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Abstract. Num�rical ag� mod�ls ar� us�ful tools for inv�stigating th� ag� of th� ic� in an ic� sh��t. Th�y can b� us�d to dat�
ic� cor�s or to int�rpr�t isochronal horizons which ar� obs�rv�d by radar instrum�nts. H�r�, w� pr�s�nt a n�w num�rical ag�

10 mod�l for a flow lin� of an ic� sh��t. Th� assumption h�r� is that th� g�om�try of th� flow lin� and th� v�locity shap� functions
ar� st�ady (i.�. constant in tim�). A tim�-varying factor can only b� appli�d to th� surfac� accumulation rat�s and basal m�lting
rat�s. Our mod�l us�s an innovativ� coordinat� syst�m (𝜋,𝜃), pr�viously publish�d, which is suitabl� for solving transport
�quations. Using this coordinat� syst�m, solving th� ag� �quation is simpl�, fast and accurat�, b�caus� th� traj�ctori�s of ic�
particl�s pass �xactly through th� nod�s of th� grid. Our num�rical sch�m�, call�d Eul�rian-Lagrangian, th�r�for� combin�s

15 th� advantag�s of Eul�rian and Lagrangian sch�m�s. W� pr�s�nt an application of this mod�l to th� flow lin� going from Dom�
C to Littl� Dom� C and show that horizontal flow is a non-n�gligibl� factor which should b� consid�r�d wh�n mod�lling th�
ag�-d�pth r�lationship of th� B�yond EPICA ic� cor�. Th� cod� w� d�v�lop�d for ag� mod�lling along a flow tub� is nam�d
ag�_flow_lin�-1.0 and is fr��ly availabl� und�r an op�n-sourc� lic�ns�.

1 Introduction
20 Ic� sh��ts, such as th� curr�nt Gr��nland or Antarctic ic� sh��ts, or th� past F�nnoscandian or Laur�ntid� ic� sh��ts, ar� a

fundam�ntal compon�nt of th� global climat� syst�m (O�rl�mans and Van D�r V��n, 1984). Th�y ar� th� most important
r�s�rvoir of fr�sh wat�r on Earth, th�ir �xist�nc� caus�s global s�a l�v�l to b� low�r than it would oth�rwis� b�, th�ir whit�
surfac�s l�ad to a strong alb�do which cools th� r�gional and �v�n global climat�s, th�ir high �l�vation modifi�s th�
atmosph�ric circulation and th� fr�sh wat�r and ic�b�rgs th�y �j�ct into th� oc�ans can p�rturb th� d��p oc�an circulation.

25 Th�r�for�, it is �ss�ntial to und�rstand th� proc�ss�s and th� boundary conditions which gov�rn th� �volution of ic� sh��ts.
Curr�nt ic� sh��ts ar� also an �xtraordinary archiv� of past climat�s, as th�y can r�cord local t�mp�ratur� variations wh�n th�
snow f�ll (Jouz�l �t al., 2007; NorthGRIP proj�ct m�mb�rs, 2004), th� past atmosph�ric composition (Loul�rgu� �t al., 2008;
Lüthi �t al., 2008) and atmosph�ric impuriti�s (Lamb�rt �t al., 2012). For th� int�rpr�tation of th� ic� cor� r�cords, it is �ss�ntial
to dat� th� ic� and r�construct th� traj�ctori�s and m�chanical histori�s of ic� particl�s within th� ic� sh��ts.
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30 Mod�ling th� ag� of th� ic� in ic� sh��ts is important for s�v�ral r�asons. This includ�s dating �xisting ic� cor�s (Buchardt,
2009; Huybr�chts �t al., 2007; Johns�n and Dansgaard, 1992; Parr�nin �t al., 2007) and inv�stigating n�w pot�ntial ic� cor�
drill sit�s (Chung �t al., 2023; Obas� �t al., 2023; Parr�nin �t al., 2017; Van Li�ff�ring� and Pattyn, 2013). Ag� obs�rvations
from ic� cor�s (Bouch�t �t al., 2023; Oyabu �t al., 2022) or from radio �cho sounding (Cavitt� �t al., 2016; MacGr�gor �t al.,
2015) can h�lp constrain th� boundary conditions of ic� sh��ts or und�rstand th� int�rnal proc�ss�s of ic� sh��t mod�ls using

35 inv�rs� m�thods.
Various typ� of num�rical mod�ls with a transport sch�m� to comput� th� ag� within th� ic� sh��ts hav� b��n impl�m�nt�d.
For �xampl�, larg� scal� transi�nt mod�ls hav� b��n us�d (Lhomm� �t al., 2005a; Sutt�r �t al., 2019). Th� advantag�s of th�s�
mod�ls ar� that th�y ar� fully transi�nt and consid�r many of th� diff�r�nt physical proc�ss�s involv�d in ic� sh��t �volution.
How�v�r, boundary conditions such as th� g�oth�rmal flux, th� basal drag or th� surfac� accumulation rat�s for th�s� mod�ls

40 ar� poorly known. Du� to th�ir larg� computation tim�, th� �volution �quations ar� oft�n simplifi�d and th�ir r�solution is
multi-kilom�tric, m�aning that d�tail�d b�drock r�li�f is not/ cannot b� tak�n into account. Mor�ov�r, th�s� mod�ls might
simulat� a pr�s�nt-day surfac� topography which is diff�r�nt from th� obs�rv�d surfac� topography, making it chall�nging to
compar� th� mod�l with �xisting ic� cor� or radar obs�rvations. To improv� th� r�solution or th� r�pr�s�ntation of physical
proc�ss�s in th�s� mod�ls, it is possibl� to �mb�d a local high r�solution and high ord�r mod�l within a simplifi�d contin�ntal

