuring alkalinity beginning in 2020. The adjustments to the 2020-

2022 samples resulted in values that were consistent with concentrations measured in the earlier samples. 150 

2.4 Tracer selection 

To evaluate which tracers could be used in the mixing analysis, we investigated the potential conservative behaviour of isotopes 

and solutes in the full dataset. Isotopes and solute concentrations are considered conservative if they do not undergo isotopic 

fractionation or participate in chemical reactions, respectively, which can sometimes be observed by linear relationships in 

bivariate plots (Hooper, 2003). Although these linear relationships may not always suggest conservative behaviour or identify 155 

all conservative tracers within the dataset, it is a useful tool to create an initial set of tracers from which to test the model. δ18O 

and δ2H values can be assumed to be conservative, even if they do not exhibit linear relationships with respect to the solute 

tracers, because δ18O and δ2H track elevation and meteoric precipitation rather than water-rock interactions (Clark and Fritz, 

1997). 

We used a stepwise approach to determine the most reasonable conservative tracers to include in our analysis. The conservative 160 

behaviour of potential tracers was determined from an array of 49 elements and two stable isotopes, δ18O and δ2H. As many 

conservative elements as possible were retained to maximally constrain the mixing models. In our case, bivariate plots of 

solutes and isotopes with strong linear relationships (R > 0.80) were assumed to behave conservatively. As a further step, 

common conservative tracers that did not plot linearly on the bivariate plots were iteratively included in the model in a stepwise 

approach and then their predicted values were assessed for accuracy. If the tracer predicted values had a low RMSE on the 165 

predicted vs. observed plots, then it was assumed that the tracer was conservative and was thus retained in the final model. In 

EMMALAB, this is streamlined by allowing the user to iteratively include or exclude any tracer into the model and rerun the 

mixing calculation, allowing for quick and thorough analysis of the potential tracers for the model. In this way, the user is free 

to assess any tracer they may want to include in the model and increase the chance of establishing a useful tracer set. A key 

principle of an endmember mixing analysis is for the endmembers to have distinct chemical or isotopic composition (Cuoco 170 

et al., 2021; James and Roulet, 2006). By including all conservative solutes or isotopes in the analysis, tracers most distinctly 

representative of each endmember are more likely to be recognized. 

2.5 Data formatting and standardization 

In preparation for applying EMMA, both the stream and endmember data must be properly organized and standardized. Here 

we describe the mathematical details. 175 

Let 𝐑𝐑 be an 𝑚𝑚×𝑛𝑛 matrix where 𝑚𝑚 is the number of stream water samples and 𝑛𝑛 is the number of tracers. We will refer to each 

column of 𝐑𝐑 as vector 𝑟𝑟𝑗𝑗, which is the collection of tracer j values in the 𝑚𝑚 stream water samples. The individual elements of 
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matrix R, 𝑟𝑟𝑖𝑖𝑖𝑖 , are the concentrations (or isotopic ratios) of tracer j in sample i. Prior to the PCA, concentrations in the matrix 

R were standardized using z-scoring, where the mean of each column of the solute data is subtracted from the values in the 

column, and then divided by the standard deviation of that column. This allows each column to have a mean of zero and a 180 

standard deviation of 1, ensuring that the subsequent analysis is not dominated by variables with large absolute values (Miesch, 

1980; Christophersen and Hooper, 1992). The resulting matrix, 𝐑𝐑𝑧𝑧 , is then composed of column vectors 𝑟𝑟𝑧𝑧𝑖𝑖𝑖𝑖, which are the z-

scored values of tracer j in sample i. 

 

𝐑𝐑 = [𝑟𝑟1 … 𝑟𝑟𝑗𝑗 … 𝑟𝑟𝑛𝑛] =

⎣
⎢
⎢
⎢
⎡
𝑟𝑟11 … 𝑟𝑟1𝑗𝑗 … 𝑟𝑟1𝑛𝑛
⋮ ⋱ ⋮ ⋱ ⋮
𝑟𝑟𝑖𝑖1 … 𝑟𝑟𝑖𝑖𝑖𝑖 … 𝑟𝑟𝑖𝑖𝑖𝑖
⋮ ⋱ ⋮ ⋱ ⋮
𝑟𝑟𝑚𝑚1 … 𝑟𝑟𝑚𝑚𝑚𝑚 … 𝑟𝑟𝑚𝑚𝑚𝑚⎦

⎥
⎥
⎥
⎤

 (1) 185 

 

𝑟𝑟𝑧𝑧𝑖𝑖𝑖𝑖 =  
𝑟𝑟𝑖𝑖𝑖𝑖 −  m𝑟𝑟𝑗𝑗

s𝑟𝑟𝑗𝑗
 (2) 

 
Prior to performing EMMA, each dataset of individual endmembers should be averaged together to create a single sample that 

represents the single endmember for that area. Each of these averaged endmembers should then be arranged in a d×n matrix 190 

(𝐌𝐌), where d is the number of averaged potential endmembers and n is the number of tracers. Prior to calculating the principal 

component (PC) scores for the endmembers, concentrations are first standardized using the mean and standard deviation of 

the stream sample tracers. The new matrix of standardized endmember values is 𝐌𝐌𝑧𝑧. 

