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downward bending of the shelf if the ice is assumed to have vertically uniform viscosity. Satellite lidar observations

show that many shelf edges bend upward and that the amplitude of upward deflections depends systematically on g "(Delete a1
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derivation of an analytic expression for internal bending moments as a function of shelf surface temperature, shelf

thickness and ice rheologic parameters. The effect of a power-law relation between stress difference and strain rate

is also included analytically. The key ice rheologic parameter affecting shelf edge bending is the ratio of the

activation energy, 0, and the power-law exponent, z, For cold ice surface temperatures and large values of O/n,

upward bending is expected, while for warm surface temperatures and small values of O/n, downward bending is

expected. The amplitude of bending should scale with the ice shelf thickness to the power 3/2 and this is
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Jee shelf breakup is important since it could reduce the buttressing of ice sheets, leading to a speed up of ice sheet+ \

flow and therefor a rise of sea level (Scambos et al., 2004; Rignot et al., 2004; Schoof, 2007; Gudmundsson, 2013;

Fiirst et al., 2016). Long-term models of ice sheet flow predict accelerated sea-level rise caused by loss of ice

[

shelves (e.g. DeConto et al., 2021). Ice shelf bending may lead to calving and break up of shelves in two ways.

Bending stresses may lead directly to crevasse formation and propagation (e.g. Wagner et al., 2016). Bending may R (Deleted: q
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the parameters that describe ice flow (e.g. Cuffey and Patterson, 2010; Behn et al., 2021, Zeitz et al., 2020;

Millstein, et al., 2022). Analysis of ice shelf bending may provide an additional constraint on ice rheology.

Jhe downward bending of ice-shelf edges is expected to result from the bending moment due to the pressure in

water exerted on the shelf. Weertman (1957) derived an expression for this bending moment as a function of ice
and water densities, assuming a uniform ice rheology with depth. Reeh (1968) numerically calculated the

deflections due to this bending moment by treating the ice shelf as a uniform, thin, viscous plate and showed how

the downward deflections of the edge would increase with time since the last calving event, as viscous stresses
relax. Fully two-dimensional viscous (Mosbeux et al, 2021) and visco-elastic models (Christmann et al, 2019) of

ice shelf bending, assuming uniform properties with depth, confirm the thin-plate predictions.

The down-bending of shelf edges predicted by the Weertman-Reeh theory has been seen in several locations such

as the edge of the Ronne Ice Shelf and across several iceberg edges (Scambos et al, 2005 and see [Fig. 1(b)).,

However, upward,bending has been observed in several other areas (e.g. Scambos et al, 2005, 2008, Becker et al., ;

2021: and see Fig. 1(b)). That many shelf edges bend upward with a high “rampart” at the shelf edge paired with =

a pronounced low “moat” inward of the edge and has generated great interest (e.g. Wagner et al., 2014, 2016; kS

Mosbeux et al, 2021). For example, a comprehensive study of the Ross Ice Shelf by Becker et al (2021) using

the moats and ramparts are separated by horizontal offsets of a few hundred meters and have, typical elevation R

differences of 5 to 10 meters (Fig, 1(c)).

JThe only published model to explain rampart-moat structures relates to erosion of part of the sub-aerial shelf by

wave action (Scambos et al., 2005; Wagner et al., 2014, Mosbeux et al., 2020, Becker et al., 2021). The submarine

remnant, termed a “foot” or “bench,” then acts as a load that pushes up the un-eroded shelf edge (Fig,2). Bench-
driven up-bending can increase the magnitude of extensional stresses under the moat that could drive basal

crevassing and calving (Wagner et al., 2014; 2016).

This study considers an alternative model to the submerged bench model that depends on vertical variations in the

viscosity of an ice shelf. In some sense this work is a continuation of the analysis of Reeh (1968) in that it deals ‘

with bending moments causing an ice shelf to flex. In the pioneering paper on that topic, Reeh (1968) wrote: ...
a correct treatment of the problem would require consideration of the great variation (by a factor ten or more) of

the viscosity. This, however, would involve enormous mathematical troubles.”

Here I show that, as long as we can assume that the viscosity in an ice shelf varies exponentially with depth, the<

[Deleted:

- ‘(Deleted:

- (Formatted: Font: 10 pt

‘(Formatted: Font: 10 pt

A A

[Deleted:

(Deleted: figure

) (Deleted: s

s : ‘(Deleted: but

‘ ‘(Deleted: the opposite sense of

1 (Deleted: figure

(Formatted: Font: 10 pt

(Deleted:

E : (Deleted: that

E ‘(Formatted: Font: 10 pt

. (Deleted: with

(Formatted: Font: 10 pt

ki y (Deleted: fFigure

\ ‘(Formatted: Font: 10 pt

(Formatted: Font: 10 pt

[Deleted :

(Deleted: 6

(Deleted: fFigure

) (Formatted: Font: 10 pt

‘ EDeleted:

(Formatted: Font: 10 pt

Formatted: Justified, Indent: Left: 0", First line: 0", Space
After: 12 pt, Line spacing: 1.5 lines, Don't adjust space
between Latin and Asian text, Don't adjust space between
Asian text and numbers

“mathematical troubles” are minimal. The exponential viscosity approximation is shown to be reasonable if the

temperature dependence of viscosity can be described by an Arrhenius relation and the temperatures increase k

linearly with depth in an ice shelf. That approximation allows derivation of scaling relations between ice rheologic
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After that [ consider the effect of non-linear temperature profiles on shelf bending. Before launching into a detailed

analysis of this problem I discuss some basic ideas about bending moments and layer bending. ,

(a)