45 ic� sh��t mod�l (Huybr�chts �t al., 2007).
Anoth�r approach is to us� local 1D (pur�ly v�rtical) or 2.5D (flow tub�) mod�ls with a pr�scrib�d g�om�try. Th�s� mod�ls
can b� �ith�r transi�nt (Koutnik �t al., 2016; Obas� �t al., 2023), st�ady stat� (Waddington �t al., 2007) or ps�udo-st�ady
(Chung �t al., 2023; Parr�nin �t al., 2017) which is a st�ady mod�l but with a scaling of th� ag� to account for th� t�mporal
chang� of surfac� accumulation rat�.

50 Th�r� �xist s�v�ral num�rical sch�m� for solving th� transport �quations, in particular th� ag� �quation (Rybak and Huybr�chts,
2003). Th� Lagrangian sch�m� follows ic� particl�s within th�ir journ�y and is g�n�rally stabl�. How�v�r, th� trac�rs ar�
disp�rs�d and it is not possibl� to know a priori wh�r� th�s� trac�rs will �nd up at th� �nd of th� simulation. Th� Eul�rian
sch�m� solv�s th� ag� �quation on a grid and do�s not hav� th� probl�m of trac�r disp�rsion but can b� num�rically unstabl�,
�sp�cially in 3D (Hindmarsh �t al., 2009). Th� third num�rical sch�m� is th� s�mi-Lagrangian sch�m�, which, as with th�

55 Eul�rian sch�m�, solv�s th� ag� �quation on a grid but is mor� stabl� than th� Eul�rian sch�m� (Lhomm� �t al., 2005b; Sutt�r
�t al., 2021).
H�r� w� pr�s�nt a n�w 2.5D (flow tub�) ps�udo-st�ady num�rical ag� mod�l, nam�d ag�_flow_lin�-1.0. This num�rical ag�
mod�l us�s an innovativ� coordinat� syst�m (𝜋,𝜃) pr�viously publish�d (Parr�nin and Hindmarsh, 2007) and which is suitabl�
for solving transport �quations. W� solv� th� ag� and transport �quations using a Eul�rian-Lagrangian sch�m� that us�s an

60 analytical d�rivation of traj�ctori�s and a grid which tracks th�s� traj�ctori�s. In S�ction 2, w� first pr�s�nt th� analytical and
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num�rical foundations of th� mod�l and its impl�m�ntation. In S�ction 3, w� show an application of th� mod�l to th� flow lin�
b�tw��n Dom� C and Littl� Dom� C in Antarctica. In S�ction 4, w� discuss th� advantag�s and limitations of th� mod�l.

2 Description of the model
2.1 Notations and analytical aspects

65 W� first consid�r a st�ady flow lin� of an ic� sh��t. This m�ans that w� assum� that factors such as th� g�om�try of a flow lin�
(�g. ic� thickn�ss) and th� v�rtical shap� function do not chang� in tim�. In this mod�l, w� will consid�r non-st�ady
accumulation rat� and m�lting rat�, but this will b� discuss�d lat�r. Th� notation and �quations follow that of Parr�nin and
Hindmarsh (2007) but th� assumptions ar� slightly r�lax�d sinc� w� allow th� flow tub� width and r�lativ� d�nsity to vary
v�rtically. W� writ� th� �quations in th� (𝑥,𝑧) coordinat�s wh�r� 𝑥, th� horizontal coordinat� along th� dir�ction of ic� flow,

70 is th� distanc� from th� dom� and 𝑧 is th� v�rtical coordinat�. W� suppos� that th� horizontal dir�ction of th� flow do�s not
d�p�nd on th� v�rtical position and is tim�-ind�p�nd�nt, and w� r�pr�s�nt th� lat�ral flow div�rg�nc� by th� varying flow tub�
width 𝑌(𝑥,𝑧). In practic�, for ground�d ic� and und�r th� shallow ic� approximation, th� dir�ction of th� flow can b� d�t�rmin�d
from th� surfac� �l�vation gradi�nt. In this cas�, th� st�ady assumption for th� flow tub� m�ans that th� shap� of surfac�
�l�vation contours do�s not chang� with tim�. Th� dir�ction of th� flow can also b� d�t�rmin�d by surfac� v�locity

75 m�asur�m�nts, as is don� for th� mod�lling of th� flow lin� from Dom� C to Littl� Dom� C (Chung �t al., 2024). Using surfac�
v�locity m�asur�m�nts is mor� appropriat� wh�r� th� surfac� is flat b�caus� in this cas�, th� flow might not follow th� gr�at�st
slop�.
Th� ic�-sh��t g�om�try is giv�n by th� b�drock �l�vation 𝐵(𝑥), th� surfac� �l�vation 𝑆(𝑥) and th� total ic� thickn�ss
𝐻 𝑥 = 𝑆 𝑥 − 𝐵(𝑥). W� also d�not� th� d�pth in th� ic� sh��t by 𝑑. W� l�t snow/ic� r�lativ� d�nsity b� 𝐷(𝑥,𝑧) and th�

80 surfac� accumulation of ic� and basal m�lting rat� at th� ic�–b�drock int�rfac� b� 𝑎(𝑥) and 𝑚(𝑥), r�sp�ctiv�ly. W� l�t
𝑢𝑥(𝑥,𝑧) d�not� th� horizontal v�locity and 𝑢𝑧(𝑥,𝑧) th� v�rtical v�locity of th� ic� particl�s. W� also l�t 𝜒(𝑥,𝑧) r�pr�s�nt th�
ag� of th� ic� particl�.
W� now d�fin� flux�s us�d to d�riv� th� str�am function. Th� partial horizontal flux 𝑞𝐻(𝑥,𝑧) is d�fin�d as th� horizontal flux
passing b�low d�pth 𝑧:

𝑞𝐻(𝑥,𝑧) =
𝑧

𝐵
𝑌(𝑥,𝑧′)𝐷(𝑥,𝑧′)𝑢𝑥(𝑥,𝑧′)𝑑𝑧′, (1)

85 with 𝑄𝐻 𝑥 = 𝑞𝐻(𝑥,𝑆) b�ing th� total horizontal flux at position 𝑥 . W� furth�r d�fin� th� basal m�lting flux as:
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𝑄𝑚 𝑥 =
𝑥

0
𝑌𝐵(𝑥′)𝑚(𝑥′)𝑑𝑥′. (2)

wh�r� 𝑌𝐵 𝑥 = 𝑌(𝑥,𝐵) is th� tub� width at th� b�drock.
B�caus� of th� st�ady-stat� assumption, th� two compon�nts of th� v�locity fi�ld can b� d�riv�d from on� scalar variabl� call�d
th� str�am function, d�not�d by 𝑞(𝑥,𝑧) which follow th�s� �quations:

𝑌𝐷𝑢𝑥 = 𝜕𝑞
𝜕𝑧 ,

𝑌𝐷𝑢𝑧 = − 𝜕𝑞
𝜕𝑥 .

(3)

Th� flux through any path linking two points 𝐴 and 𝐵 is ind�p�nd�nt of th� chos�n path and is th� diff�r�nc� 𝑞𝐵 − 𝑞𝐴. Th�r�for�,
90 𝑞 = 𝑄𝑚 + 𝑞𝐻. By d�finition, th� contours of th� str�am function corr�spond to th� traj�ctori�s of ic� particl�s.

W� d�fin� th� total flux at position 𝑥 by 𝑄 𝑥 = 𝑞 𝑥,𝑆 , �xc�pt at th� dom� wh�r� 𝑄 𝑥 = 0. W� d�fin� th� normaliz�d str�am
function 𝛺(𝑥,𝑧) such that th� str�am function 𝑞 is giv�n by

𝑞 𝑥,𝑧 = 𝑄 𝑥 𝛺(𝑥,𝑧) (4)
This n�w variabl� can b� r�lat�d to th� horizontal flux shap� function 𝜔 through

𝛺(𝑥,𝑧) = 𝜔(𝑥,𝑧) + 𝜇
1 + 𝜇 (5)

with 𝜔 d�fin�d by (Parr�nin �t al., 2006; R��h and Pat�rson, 1988):
𝑞𝐻(𝑥,𝑧) = 𝑄𝐻(𝑥)𝜔(𝑥,𝑧), (6)

95 and with 𝜇 b�ing th� ratio of th� m�lting flux to th� horizontal flux
𝜇(𝑥) = 𝑄𝑚(𝑥)

𝑄𝐻(𝑥) . (7)
In ord�r to d�t�rmin� particl� traj�ctori�s and th� ag� of ic�, w� can now transform th� 𝑥,𝑧 coordinat� syst�m to a n�w syst�m
(𝜋,𝜃) d�fin�d as (Parr�nin and Hindmarsh, 2007):

𝜋 𝑥 = ln 𝑄(𝑥)
𝑄ref

𝜃 𝑥,𝑧 = ln 𝛺(𝑥,𝑧)
(8)
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wh�r� 𝑄ref is a r�f�r�nc� flux (in practic�, w� us� th� total flux at th� downstr�am boundary of th� domain). Not� that th�
chang� of variabl� from 𝑥 to 𝜋 r�quir�s 𝑄(𝑥) to b� an incr�asing function, and w� must th�r�for� assum� that th� accumulation

100 𝑎 is strictly positiv� all along th� flow-lin�. Also, th� chang� of variabl� from 𝑧 to 𝜃 r�quir�s 𝛺 to b� an incr�asing function of
𝑧, which corr�sponds to assuming that th�r� is no r�v�rs� flow.
W� th�n d�fin� th� horizontal and v�rtical v�locity compon�nts in this n�w coordinat� syst�m: 𝑢𝜋 = 𝑑𝜋

𝑑𝑡 and 𝑢𝜃 = 𝑑𝜃
𝑑𝑡. Parr�nin

(2013) show�d that th�s� v�locity compon�nts can b� writt�n as
𝑢𝜋 = 𝑌𝑆𝑎𝑌𝐷 𝜕𝛺

𝜕𝑧 ,

𝑢𝜃 = − 𝑌𝑆𝑎𝑌𝐷 𝜕𝛺
𝜕𝑧 .