 

𝐌𝐌 = [𝑚𝑚��⃗ 1 … 𝑚𝑚��⃗ 𝑗𝑗 … 𝑚𝑚��⃗ 𝑛𝑛] =

⎣
⎢
⎢
⎢
⎡
𝑚𝑚11 … 𝑚𝑚1𝑗𝑗 … 𝑚𝑚1𝑛𝑛
⋮ ⋱ ⋮ ⋱ ⋮
𝑚𝑚𝑖𝑖1 … 𝑚𝑚𝑖𝑖𝑖𝑖 … 𝑚𝑚𝑖𝑖𝑖𝑖
⋮ ⋱ ⋮ ⋱ ⋮

𝑚𝑚𝑑𝑑1 … 𝑚𝑚𝑑𝑑𝑑𝑑 … 𝑚𝑚𝑑𝑑𝑑𝑑⎦
⎥
⎥
⎥
⎤

 (3) 195 

 

𝑚𝑚𝑧𝑧𝑖𝑖𝑖𝑖 =  
𝑚𝑚𝑖𝑖𝑖𝑖 −  m𝑟𝑟𝑗𝑗

s𝑟𝑟𝑗𝑗
 (4) 

 
In EMMALAB, this process is automated when the user inputs their data through the given example spreadsheet. The chemical 

isotopic data is taken from the input spreadsheet and the necessary calculations to set up the mixing model are performed 200 

automatically. Details on the specific coding behind these processes are detailed in DataEMMA.m. 
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2.6 Endmember selection 

A principal component analysis (PCA) was performed on the standardized stream data 𝐑𝐑𝑧𝑧  to determine which potential 

endmembers to use in EMMA. A PCA is a dimensional reduction technique used to reduce the number of variables to a more 

manageable level. In a PCA, a new set of n variables (principal components or PCs), composed of linear combinations of the 205 

n original variables, is created by rotating, stretching and shrinking the original axes to maximize the amount of data variance 

explained by the fewest number of PCs. The PCs are then ranked in descending order of how much data variance they describe, 

so that the first principal component (𝑃𝑃𝑃𝑃1) describes the most variance and 𝑃𝑃𝑃𝑃𝑛𝑛 describes the least. The PCs contain the same 

information as the original data, but if some of the later PCs are discarded, less information is lost than if the same number of 

the original variables were discarded.  210 

In our case, the PCA was done using the MATLAB pca function, which accepts 𝐑𝐑𝑧𝑧  as input and produces several outputs, 

including the following. First, it produces an n×n coefficient matrix, 𝐂𝐂𝐑𝐑 , composed of column vectors representing the 

coefficients of linear equations that transform the original data coordinates into principal component space (Table 1).  

 
Table 1: Values from the coefficient matrix for the river data. Three PCs were used to visually observe the river data and select 215 
endmembers, with particular weight being on HCO3-, Mg2+ and Ca2+ for PC1, δ18O and δ2H for PC2, and Si and K+ for PC3. 

  PC1 PC2 PC3 PC4 PC5 PC6 PC7 

δ18O -0.12 0.66 0.23 0.07 -0.69 -0.12 0.10 

δ2H -0.12 0.68 0.12 -0.02 0.72 -0.03 0.02 

HCO3
- 0.54 0.16 -0.23 -0.10 -0.03 -0.50 -0.61 

Si 0.11 -0.15 0.70 -0.68 0.02 -0.07 -0.04 

Mg2+ 0.55 0.17 -0.10 0.08 -0.05 0.79 -0.18 

K+ 0.24 -0.18 0.58 0.70 0.11 -0.25 0.04 

Ca2+ 0.56 0.07 -0.19 -0.14 0.03 --0.19 0.77 

 
A matrix of principal component scores (𝐑𝐑𝑃𝑃𝑃𝑃), contains the original data values transformed in terms of the new principal 

component space, and is produced by multiplying the matrix 𝐑𝐑𝑧𝑧  by 𝐂𝐂𝐑𝐑.  

 220 

𝐑𝐑𝑃𝑃𝑃𝑃 =  𝐑𝐑𝑧𝑧 ∗ 𝐂𝐂𝐑𝐑 (5) 

 

Next, the function produces an n×1 vector (𝑒𝑒𝐑𝐑𝑷𝑷𝑷𝑷) of eigenvalues of the covariance matrix of 𝐑𝐑𝑧𝑧 , where each value represents 

the amount of variance explained by the corresponding principal component. An eigenvalue of one (for z-scored data) means 

that the corresponding principal component explains the same amount of variance as any one of the original variables, whereas 225 

any value higher than one means that it explains more variance than the original variables (Davis, 2002). The principal 
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components are arranged in descending order of the amount of variance they explain, so in order to visually represent the data, 

the first few principal components are retained and the rest are discarded to reduce the dimensionality of the data while retaining 

as much of the total variance as possible.  

There are multiple ways to determine the number of principal components to retain for the analysis. Most commonly, an 230 

arbitrary threshold is set for the percent of variance that should be explained by the retained PCs, typically varying between 

70 – 90% (Montagud et al., 2021; Jolliffe and Cadima, 2016). Similarly, the rule of one suggests retaining all PCs with 

eigenvalues equal to or greater than 1 (Joreskog et al., 1976; Barthold et al., 2010; James and Roulet, 2006; Hooper, 2003), 

meaning that they explain at least as much variance as the original variables. Another method includes creating a scree plot, 

which is especially useful if the user intends for the model to explain a certain fraction of the total variance in their analysis. 235 

A scree plot often shows a steep decline in the magnitude of eigenvalues as the number of PCs increases, with the plot 

eventually flattening out beyond a certain point. This point is known as the “elbow” of the plot, and its location indicates the 

number of PCs to retain in the analysis (Cattell, 1966). All these methods for determining the number of PCs to retain are 

included in EMMALAB, including a display of the variance explained by each PC, eigenvalues and a scree plot.  

Once a subset of the PCs is retained for further use, the space defined by these PCs is called U-space (Christophersen and 240 

Hooper, 1992) and the data is projected on U-space for visual examination to aid in endmember selection. The minimum 

number of endmembers to include in the analysis is the number of retained PCs plus one (Christophersen and Hooper, 1992). 