(9)

wh�r� 𝑌𝑆 𝑥 = 𝑌 𝑥,𝑆 is th� tub� width at surfac�. This way, it can imm�diat�ly b� s��n (Parr�nin and Hindmarsh, 2007), that
105 th�s� v�locity compon�nts ar� opposit� and th�r�for�, traj�ctori�s in th� (𝜋,𝜃) coordinat� syst�m ar� straight lin�s of slop� -1

(s�� Figur� 2).
Int�grating th� tim� sp�nt along th� traj�ctory from Eq. (9), th� ag� of an ic� particl� can b� writt�n as

𝜒 =
𝜋

𝜋0
𝜅𝑑𝜋 (10)

with 𝜋0 th� initial valu� of 𝜋 wh�n th� ic� particl� was at surfac� and with th� 𝜅 param�t�r d�fin�d as:
𝜅 = 𝑌𝐷

𝑌𝑆𝑎
𝜕𝑧𝛺𝜕𝛺 . (11)

W� can now d�fin� th� v�rtical thinning function, which is th� ratio of th� v�rtical thickn�ss of a lay�r to its initial ic� �quival�nt
110 v�rtical thickn�ss wh�n it was at surfac�. Using this (𝜋,𝜃) coordinat� syst�m, it can also b� shown that th� v�rtical thinning

function can b� writt�n (Parr�nin, 2013):

𝜏 = 𝛺 𝑌𝑆𝑎𝑌𝐷
𝐷0𝑎0 1 − 1𝜅

𝜋
𝜋0

𝜕𝜅
𝜕𝜋

−1 (12)

wh�r� 𝐷0 and 𝑎0 ar� r�sp�ctiv�ly th� r�lativ� d�nsity and accumulation rat� wh�n th� snow/ic� particl� was d�posit�d.
W� can now consid�r variations of surfac� accumulation and basal m�lting rat�s and assum� th�y hav� common t�mporal
variations (Parr�nin �t al., 2006; Parr�nin and Hindmarsh, 2007):
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𝑎 𝑥,𝑡 = 𝑎(𝑥)𝑅(𝑡)
𝑚 𝑥,𝑡 = 𝑚(𝑥)𝑅(𝑡)

(13)

115 wh�r� 𝑎(𝑥) is th� av�rag� accumulation rat� and 𝑚(𝑥) is th� av�rag� m�lting rat� at position 𝑥 and 𝑅(𝑡) is a positiv� t�mporal
multiplicativ� factor. Using this assumption, th� traj�ctori�s and isochron�s ar� th� sam� as thos� of th� st�ady probl�m which
us�s 𝑎 and 𝑚, but v�lociti�s of ic� particl�s ar� �nhanc�d or r�duc�d d�p�nding on th� valu� of 𝑅(𝑡). It is possibl� to d�duc�
th� r�al ag� of ic� particl�s 𝜒 from th� st�ady ag� 𝜒 using th� following chang� of tim� variabl�

𝑡 =
𝑡

0
𝑅(𝑡)𝑑𝑡, (14)

wh�r� 𝑡 is th� st�ady tim� and 𝑡 is th� r�al tim�.
120 2.2 Simplifying assumptions

To simplify, w� assum� that snow is compr�ss�d instantan�ously into ic� at surfac�. In practic�, w� conv�rt r�al d�pth into ic�
�quival�nt d�pth using th� obs�rv�d r�lativ� d�nsity profil�. Mor�ov�r, w� assum� that th� flow tub� has v�rtical walls, that
is, 𝑌 do�s not d�p�nd on 𝑧. This way, th� �quations for 𝜅 and 𝜏 b�com�:

𝜅 = 1𝑎 𝜕𝑧𝛺𝜕𝛺 . (15)

𝜏 = 𝛺 𝑎𝑎0 1 − 1𝜅
𝜋
𝜋0

𝜕𝜅
𝜕𝜋

−1 (16)

125 2.3 Numerical aspects
Th� (𝜋,𝜃) coordinat� syst�m is v�ry us�ful for solving any transport �quation and in particular th� ag� �quation. Ind��d, if w�
d�fin� a r�gular grid in (𝜋,𝜃) with th� sam� st�p 𝛥𝜋 = 𝛥𝜃 = 𝛥, th� traj�ctori�s of ic� particl�s pass �xactly through th� nod�s
of th� grid (Figur� 1). Th�r�for�, starting from th� surfac� wh�r� th� ag� is 𝜒 = 0, it is possibl� to d�duc� th� ag� on th�
horizontal grid lin� b�low wh�r� 𝜃 = − 𝛥 by calculating th� tim� n��d�d for �ach ic� particl� to cross a c�ll. Th�n th� ag� on

130 th� horizontal grid lin� b�low (𝜃 = − 2𝛥) can b� calculat�d, �tc. As particl�s mov� downstr�am, th� conditions at th� upstr�am
boundary should b� known. As th� 𝜋 scal� is logarithmic, th�r� is a singularity at th� dom�. Th�r�for�, th� horizontal 𝜋 scal�
starts at a point slightly downstr�am of th� dom�, wh�r� an ag� can b� pr�scrib�d, for �xampl� using a dom� solution (which
assum�s pur�ly v�rtical mov�m�nt).
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Th� tim� n��d�d to cross a c�ll is

𝛥𝜒 =
𝜋+𝛥

𝜋
𝜅𝑑𝜋. (17)

135
H�r�, w� assum� that 1/𝑎 is continuous and vari�s lin�arly b�tw��n two cons�cutiv� 𝜋 nod�s. Similarly, w� assum� that 𝑧𝛺 is
continuous and vari�s lin�arly b�tw��n two cons�cutiv� 𝜃 nod�s along a v�rtical grid lin� (Figur� 1). It m�ans that 𝜕𝑧𝛺𝜕𝛺 is a
st�pwis� function along 𝜃 and a continuous and lin�ar by parts function along 𝜋. Int�grating 𝜅 along 𝜋 across a c�ll th�r�for�
corr�sponds to int�grating a s�cond ord�r polynomial.