In terms of PC space (U-space), it takes a minimum of U+1 points to describe a convex hull in U-dimensional space, where U 

is the number of retained PCs. That is, it takes at least three points to circumscribe a cloud of data in two-dimensional space, 

and four points to circumscribe a cloud of data in three-dimensional space. If more than three PCs are retained, selecting the 245 

appropriate number of endmembers becomes more challenging as only three-dimensions can be visually represented at once 

(Davis, 2002). Because U-space must be defined by the stream data and not the endmember data, PC scores for the stream 

endmembers are calculated using the coefficient matrix 𝐂𝐂𝐑𝐑 . The PC scores for the endmembers are calculated from the 

standardized endmember values 𝐌𝐌𝑧𝑧 and multiplied by the coefficient matrix 𝐂𝐂𝐑𝐑.  

 250 

𝐌𝐌𝑃𝑃𝑃𝑃 =  𝐌𝐌𝑧𝑧 ∗ 𝐂𝐂𝐑𝐑 (6) 

 

The selected PC scores for the stream water and endmembers samples are projected into U-space to determine which set of 

endmembers adequately circumscribe the data. The selected endmembers are then treated as the primary water sources in the 

watershed. From this point forward, 𝐌𝐌𝑧𝑧  is constructed from the standardized mean tracer values of only the selected 255 

endmembers. EMMALAB automatically transforms the endmember data in terms of the PC stream data and the code can be 

found on the class definition, DataEMMA.m. The primary purpose of the PCA is to select endmembers for the analysis, and 

we propose that the mixing calculation should be performed in the original tracer space rather than in U-space, as described 

below.  
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2.7 Mixing calculation 260 

The primary purpose of the PCA in EMMA is to select plausible endmembers for the mixing analysis, but initial studies 

establishing EMMA also performed the mixing calculations in U-space (defined by the subset of retained PCs) (Christophersen 

and Hooper, 1992). We argue that there is no compelling reason to adopt this strategy, and that performing the mixing 

calculations in standardized tracer space is preferable. 

Mixing models are most commonly used to determine the fractional input from multiple sources (endmembers) to the main 265 

area of interest, like a stream or sediment sample. A general way of expressing this mixing is in the form of a summation 

(Albarède, 2009), where 𝐶𝐶0
𝑗𝑗  is the concentration of tracer j in the stream sample, 𝑓𝑓𝑤𝑤  is the fractional contribution from 

endmember w, 𝐶𝐶𝑤𝑤
𝑗𝑗  is the concentration of tracer j in endmember w, and d is the number of endmembers. This solution adheres 

to the principle of conservation of mass by assuming that the concentrations of all defined inputs or endmembers into the 

system will fully explain the concentrations in the mixture. This introduces the following set of constraints: 270 

 

�𝑓𝑓𝑤𝑤 = 1
𝑑𝑑

𝑤𝑤=1

 (7) 

 

𝐶𝐶0
𝑗𝑗 = �𝑓𝑓𝑤𝑤𝐶𝐶𝑤𝑤

𝑗𝑗   
𝑤𝑤

 (8) 

 275 

The summations may then be solved for the 𝑓𝑓𝑤𝑤 values as a system of linear equations. This can be done via direct calculation 

(e.g., Gaussian elimination, etc.) if the system is critically determined (i.e., the number of variables equals the number of 

equations), but this does not allow one to constrain the 𝑓𝑓𝑤𝑤 values to be non-negative, which can lead to non-physical results 

(Ali et al., 2010; Liu et al., 2004). Therefore, it is preferable to solve the system via optimization, which can deal with both 

critically determined and overdetermined (the number of variables is less than the number of equations) systems and can 280 

include various types of constraints. This defines the system of equations as a constrained, least-squares linear estimation 

problem to solve for the fractional contributions of each source, as described in Christophersen et al. (1990b), where n is the 

number of tracers j in the dataset. In any case, where n > (d – 1), the result is an overdetermined system of equations. 

 

1 =  𝑓𝑓1 + 𝑓𝑓2 + …𝑓𝑓𝑑𝑑 285 

𝐶𝐶0
𝑗𝑗 = 𝑓𝑓1𝐶𝐶1

𝑗𝑗 + 𝑓𝑓2𝐶𝐶2
𝑗𝑗 + ⋯𝑓𝑓𝑑𝑑𝐶𝐶𝑑𝑑

𝑗𝑗 (9) 

𝐶𝐶0𝑛𝑛 = 𝑓𝑓1𝐶𝐶1𝑛𝑛 + 𝑓𝑓2𝐶𝐶2𝑛𝑛 + ⋯𝑓𝑓𝑑𝑑𝐶𝐶𝑑𝑑𝑛𝑛 

 

Rather than using the raw or standardized tracer concentrations in the system of linear equations, (Christophersen and Hooper, 

1992) recommended using the composite concentrations in the retained PC scores of the stream and endmember samples as 290 
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the input. (Each PC depends on all the original variables to different degrees, which is why we refer to them as composite 

variables.) Typically, the user determines the number of PCs to retain for the mixing analysis (typically 2 or 3) based on the 

amount of variance explained by these PCs, and discards the remaining data, usually assumed to be noise. However, there is 

not a uniform approach to determining the number of PCs to retain, and although guidelines exist for the selection process, 

their application is quite subjective. Additionally, although a PC may explain only a small percentage of the variance, it may 295 

contain data useful for the mixing analysis instead of just ‘noise’ (Jolliffe and Cadima, 2016; Wold et al., 1987). To simplify 

the overall process and avoid these potential errors, the full set of standardized data should be used. This method of using the 

z-scored tracer concentrations to calculate endmember fractional contributions has been used in previous studies, but primarily 

in scenarios where the endmember compositions are unknown (Carrera et al., 2004; Liu et al., 2020; Valder et al., 2012). These 

studies also do not compare the mixing results when performing the calculation in U-space versus tracer space. To address this 300 

in our study, fractional contributions were calculated both using standardized stream water data and the PC scores for the 

stream data and compared using the optimization described in Christophersen et al. (1990a).  

We set up the optimization as shown in Equations 10 – 11. The objective function minimized in our analysis is the sum of 

squared error, where the inputs include an n×d matrix of standardized endmember values (𝐌𝐌𝑧𝑧) and an n×1 column vector of 

standardized stream water concentrations from each row in matrix 𝐑𝐑𝑧𝑧 . The reason for using standardized values rather than 305 

tracer values is to avoid bias in the optimization because endmembers with smaller tracer concentrations would likely exert 

minimal influence on the optimization, negating the advantage of including as many tracers as possible. The constraints on the 

optimization include that the sum of the fractional contributions should be equal to 1, and the value of each contribution is 

constrained to 0 ≤ 𝑓𝑓𝑤𝑤 ≤ 1. This calculation is then used for each stream sample to determine the fractional contribution of 

each endmember for a given sampling day.  310 

 

𝐸𝐸𝑗𝑗 =  �𝐌𝐌𝒁𝒁 ∗  𝑓𝑓� −  𝐫⃗𝐫𝒛𝒛𝒋𝒋  (10) 

 

  arg min
𝑥𝑥∈[0,1]

 ��𝐸𝐸𝑗𝑗2
𝑛𝑛

𝑗𝑗=1

� , subject to: �𝑓𝑓𝑤𝑤 = 1
𝑑𝑑

𝑤𝑤=1

(11) 

 315 

In our case, the fractional contribution values in 𝑓𝑓 were optimized for each stream sample using the MATLAB function 

fmincon. This function minimizes an objective function to determine the best values for the adjustable parameters, given a set 

of initial guesses and various types of constraints. Initial guesses for each endmember were set to 1/d, where d is the number 

of endmembers used in the analysis. The output from fmincon is a d×1 column vector (𝑓𝑓) of estimated fractional contributions 

for a single stream sample, where the elements (𝑓𝑓𝑤𝑤) are the individual endmember contributions in the order they were arranged 320 

in 𝐌𝐌𝑧𝑧.  
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𝑓𝑓 = �

𝑓𝑓1
𝑓𝑓2
⋮
𝑓𝑓𝑑𝑑

�  (12) 

 

Although it is recommended to use the standardized tracer data in the mixing analysis, EMMALAB also includes the option 325 

to calculate the fractional contributions using either 2 PC’s or 3 PC’s. A tab is included within the app to compare the difference 

in calculated endmember fractional contributions in a line graph. The app also represents the fractional contributions calculated 

for each sampling day plotted in a stacked bar graph to observe how these contributions change over time. A weighted 

discharge plot can also be created outside of the app by exporting the calculated fractional contributions and multiplying these 

values by the rate of discharge measured at the time of sample collection to observe seasonal fluctuations of the relative 330 

contributions from each endmember.  

2.8 Residual analysis 

To check the accuracy of the model and the endmembers selected, the predicted concentrations based on the estimated 

fractional contributions can be compared to the actual stream chemistry for each sampling day (Foks et al., 2018). To convert 

the estimated fractional contributions into stream concentrations, the vector 𝑓𝑓 is multiplied by the matrix of standardized 335 

endmembers, resulting in a m×n matrix of predicted standardized stream values, 𝐑𝐑𝒛𝒛
∗ . Each standardized value is then de-

standardized using the standard deviation and mean calculated for each tracer in the original matrix R.  

𝐑𝐑𝒛𝒛
∗ = 𝐌𝐌𝒛𝒛 ∗ 𝑓𝑓 (13) 

𝒓𝒓𝒛𝒛∗ =  (𝑟𝑟𝑧𝑧𝑖𝑖𝑖𝑖
∗  ∗  s𝐫𝐫𝑗𝑗) + 𝜇𝜇𝐫𝐫𝑗𝑗   (14) 

 340 

EMMALAB performs these calculations automatically in the script titled AnalyzeEMMA.m. Within the app, the predicted 

concentrations are plotted against the observed concentrations and assessed for linearity and adherence to the 1:1 line. Tracers 

that are under- or overpredicted by the model indicate the possible need for an additional endmember or suggest a physical or 

chemical process that makes them non-conservative. 

2.9 Endmember error analysis 345 

Methods for determining error used in previous studies include gaussian error propagation, bootstrapping, or Monte Carlo 

simulations (Vonk et al., 2010; Genereux, 1998; Bazemore et al., 1994; Xu Fei and Harman, 2022; Christophersen et al., 

1990a). In our case, an error analysis was performed on the endmembers using jackknifed mean values of the endmember 

tracer compositions to measure error due to the variations in the endmember samples. This method was used on the original 

endmember datasets before they were averaged. The method of jackknifing the mean includes generating a distribution of 350 
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mean values by systematically excluding a single observation and averaging the remaining observations (Trauth, 2021). As 

mentioned above, the endmembers used in the model are each composed of a group of samples that are averaged together to 

represent the endmember. If each group of samples for an individual endmember has m samples, then a new representative 

averaged endmember is created by removing one sample from the dataset and averaging the remaining m-1 samples. This is 

repeated m times, creating a new matrix the same dimensions as the initial matrix of endmember samples, but now containing 355 

a variety of averaged endmember values for the individual endmember. This is repeated for each endmember used in the 

analysis, and the averaged groups calculated for each endmember are arranged in every possible combination and used in the 

optimization for every sample collected. If a dataset has four endmembers and 10 samples collected for each endmember, there 

would be 10,000 iterations of different averaged endmember combinations used to calculate the fractional contribution of each 

endmember for each sample. The resulting mean and standard deviation for the percent contribution of all iterations for each 360 

sampling day are then used to quantify the extent of error due to endmember sampling. Within EMMALAB, the MATLAB 

function jackknife is used to calculate the jackknifed mean values for each endmember. These values can then be plotted as 

error bars on a line graph around the endmember fractional contribution values over time.  

3 Results and Discussion 

Due to the number of subjective choices that must be made in a typical EMMA application, the ability to iterate over several 365 

model permutations is critical. However, this can be very time-consuming if every change must be individually coded into a 

computer. EMMALAB allows the user to progress completely through the mixing model and return to previous stages of the 

process to determine the ideal set of tracers and endmembers to represent the stream chemistry data.  