140 Similarly, w� can calculat� th� v�rtical thinning function using Eq. (11) by int�grating th� following quantity along �ach c�ll:
𝜋+𝛥
𝜋

𝜕𝜅
𝜕𝜋𝑑𝜋. (18)

With our assumption that 1/𝑎 and that 𝑧𝛺 ar� pi�c�wis� lin�ar functions, 𝜕𝜅 𝜕𝜋 is a first ord�r polynomial b�tw��n 𝜋 and 𝜋 +
𝛥, so it can b� �asily int�grat�d.
To calculat� th� initial horizontal positions, th� total flux or th� initial accumulation rat� wh�n th� ic� particl�s w�r� at surfac�,

145 w� must transport th�s� quantiti�s from th� surfac� along th� diagonals in th� (𝜋,𝜃) grid (Figur� 2). Th� traj�ctori�s of th�
particl�s ar� giv�n by th� iso-contours of th� str�am function 𝑞.
In our ag�_flow_lin�-1.0 cod�, it is possibl� to d�t�rmin� th� ag�, accumulation and thinning function on a r�fin�d v�rtical
grid corr�sponding to an �xisting or pot�ntial ic� cor�. W� first d�t�rmin� th� 𝜋 coordinat� of th� ic� cor� and calculat� th� ag�
and thinning profil�s by a w�ight�d av�rag� of th� two adjac�nt v�rtical profil�s of th� 2D grid. W� th�n int�rpolat� this coars�

150 1D v�rtical profil� onto a r�fin�d 1D ic� cor� profil�. For th� thinning function, w� p�rform a lin�ar int�rpolation whil�, for
th� ag�, w� us� a quadratic int�rpolation.
In ord�r to v�rify that th� unc�rtainty du� to int�rpolation is n�gligibl�, w� also us� a diff�r�nt m�thod to �stimat� th� thinning
function and ag� at th� ic� cor� location. Onc� th� ag�, thinning and th� initial accumulation rat� ar� calculat�d for an ic� cor�,
it is possibl� to d�riv� th� ag� to g�t anoth�r �stimat� of th� thinning function, or to int�grat� th� lay�r thickn�ss to g�t anoth�r

155 �stimat� of th� ag�. W� th�n ch�ck that th� two �stimat�s of ag� and thinning (on� int�grating th� ag� and th� oth�r int�grating
th� thinning) ar� consist�nt within num�rical unc�rtainti�s.

https://doi.org/10.5194/egusphere-2024-3411
Preprint. Discussion started: 27 January 2025
c© Author(s) 2025. CC BY 4.0 License.



8

2.4 Programming aspects
ag�_flow_lin�-1.0 is �ntir�ly writt�n using th� Python-3 programming languag� with s�v�ral sci�ntific modul�s (numpy,
scipy, matplotlib). ag�_flow_lin�-1.0 both solv�s th� transport �quations and displays th� r�sults as figur�s. Th� figur�s

160 display�d for th� 2D grid ar�: th� 2D grid in th� (𝑥,𝑧) and (𝜋,𝜃) coordinat� syst�m, th� ag� in th� (𝑥,𝑧), 𝑥,𝑑 and (𝜋,𝜃)
coordinat� syst�ms, thinning in th� (𝑥,𝑧) coordinat� syst�m, obtain�d �ith�r by dir�ct int�gration of th� thinning or by
diff�r�ntiation of th� ag�, th� 𝜔 function in th� (𝑥,𝑧) coordinat� syst�m, th� str�am function 𝑞 and its contours (th� str�am
lin�s, which r�pr�s�nt particl� traj�ctori�s) in th� (𝑥,𝑧) coordinat� syst�m. Along th� 𝑥 coordinat� of th� flow lin�, figur�s
display th� accumulation rat�, th� basal m�lting rat�, th� width of th� flow tub� and th� surfac� v�locity or th� total flux 𝑄.

165 Along th� 1D v�rtical grid of �ach ic� cor�, on� figur� displays th� accumulation and lay�r thickn�ss as a function of th� ag�,
and anoth�r figur� displays th� ag�, spatial origin and thinning as a function of d�pth.
For th� horizontal flux shap� function 𝜔, w� us� th� Lliboutry profil� (Lliboutry, 1979; Parr�nin and Hindmarsh, 2007):

𝜔 𝜁 = 1 − 𝑝 + 2
𝑝 + 1 1 − 𝜁 + 1𝑝 + 1 (1 − 𝜁)𝑝+2 (19)

wh�r� 𝜁 is th� normalis�d v�rtical coordinat� (0 at th� b�drock and 1 at th� surfac�). Th�r�for�, only th� valu� of 𝑝 n��ds to b�
170 d�fin�d for �ach horizontal position 𝑥 along th� flow lin�. How�v�r, on� could �asily impl�m�nt anoth�r typ� of horizontal

flux shap� function, for �xampl� th� Dansgaard-Johns�n profil� (Johns�n and Dansgaard, 1992).
For th� upstr�am boundary condition on th� ag�, w� impos� a dom� profil�:

𝜒 =
0

𝜃
𝜅𝑑𝜃. (20)