This section walks through the steps in the process of EMMA, using the Provo River as an example dataset, to set up and 

demonstrate the general workflow of EMMALAB, and illustrate the benefits of mixing in tracer space by comparing the tracer 370 

space model results with three different PCA-based models that follow the traditional EMMA method.  

3.1 Introduction to EMMALAB and suggested workflow   

EMMA is perhaps the most sophisticated hydrograph separation method available, ostensibly capable of accommodating 

simple to relatively complex watersheds. However, our impression is that EMMA is not as widely employed as it probably 

should be, because there is no standard, user-friendly software for implementing these models. Therefore, most EMMA users 375 

have implemented custom calculations in MATLAB, R, Python, or similar programming environments (Chaves et al., 2008; 

He et al., 2020; Petermann et al., 2018). These types of custom software routines can make the necessary model iterations for 

selecting tracers and endmembers inconvenient. To address this problem, we created EMMALAB to streamline the EMMA 

process and update the approach to mixing calculations. We developed the software application in MATLAB, with standalone 

versions available that do not require a MATLAB license to run. When using the app, the workflow is well defined to avoid 380 
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user error and create a more uniform approach to the calculation. The program and supporting materials are provided in 

Thompson et al. (2025). 

EMMALAB streamlines our recommended workflow to allow quick implementation of trial-and-error modelling decisions 

and error minimization. The following is a typical workflow.  

1. Organize stream and endmember chemistry samples for the area of interest. Arrange the data according to the Microsoft 385 

Excel template included with the app supporting materials, and load the data into the app. The current version of EMMALAB 

does not have the ability to estimate unknown endmember compositions, so the user must have measured potential endmembers 

to use the app (Xu Fei and Harman, 2022). 

2. Categorize stream location(s) and endmembers with a unique symbol and colour for use in the PCA and other plots within 

the app.  390 

3. Determine which isotopes and solutes in the dataset should be used in the initial tracer set, starting with a list of isotopes 

and solutes that are expected to behave conservatively. Be aware of the fundamentally different processes affecting isotopes 

and solutes to determine whether isotopes should be included in the analysis. This approach is streamlined within the app, 

allowing the user to view bivariate plots and associated correlation coefficients (R) between the pairs of isotopes and solutes, 

following the methods in Hooper (2003). 395 

4. Perform a PCA in the app to view the stream and endmember data in U-space. Determine the number of PCs to retain by 

considering eigenvalues and the percent variance explained by each PC (Sections 2.7-2.8). Although the PC scores are not 

used if the mixing calculations are done in tracer space, it is still important to evaluate the PCA results to select endmembers. 

5. Select a set of endmembers that (at least approximately) circumscribe the stream data in U-space. After the endmembers are 

selected, the mixing calculation may be performed.  400 

6. Perform the mixing calculation by using a non-negative least-squares optimization using z-scored tracer values for both the 

stream and endmember data. EMMALAB automatically z-scores selected stream data and tracer values. Ideally, the system of 

equations should be either critically determined or overdetermined. The option to calculate in U-space using 2 PC or 3 PC 

space is available in the app but is not recommended. It is, however, demonstrated below in a model comparison (section 3.4). 

7. Assess how well the model predicts the measured tracer values in the stream data. Rerun the model with a variety of potential 405 

conservative tracers not included in the initial selection and assess the model predictions to determine whether such tracers 

should be included in the final model. Systematically underpredicted or overpredicted values may indicate nonconservative 

tracer behaviour, a poorly characterized endmember, or a missing endmember.  

8. Once the final tracer set is selected, reconsider all measured endmembers. In some cases, a potential endmember could have 

been initially excluded because it appears in U-space to be a mixture of two other endmembers. However, in higher-410 

dimensional space it may not actually lie between the two other endmembers and so including it could contribute to better 

model predictions. It may also be that there is some a priori reason (e.g., knowledge about the local geology) to include the 

initially excluded endmember. Therefore, the analyst can experiment with modelling the system using expanded sets of 

endmembers, iteratively evaluating the quality of the model predictions.  
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 415 

3.2 Conservative tracer selection  

As mentioned previously, it can be important to select as many tracers as possible, because this mathematically allows for the 

inclusion of more endmembers. In addition, constraining the model with more tracers can highlight possible systematic errors 

in the endmember characterizations (see Section 3.5 below). However, there has traditionally been minimal guidance regarding 

the process for selecting conservative tracers for EMMA. For instance, Christophersen et al. (1990a) suggested simply 420 

selecting the tracers that usually behave conservatively in streams, whereas Hooper (2003) suggested creating bivariate plots 

and choosing a set of tracers that exhibit a high degree of linear correlation with one another. The latter method has been 

critiqued as potentially misleading because linear or nonlinear trends do not necessarily guarantee conservative or 

nonconservative behaviour, respectively (James and Roulet, 2006; Barthold et al., 2011). For instance, weak linearity in a 

bivariate plot might simply indicate that the supply of the two potential tracers in question is dominated by more than two 425 

endmembers. Nevertheless, while high correlation between two solutes is not a guarantee that they behave conservatively, the 

probability that high linear correlation between several tracers is a simple fluke becomes progressively lower as more tracers 

are added. Therefore, linear correlation at least seems like a good place to start. 

We recommend following an iterative procedure for selecting tracers in EMMALAB that begins with examining the correlation 

between potential tracers. Bivariate plots of the elements and/or isotopes should be created to assess the degree of linear 430 

correlation between potential tracers. Although there is no a priori method for determining an acceptable degree of correlation, 

Hooper (2003) suggests 𝑅𝑅 > 0.50. An arbitrarily set R value may be used for selecting a group of tracers as long as it is applied 

consistently in the initial set of solutes and isotopes. In our case, we applied a more stringent criterion of 𝑅𝑅 > 0.80 because of 

high linearity between several variables in our stream chemistry data. Oxygen and hydrogen isotopes should be treated as a 

separate category because their variation is governed by different processes than solutes. One strategy would be to select δ18O 435 

and δ2H unless they are poorly correlated, and then select other common tracers, e.g., Ca2+, Mg2+, K+, Na+, Si, Cl-, HCO3
-, and 

electrical conductivity (Barthold et al., 2011). Within this initial group of non-isotopic tracers, those with low R value relative 

to the others should initially be excluded to retain a set that are all highly correlated with one another. Excluded tracers can 

subsequently be revisited later in the process. Although this method likely will not identify all conservative tracers in the 

dataset, it allows a starting point to establish an initial set of tracers that are most likely to behave conservatively. 440 
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Figure 3: Bivariate plots of the tracers used in the initial step of tracer selection in EMMA for Provo River. Each solute displayed 
plausibly conservative behaviour (𝑹𝑹  > 0.80). δ18O and δ2H did not exhibit linear relationships with the solute tracers since 
fundamentally different processes explain variations in solute concentrations and isotopic ratios. These solutes are used to establish 445 
a foundation for the model which may be built upon in the second step of tracer selection by iteratively testing additional tracers 
through the model. Units for each solute are mg/L, and units for the isotopic ratios are permil.  

 
The second phase of tracer selection is undertaken later in the process, after an initial mixing model has been calculated. The 

analyst optimizes the model with this initial set of tracers, then reoptimizes after iteratively including more potential tracers, 450 

one at a time. When a new potential tracer is added and the model reoptimized, the analyst may retain it for the next iteration 

if the model predicts the new tracer approximately as well or better than the initial set. Likewise, if at any point in this process 

adding more potential tracers results in good prediction of most tracers, but poorer prediction of one in the initial set, that 

previously selected tracer can be removed. This allows the analyst to tease out any remaining conservative tracers despite a 

lower degree of linear correlation in the bivariate plots. This procedure may be repeated at various points in the modelling 455 

process, and the quality of results of each iteration can be compared via the correlation between predicted and measured 

concentrations (R2), deviation of the slope from 1, the root mean squared error (RMSE) of the predicted tracer concentrations, 

and by looking for systematic deviations in the residuals. Applying this procedure to the Provo River data, we first selected 

δ18O, δ2H, HCO3
-, Mg2+, and Ca2+ because the isotopes were well correlated with each other, as were the solutes (Fig. 3). We 

followed the subsequent steps of the modelling procedure (see below) using this initial set of tracers, which were all predicted 460 

well by the mixing model.  We then iteratively included more potential tracers, and although they were not well correlated 

with the initial set of solute tracers, we found K+, Si, Cl-, and Na+ were worth considering. When included, K+ was extremely 

well predicted, and so was Si in most stream samples. However, in several samples Si was systematically over- or under-

predicted during certain seasons (see Section 3.5). Na+ and Cl- exhibited poor correlation with the initial set of tracers but were 

moderately well predicted when included. They were ultimately excluded, however, because including them decreased model 465 

performance predicting Si and K+, and we had reason to believe that road salt contamination was occurring (see Section 3.5). 

(We did not know how to characterize a hypothetical road salt endmember.) This tracer re-evaluation process occurred at 
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several points in the analysis and was invaluable, for example, for deciding whether an adequate number of endmembers had 

been chosen, or whether the chosen endmembers were adequately characterized.  

These results illustrate certain points about the difficulty involved in choosing a maximal, or even adequate, set of tracers. 470 

First, the fact that Na+ and Cl- were ultimately rejected due in part to the likelihood of road salt contamination shows that the 

strategy employed in some studies to choose tracers simply because they typically behave conservatively, or even because 

they have been shown to behave conservatively upstream in the same watershed (Guinn et al., 2010; Burns et al., 2001), should 

be used with caution. Second, iteratively including initially rejected tracers can be important not only for expanding potential 

model complexity, but also to sufficiently constrain the model to highlight systematic deviations from model predictions, such 475 

as those revealed for Si (see Section 3.5). In contrast, some EMMA analysts have rejected tracers because they were highly 

correlated with a retained tracer and therefore deemed unnecessary (Lund et al., 2023). Finally, revisiting tracer selection later 

in the modelling process can be important for re-evaluating chosen endmembers as a maximal set of tracers is sought. However, 

some analysts have instead reduced the number of potential tracers to allow the previously chosen endmembers to be more 

adequately modelled (Liu et al., 2004; Montagud et al., 2021). This approach may or may not be justified in any particular 480 

case but it is worth pointing out that endmember selection and/or description is at least as likely a culprit for inadequate model 

results. All the above points illustrate the need for EMMA software capable of accommodating rapid model iteration. 

3.3 Endmember selection  

EMMA abstracts and reduces the diverse processes occurring in a watershed into a simple mixing problem involving a few 

endmember waters. And while tracer selection is important, one can usually find multiple solutes and isotopes that behave 485 

essentially conservatively in a system of interest.  Therefore, the success of an EMMA model largely depends upon the proper 

selection and description of endmembers.   

The first step in endmember selection is to perform PCA on the stream chemistry data, transform the endmember data into the 

same coordinate system, and plot both the endmember and stream data in the reduced dimensional space (U-space). The 

purpose of this is to choose potential endmembers that circumscribe (at least most of) the mixture data (Christophersen and 490 

Hooper, 1992), when plotted against combinations of the retained axes (PCs). In the case of the Provo River dataset, we decided 

to retain 3 PCs. 