Th� cor� of th� cod� is �ntir�ly s�parat� from th� �xp�rim�nt dir�ctory wh�r� th� r�sults of th� run ar� sav�d. Th� �xp�rim�ntal
175 dir�ctory is compos�d of a g�n�ral param�t�r fil� in th� YAML format (ag�_flow_lin�-1.0 us�s th� pyaml modul�) and t�xt

fil�s that d�fin� th� accumulation rat� 𝑎, basal m�lting rat� 𝑚, width of th� flow tub� 𝑌, surfac� �l�vation 𝑆, ic� sh��t thickn�ss
𝐻 and �xpon�nt of th� Lliboutry profil� 𝑝. Th�r� is also a v�rtical d�nsity profil� giv�n in a t�xt fil� for transforming r�al d�pths
to ic� �quival�nt d�pths and this profil� is assum�d to b� th� sam� along th� whol� flow lin�.
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3 Application to the DC-LDC flow line
180 To d�monstrat� th� p�rformanc� and ability of our ag� mod�l, w� apply it to th� flow lin� b�tw��n Dom� C and Littl� Dom�

C (East Antarctica). Th� flow tub� has alr�ady b��n d�t�rmin�d in th� companion pap�r Chung �t al. (2024). It is ~40 km long
with a strong lat�ral flow div�rg�nc� b�caus� w� ar� on a divid� (Figur� 3). Th� param�t�rs us�d for our simulations, nam�ly
th� surfac� accumulation rat�, basal m�lting and Lliboutry param�t�r, ar� thos� from Chung �t al. (2023) obtain�d by fitting
a 1D ps�udo-st�ady ag� mod�l onto obs�rv�d isochron�s. This 1D mod�l finds a b�st fit valu� for a m�chanical ic� thickn�ss

185 and us�s th� comparison with th� obs�rv�d ic� thickn�ss to inf�r basal conditions. It is th�r�for� th� m�chanical ic� thickn�ss
that w� us� for our bottom boundary condition h�r�. Th� aim of our simulation is th�r�for� to �stimat� wh�th�r horizontal
adv�ction is an important m�chanism to tak� into account in th� mod�lling of th� ag� along this flow lin�. This simulation is
pur�ly for d�monstration purpos�s and should not b� s��n as r�alistic. This is b�caus� w� ar� using th� r�sults of th� 1D inv�rs�
mod�l for a 2.5D flow tub� mod�l, inst�ad of optimizing th� 2.5D mod�l dir�ctly onto th� obs�rv�d isochron�s and ic� cor�

190 datas�ts. Th� optimization of this 2.5D mod�l is th� scop� of th� companion pap�r Chung �t al. (2024).
Th� boundary conditions of th� mod�l ar� plott�d in Figur� 4. Th� m�sh�s of th� mod�l ar� plott�d in Figur� 5. Th� horizontal
flux shap� function ω is plott�d in Figur� 6. Th� mod�ll�d ag�, traj�ctori�s and v�rtical thinning function ar� plott�d in Figur�
7, Figur� 8 and Figur� 9. Th� r�sults for th� n�xt ic� cor� at BELDC ar� plott�d in Figur� 10. Th�s� figur�s (from 4 to 10) ar�
automatically g�n�rat�d by th� ag�_flow_lin�-1.0 softwar�.

195 On Figur� 5, it can b� obs�rv�d that th� m�sh is r�fin�d n�ar th� b�drock. This is �xp�ct�d, sinc� th� grid is �xpon�ntial with
r�sp�ct to th� flux shap� function 𝛺. Wh�n th�r� is no basal m�lting (which is th� cas� in our application with th� m�chanical
ic� thickn�ss), th� grid do�s not �xt�nd down to th� b�drock but approach it asymptotically. Th� horizontal r�solution also
vari�s in our application, but s�v�ral param�t�rs aff�ct this r�solution. On� would �xp�ct that th� horizontal r�solution would
d�cr�as� wh�n th� distanc� to th� dom� incr�as�s, sinc� th� grid is �xpon�ntial in total flux 𝑄. But this is partially comp�nsat�d

200 by th� �xpon�ntial incr�as� of th� tub� width along th� flow lin�.
From Figur� 8, it can b� obs�rv�d that th� ic� particl�s may originat� >20 km upstr�am along th� divid�. Th�r�for�, horizontal
flow is not n�gligibl� along this flow lin� and should b� tak�n into account wh�n mod�lling th� ag� of th� ic�. In particular at
BELDC (Figur� 10), th� bottom ic� originat�s up to ~22 km upstr�am from our mod�lling.

4 Discussion
205 4.1 Numerical aspects

This ag� mod�l is accurat� and with minimal num�rical diffusion sinc� quantiti�s ar� transport�d from on� nod� to th� n�xt
without int�rpolation. This could h�lp t�st th� accuracy of num�rical sch�m�s of mor� compl�x 3D and transi�nt mod�ls.
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This mod�l has similar compl�xity of a st�ady mod�l but consid�rs th� variations of accumulation with tim� which is non-
n�gligibl� along a glacial-int�rglacial cycl� (approximat�ly a factor of 2 on th� East Antarctic plat�au). For a 1000x1000 grid,

210 th� computation tim� is ~0.1 s on a r�c�nt laptop comput�r for th� num�rical calculations, with a f�w additional s�conds for
th� building of th� figur�s. For this grid, th� m�mory footprint of th� simulation is ~0.8 Gb.
Du� to its fast computation tim�, this mod�l is appropriat� for inv�rs� simulations wh�r� th� r�sults ar� fitt�d to obs�rvations.
Ind��d, inv�rs� simulations r�quir� multipl� runs of th� forward mod�l to find th� optimal s�t of param�t�rs, which can b�
computationally �xp�nsiv�.