Why did we choose to retain three PCs? The methods typically used to decide how many PCs should be retained (see Sections 

2.7-2.8) can give contradictory results; for example, the rule of one (retaining PCs with eigenvalues > 1) supported retaining 

three PCs, whereas a scree test (retaining PCs up to an “elbow” in the cumulative variance explained, see Fig. S1) supported 495 

retaining four PCs. However, since the first three PCs explained 85.6% of the variance in the original, z-scored stream dataset, 

and 3 PCs can be visualized simultaneously, we subjectively chose to retain only those (Fig. 4). It should also be mentioned 

that when the mixing calculation is performed in tracer space rather than U-space, the choice of the exact number of PCs to 

retain only matters for reconnaissance for potential endmembers. We found that quartzite groundwater, carbonate groundwater, 

snow, mineral soil water, and organic soil water sufficiently circumscribed the river data. Although the data could be 500 
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circumscribed without the inclusion of organic soil water, we decided to retain this endmember since it was uniquely enriched 

in K+. 

The mixing calculations (see Sections 2.9 and 3.4) pose some constraints on the number of endmembers that can be selected. 

The minimum number of endmembers needed is one more than the number of PCs retained, because this is the number of 

points required to form a convex hull around the stream data, and it also results in a critically determined mixing calculation 505 

(Hooper, 2003; Barthold et al., 2010; Foks et al., 2018; Pelizardi et al., 2017). Likewise, the maximum number of endmembers 

is also one more than the number of PCs retained if the mixing calculation is done in U-space. However, it is one more than 

the number of tracers (which is always more than the number of retained PCs) if the mixing calculation is done in tracer space. 

Using a smaller number of endmembers than is possible when mixing in tracer space results in an overdetermined system of 

equations, for which a best-fit solution can be found using non-negative least-squares optimization (Gentle, 1998). 510 
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Figure 4: Principal components analysis for the Provo River data from Soapstone (blue circles) with potential endmembers projected 515 
into the river-defined U-space. The endmembers that adequately circumscribe the data are quartzite groundwater, snow, mineral 
soil water, organic soil water, and carbonate groundwater. The plots show PC1 versus PC2, PC2 versus PC3, and PC1 versus PC3, 
which altogether explain 85.7% of the variance within the dataset.   

 

3.4 Mixing calculation 520 

Here we compare the results of four mixing calculations using the five endmembers we selected for the Provo River (see 

Section 3.3) to show that constraining the system with more variables (e.g., calculating in the full tracer space) generally results 

in more robust optimizations. The first model was calculated using our seven selected tracers (see Section 3.2), while the 

calculation for the three other models was done in U-space with two (69.1% variance), three (85.7%), and four (96.4%) PCs.  

In Fig. 5 we show the difference between the calculated fractional contributions of all endmembers in the U-space mixing 525 

models from those calculated from the tracer-space model. As we include more PCs (and hence more of the information from 
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the original data), we get consistently closer to the results of the tracer-space model. The maximum differences in the fractional 

contributions of all endmembers between the 2 PC, 3 PC, and 4 PC models were (-0.28, 0.24), (-0.11, 0.14), and (-0.03, 0.03), 

respectively, with mineral soil water and snow being the most consistently over- and under-predicted endmembers (Fig. 5). 

The predicted vs. observed tracer plots for these models (see Figs. S2 – S4) show that some of the tracers become increasingly 530 

better predicted as the calculations are based on more information, with high R2 and low y-intercept and slope-1 produced by 

the tracer space model.  

Given these results, it is clear that performing the mixing calculation in tracer space reliably simplifies the approach to EMMA, 

while allowing for greater model complexity by constraining the model with more variables. 

 535 
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Figure 5: Plots of the fractional contributions calculated using 2 PCs, 3 PCs, 4 PCs, each subtracted by the fractional contributions 
calculated from the tracer space model. 
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3.4.1 Model results 540 

The 7-tracer mixing model was deemed most accurate for assessing the fractional contributions of each endmember to the 

Provo River. Using this model, the fractional endmember contributions at Soapstone showed strong seasonal variability in the 

fractional contributions of quartzite groundwater, snow, mineral soil water, organic soil water, and carbonate groundwater 

(Figure 7). During baseflow (December – February), the river was dominated by quartzite groundwater, associated with the 

most common lithology upstream of Soapstone. The snow endmember increased greatly during snowmelt runoff (April – 545 

June), with maximum contributions ranging between 22 – 49% across multiple years, with an average cumulative spring runoff 

snow input of 44.5 m3/s. The increase in the snow fraction occurred at the same time as snowmelt runoff, but the total volume 

of snow input into the stream each year was difficult to quantify. The 2017 water year had above-average snowpack, which 

was reflected in increased calculated fractional contributions of snow, but similar trends were seen in 2021, which was a below-

average snowpack year. Thus, high snowpack does not necessarily result in higher fractional snow input in the model, although 550 

the total discharge was clearly lower in 2021. This could occur because antecedent soil moisture and air temperature also 

control the amount of snowmelt making it directly into the stream without significant soil interaction (Brooks et al., 2021). 

Indeed, there was an increase in soil water contributions (both types) during snowmelt runoff, likely caused by snowmelt 

flushing the soils. 
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 555 
Figure 6: Fractional contributions and weighted discharge from each endmember for Provo River for 2016 – 2018 and 2021 – 2022. 

3.5 Model tracer predictions 

As suggested by Christophersen et al. (1990a), the accuracy of model-predicted tracer concentrations may be used to test the 

plausibility of the combination of endmembers included. A poor model prediction (low R2, high slope-1 and y-intercept, or 

systematic errors) may suggest inadequately characterized endmembers, non-conservative behaviour by some of the tracers, 560 

missing endmembers, or inadequate sampling of endmembers (Foks et al., 2018).   

In the initial tracer selection process, Na+ and Cl- were considered for the model since these solutes typically behave 

conservatively, but they were systematically underpredicted, suggesting a missing endmember. However, there appeared to be 

no pattern in the underpredicted values. Along the highway upstream from Soapstone, the road is regularly maintained in early 

spring with snowplows and road salt. This opens the possibility that the underpredicted values of Na+ and Cl- could be caused 565 

by the transfer of road salt into the river, likely through snowmelt. Given that this missing endmember comes from a sporadic 

source (road salt) not associated with any particular amount of water, the difficulty in estimating the input makes it an 
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unsuitable endmember for EMMA modelling. In the case of the Provo River mixing calculations, the final model-predicted 

concentrations of δ18O, δ2H, Si, HCO3
-, Mg2+, K+, and Ca2+ were compared to the observed stream chemistry data to assess 

model accuracy (Figure 8). The R2, slope-1, y-intercept, and RMSE were used to assess each plot and determine how well the 570 

model was able to replicate the stream data based on the selected endmembers (Table 2). We primarily considered the 

predictions to be good if the RMSE was relatively small. The statistics for the fit of the plots can be found in Table 2. Of the 

predictions, δ2H and K+ were predicted very well, δ18O, HCO3
-, and Mg2+ were underpredicted, Ca2+ was overpredicted, and 

Si was both under- and over-predicted depending on time of year. In the case of Si, we observed a systematic deviation where 

it was overpredicted primarily during early baseflow, and occasionally underpredicted during peak runoff (Fig. S5). The 575 

overpredicted Si values during late summer may suggest uptake in soils during peak photosynthesis (Van Breemen et al., 

2000). Sedges and moss, in particular, are efficient Si-accumulators (Ma and Takahashi, 2002; Hodson et al., 2005), and are 

found in the watershed. The underpredicted values during runoff may be caused by soil-water sampling having been conducted 

during mid-late runoff season (late May-June) and may not have captured maximum Si concentrations earlier in the year 

(Gérard et al., 2002).  580 

Other systematic deviations of tracer values from the model predictions are also readily explainable. For example, while the 

δ2H values are predicted very well, the δ18O values in the river are systematically underpredicted, perhaps from evaporation. 

Systematically underpredicted HCO3
- at high concentrations may indicate CO2 degassing in the stream. The underpredicted 

Mg2+ and overpredicted Ca2+ concentrations may be related to variability in the Mg and Ca content of limestones and dolostones 

in the sedimentary bedrock, which would cause differences in these as groundwater interacts with different areas and depths 585 

of bedrock seasonally.  

These examples illustrate an important point. That is, maximizing the number of tracers included and optimizing the mixing 

in tracer space leads to maximally constrained models. This can lead to less scatter in the predicted vs. observed tracer plots, 

but simultaneously can make systematic deviations more apparent. If the systematic deviations can be readily explained in 

physical terms, the value of the model often increases. For example, it is possible that our carbonate groundwater endmember 590 

samples were collected from locations where the water had interacted with more limestone, as opposed to dolostone, than 

would be representative of similar waters in the watershed. If so, then including Mg2+, Ca2+, and HCO3
- as tracers likely resulted 

in better estimates of the carbonate groundwater contributions. Similarly, including Si did not make the predictions of the other 

tracers worse, and its systematic deviation from predicted concentrations could inform future soil water sampling. Various 

applications of Si and K+ to the model illustrate that both tracers were essential in accurately defining both mineral and organic 595 

soil water (Fig. S6). 
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Figure 7: Model predicted concentrations versus observed concentrations for Provo River using five endmembers.  

 
Table 2: Statistics associated with the fit between the model predicted concentrations and observed concentrations. 600 

 
R2 Slope-1 Intercept RMSE 

d18O 0.9 -0.28 -4.72 0.34 

d2H 0.93 -0.02 -2.33 1.36 

HCO3 0.9 -0.2 2.98 1.64 

Si 0.7 -0.53 0.92 0.36 

Mg 0.9 -0.21 0.13 0.13 

K 0.98 0.03 -0.01 0.01 
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Ca 0.98 0.14 -0.26 0.39 

 
 

3.6 Error estimation 

Jackknifing endmember means resulted in 17,820 different combinations of the means of the five endmembers, which we used 

to assess the uncertainty in the fractional endmember contributions to the individual stream samples (Fig. 9). The calculated 605 

errors for all fractional contributions were small. The mineral soil water endmember had the greatest amount of uncertainty 

(+/- 7%), and quartzite groundwater had the smallest (+/- 0.5%). This was expected because soil water included a small number 

of samples with large variability in water chemistry, which would lead to a larger variance in jackknifed means. Soil water 

endmembers can generally be difficult to adequately capture because soils can dramatically differ spatially, between soil types, 

and via different chemical and biological processes (Christophersen et al., 1990b).  610 

 
Figure 8: Error within endmember sampling groups for each sampling day for Soapstone, with shaded areas representing the extent 
of error within the endmembers. The dashed line indicates a break in the sampling in the 2019 and 2020 water years.  
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4 Conclusions 615 

Endmember mixing analysis is a sophisticated and useful tool for understanding how the primary water sources of a stream 

change over time. However, EMMA is underused by the hydrological community and has sometimes been improperly 

implemented because there has been no standard software for it. Here we have introduced an open-source software package, 

EMMALAB, which allows for rapid model setup and iteration, and have described a systematic, iterative approach to applying 

EMMA to take advantage of this capability. This approach includes a revised method for performing mixing calculations in 620 

tracer space, rather than reduced dimensional space, which allows for the inclusion of more potential water sources and better 

constrained models.  

We illustrated our approach with data from the upper Provo River to demonstrate the utility of this approach. In this example, 

after several iterations we found that seven tracers and five endmembers were adequate to describe the water chemistry of our 

sampling location. These variables were applied to the watershed to estimate the relative contributions of each endmember 625 

over the five years of data collected. We found that snow was consistently the main contributor during spring runoff, with an 

average cumulative input during spring runoff of 44.5 m3, with quartzite groundwater being the second highest contributor 

(43.8 m3). Quartzite groundwater was the primary contributor during baseflow (0.65 m3). This application illustrates the 

streamflow response to spring snowmelt and the importance of snow to the hydrologic processes within the watershed. A 

continued application of this analysis to Provo River could help to understand the importance regular snowpack deposition has 630 

on the health of the watershed.  
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