215 This mod�l could also b� appropriat� for r�pr�s�nting th� adv�ction t�rm in a h�at �quation, although th� diffusion t�rm is
b�tt�r d�alt with in a physical (x,z) coordinat� syst�m.
4.2 Modelling of the DC-LDC flow line
W� hav� p�rform�d a simulation wh�r� both v�rtical and horizontal ic� flow is tak�n into account. W� show that it has a non
n�gligibl� �ff�ct on th� ag� mod�lling of th� B�yond EPICA ic� cor�, with particl�s originating som�tim�s >20 km from th�ir

220 curr�nt position. Our simulation is provid�d as a proof of conc�pt for th� mod�l w� hav� d�v�lop�d. How�v�r, it is not
appropriat� to us� th� r�sult of th� 1D inv�rs� mod�l to d�t�rmin� th� param�t�rs of th� 2.5D mod�l. Furth�rmor�, w� can s��
in Figur� 7, that mod�ll�d isochron�s (in black) do not agr�� w�ll with th� obs�rv�d isochron�s (in whit�). For a mor� r�alistic
simulation, th� param�t�rs of th� mod�l should b� optimiz�d so that mod�ll�d ag� fits th� radar and ic� cor� ag� obs�rvations.
This is th� purpos� of th� companion pap�r of Chung �t al. (2024).

225 4.3 Limitations of the pseudo-steady assumption
Our mod�l r�li�s on th� ps�udo-st�ady assumption, which stat�s that all variabl�s ar� in st�ady-stat� �xc�pt for a t�mporal
multiplicativ� factor which is both appli�d to accumulation and m�lting.
First, th� g�om�try is assum�d to b� in st�ady-stat�. This assumption is adapt�d for th� int�rior of East Antarctica, wh�r�
r�lativ� variations in ic� thickn�ss w�r� small (Ritz �t al., 2001), but it still r�quir�s that th� flow lin�s hav� not vari�d too much

230 in th� past, which is still uncl�ar. Gr��nland and W�st Antarctica may hav� had a r�lativ�ly stabl� g�om�try sinc� th� last
glacial inc�ption but th�y probably �ncount�r�d important chang�s during th� last int�rglacial.
S�cond, th� sam� t�mporal multiplicativ� factor is appli�d to both surfac� accumulation and basal m�lting. Th�r� ar� no
physical r�ason to assum� surfac� accumulation and basal m�lting hav� vari�d in conc�rt, this is just a math�matical
conv�ni�nc�. But b�caus� basal m�lting is g�n�rally small in front of surfac� accumulation, this assumption should not b� too

235 dramatic if th� right av�rag�-in-tim� basal m�lting is giv�n as input to th� mod�l. Mor�ov�r, this t�mporal factor assum�s that
th� surfac� accumulation spatial patt�rn has r�main�d stabl� in tim�. This assumption r�li�s on a stabl� snow pr�cipitation
proc�ss and a stabl� snow r�-d�position by wind, which might not always b� th� cas� (Cavitt� �t al., 2018) .
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Our ps�udo-st�ady mod�l can th�r�for� b� s��n as a first approach to mod�l th� ag� fi�ld along flow lin�s at high r�solution,
but mor� compl�x 3D and transi�nt mod�ls ar� n�c�ssary to fully inv�stigat� th� ag� of th� ic� in ic� sh��ts.

240 4.4 Possible improvements
In this impl�m�ntation, w� hav� mad� a f�w simplifying assumptions that could b� r�lax�d in th� futur�. First w� hav� assum�d
that th� flow tub� has v�rtical walls, which is for �xampl� not th� cas� along a ridg� (Passalacqua �t al., 2016). S�cond, w�
hav� conv�rt�d r�al d�pths into ic� �quival�nt d�pth using a uniqu� d�nsity profil� along th� flow lin�, whil� cl�arly for long
flow lin�s th� d�nsity profil� might chang� with th� distanc� to th� dom�. Third, w� hav� us�d a Lliboutry profil� for th�

245 horizontal flux shap� function 𝜔, whil� oth�r profil�s could b� us�d. In particular at a st�ady dom� wh�r� Raymond arch�s
d�v�lop (Raymond, 1983), th� Lliboutry profil� do�s not s��m to b� suitabl� (Martín and Gudmundsson, 2012). Fourth, w�
pr�scrib�d a dom� solution on th� upstr�am boundary of th� domain, but any boundary condition could b� pr�scrib�d.
Du� to th� num�rical simplicity of th� mod�l, it could b� possibl� to d�riv� its Jacobian, which would mak� inv�rs� simulations
mor� �ffici�nt.

250 5 Conclusions
W� hav� d�v�lop�d a num�rical mod�l to calculat� th� ag� of th� ic� along a ps�udo-st�ady flow tub� of an ic� sh��t. Our
Eul�rian-Lagrangian sch�m� combin�s advantag�s of Eul�rian and Lagragian sch�m�s. Th�r� is a r�gular grid wh�r� th� ag�
is calculat�d, as in Eul�rian sch�m�s and th�r� is no num�rical diffusion, as in Lagrangian sch�m�s. Our mod�l is
computationallyWith our assumption that 1/a and that z_Ω and lin�ar pi�c�wsi� functions �ff�ctiv�, which op�ns up n�w

255 prosp�cts for optimizing its param�t�rs according to obs�rvations. W� hav� appli�d our mod�l to th� DC-LDC flow lin� and
w� hav� shown that horizontal flow is non n�gligibl� th�r�, with ic� particl�s som�tim�s trav�lling >15 km which has
implications for th� ag� scal� of th� B�yond EPICA ic� cor�. Th� n�xt st�p is to optimiz� th� param�t�rs of th� mod�l according
to ag� obs�rvations such as radar-obs�rv�d isochron�s and ic� cor� dat�d horizons, which is don� in th� companion manuscript,
Chung �t al. (2024).

260 Code availability
ag�_flow_lin�-1.0 is an op�n sourc� mod�l availabl� und�r th� MIT lic�ns�. It is host�d on th� github facility (Parr�nin, 2024a)
and th� v�rsion corr�sponding to this submitt�d manuscript has b��n publish�d on Z�nodo (Parr�nin, 2024b). Th� main author
(F. Parr�nin) can provid� support for p�opl� who would lik� to us� th� softwar�.
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385
Figure 1: Diagram of th� flow tub� of an ic� sh��t with th� principl� notations us�d in this articl�.
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Figure 2: Diagram r�pr�s�nting th� (𝜋,𝜃) grid (in black) and th� traj�ctori�s (blu� arrows) in this coordinat� syst�m.
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390
Figure 3: Map of th� flow lin� (c�ntral blu� lin�) going from DC to LDC with th� width of th� flow tub� according to th� blu� color bar.Two pairs of adjac�nt flow lin�s �nding at BELDC and 20 km downstr�am from th� dom� ar� also shown to �mphasiz� th� strong lat�ralflow div�rg�nc� along this divid�. Th� background colour r�pr�s�nts th� surfac� �l�vation. Th� dark r�d lin� r�pr�s�nts th� radar trans�ctwh�r� th� 1D inv�rs� mod�l of Chung �t al. (2023) was appli�d. Adapt�d from Chung �t al. (2024).
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Figure 4: Boundary conditions of th� mod�l along th� DC-LDC flow lin�: surfac� accumulation rat� (gr��n), basal m�lt rat� (blu�) and tub�width (black). Th� position of th� EDC and BELDC drilling sit�s ar� indicat�d in r�d on th� top bar. This figur� was automatically g�n�rat�d400 by th� ag�_flow_lin�-1.0 softwar�.
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Figure 5: M�sh of th� ag�_flow_lin�-1.0 mod�l �xp�rim�nt in th� (𝜋,𝜃) (top) and (x,z) (bottom) coordinat� syst�m. Th� positions of th�EDC and BELDC d��p drill sit�s ar� plott�d in dash�d r�d. Th� obs�rv�d b�drock is in thick black and th� m�chanical b�drock in viol�t. Forb�tt�r r�adability, th� r�solution of th� grids has b��n d�cr�as�d by a factor of 5. Th�s� figur�s w�r� automatically g�n�rat�d by th�ag�_flow_lin�-1.0 softwar�.
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405

Figure 6: Th� 𝜔 horizontal flux shap� function along th� DC-LDC flow lin�. Th� positions of th� EDC and BELDC d��p drill sit�s ar�plott�d in dash�d r�d. Th� obs�rv�d b�drock is in thick black and th� m�chanical b�drock in viol�t. This figur� was automatically g�n�rat�dby th� ag�_flow_lin�-1.0 softwar�.
410
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Figure 7:Mod�ll�d ag� along th� DC-LDC flow lin�, according to th� colour scal� on th� right. Th� mod�ll�d isochron�s ar� plott�d in solidblack and th�ir ag� is r�pr�s�nt�d on th� colour bar. Th� positions of th� EDC and BELDC d��p drill sit�s ar� plott�d in dash�d r�d. Th�black dash�d lin� r�pr�s�nts th� traj�ctory originating from th� surfac� upstr�am corn�r. Th� dott�d black lin�s ar� th� isochron�s obs�rv�d415 by radar. Th� obs�rv�d b�drock is in thick black and th� m�chanical b�drock in viol�t. This figur� was automatically g�n�rat�d by th�ag�_flow_lin�-1.0 softwar�.
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Figure 8: Traj�ctori�s of ic� particl�s (black lin�s) along th� DC-LDC flow lin�. Th� positions of th� EDC and BELDC d��p
420 drill sit�s ar� plott�d in dash�d r�d. Th� black dash�d lin� r�pr�s�nts th� traj�ctory originating from th� surfac� upstr�am

corn�r. Th� obs�rv�d b�drock is in thick black and th� m�chanical b�drock in viol�t. This figur� was automatically g�n�rat�d
by th� ag�_flow_lin�-1.0 softwar�.
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Figure 9: Valu� of th� v�rtical thinning function along th� DC-LDC flow lin�. Th� two v�rtical r�d dash�d lin�s r�pr�s�nt th� positions of425 th� EDC and BELDC drill sit�s. Th� black dash�d lin� r�pr�s�nts th� traj�ctory originating from th� surfac� upstr�am corn�r. Th� obs�rv�db�drock is in thick black and th� m�chanical b�drock in viol�t. This figur� was automatically g�n�rat�d by th� ag�_flow_lin�-1.0 softwar�.
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Figure 10: Ag� (blu�), v�rtical thinning function (gr��n) and spatial origin (r�d) of th� ic� at th� EDC (left) and BELDC (right) drill sit�430 locations. Th� solid lin�s r�pr�s�nt th� 2.5D ag�_flow_lin�-1.0 r�sults. Th� dash�d lin�s r�pr�s�nt th� AICC2012 chronology for EDC andth� r�sults of th� 1Dmod�l (Chung �t al., 2023) for BELDC. Th�s� figur�s w�r� automatically g�n�rat�d by th� ag�_flow_lin�-1.0 softwar�.
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