[ (b)

| ICESat profile from Filchner-Ronne Ice Shelf at ~76.1°S

XRLLE:
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Figure 1: Locations of topographic profiles and borehole temperature measurements, (a) Shaded relief ma

of Antarctica showing approximate locations of the profiles shown in (b) and (c). (b) ICESat-derived profile of .

elevations across the edge of the Ronne Ice Shelf from Scambos et al (2005) showing down-bending of the shelf

edge. Profile is oriented 63° relative to shelf edge. (¢) Shelf-edge topography averaged over 4 ICESat-2 lines on

the Ross Ice Shelf showing characteristic “moat and rampart” relief from Becker et al. (2021),

2 Conceptual model «

Jce shelves that are not heavily buttressed are under extension (Weertman, 1957). While ice shelves are typically

assumed to have negligible vertical gradients in horizontal strain rates, significant vertical variation in viscosity ! \

generates vertical gradients in horizontal stress that cannot be neglected. The idea that stresses internal to a layer

can cause it to bend is well known in engineering and can be illustrated with a bi-metallic strip that bends as

temperatures change. Such a strip consists of two metal layers with different thermal expansion coefficients that

are welded together. At a certain temperature this layered strip can be flat, but it will “curl up”” when the temperature

is increased as long as the lower layer has a larger thermal expansion coefficient. This occurs because the lower

layer expands more than the upper layer producing vertical variations in horizontal stress.

nternal stresses have been considered in_explaining some lithospheric bending observations, Parmentier and+

i
Haxby (1986) showed how vertical variations of horizontal stress within a strong layer might explain downward |

bending of lithosphere at transform faults. In this case, the stresses arise due to greater rates of thermal contraction

lithospheric bending that is of much longer wavelength then the effective flexural wavelength of the layer. At very |

long length scales gravity prevents the layer from bending. The vertical variation in stress can be thought of as an
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internal bending moment that is everywhere matched by adjacent bending moments except at the plate edge

(transform fault) where stresses, and so the applied bending moment, are different.
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This was first suggested to explain “axial highs” that mark the plate boundary at most fast-spreading centers and

typically rise 300-500 meters above the surrounding seafloor. In that case, the lithosphere is accreted with intrinsic

noted that the deflection of a plate with a free end and a uniform internal moment are equivalent to that resulting

from application of an opposite moment to the end of a layer with no internal moment. Axial valley lithosphere is

accreted with the opposite sense of curvature as axial high lithosphere (e.g. Liu and Buck, 2018) and recently

observed reverse fault earthquakes close to axial valleys is attributed to the flattening of these curved plates plates

with distance from the spreading axis (Olive et al., 2024).
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igure 2: Illustrations of the bench and internal moment models for deflection of a shelf edge, The arrow on+

(a) indicates the upward force due to a submerged ice “bench.” The internal moment arises from vertical variations

in horizontal stress indicated by horizontal arrows on (b). Mw and M are the applied moments due the pressure

distribution of water and the internal stress variations, respectively. (c) shows the thin plate model predictions of

the model vertical deflections e, as a function of distance from a shelf edge for Eq. (21) and (23), where e, is the

\plate boundary at most fast-spreading centers and typ{”_ [15]
Vs ~N
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controlled by viscosity. The viscous, or more precisely the viscoelastic, response of an ice shelf to bending
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moments was recognized by Reeh (1968) who noted that the wavelength of the response after a calving event

should decrease with time. This cannot be properly treated without a fully 2D numerical simulation, but, as

g &

discussed at the end of this paper, this effect should lead to slow growth of the amplitude of bending deflections.

As noted by Reeh (1968) the top of an ice shelf is typically colder than the base (by as much as 30 2C) and so /

viscosity decreases with depth in the shelf. There is a corresponding decrease in extensional stress with depth and

(AN NN

this affects the, internal bending moment in the shelf.

An, internal moment will not cause bending where the shelf is laterally uniform and continuous over distances+

ta |
[3%)
=

much larger than the flexural wavelength. Imagine that a calving event just broke off a broad section of the shelf

making a new shelf edge. If the bending moment applied by air and water at the shelf edge is different from the

internal bending moment then the shelf edge should bend, much like the bi-metallic strip described above.

However, the bending will take time to develop as viscous flow causes the flexural wavelength to diminish with

time.

Jn the absence of a bench, it is the internal stress distribution that determines whether the edge bends up or down.«

The key question for this paper is how the horizontal stresses internal to an ice shelf affect the bending of a shelf

contribution to the total applied bending moment due to the difference between water pressure and internal stress
in the ice layer. The new twist is that I consider internal stress variations related to vertical viscosity variations in

the ice shelf. |
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which is equivalent to that found by Weertman (1957) and Reeh (1968).
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thickness h, floating on seawater, ,The sea, surface js at a depth d below the top of the ice. The green line shows
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an e-folding depth, z, = h/3 in Eq. (16)),Cartoons in (b) and (c) show that the sense of bending is the opposite .- (Deleted:
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For a thin floating layer, the horizontal strain rate far from the sides (i.e. many layer thicknesses) should be constant

so that the difference between the horizontal stress and the vertical stress is well approximated as:,

Ao(Az) = 05,(2) — Oxx(2) = N(&2) € =

where the stress difference at the surface is:,
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The relationship between z,/h and T, is shown in figure 5 for a range of values of O/n assuming for simplicity
that Tz, = 0,5C.
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Figure 5: Relations between model parameters,(a) Variation of the non-dimensional e-folding depth scale z, / h:f

with, surface temperature assuming ghe rheologic parameters indicated and that the base of the shelf is at a

temperature of 0,5C. (b) and (c) Show fhe components of the moments as functions of z, /h,
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predicted height difference between the shelf edge and the closest position with zero slope (i.e. where the surface
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layer thickness. A more thorough study was done by Olive et al. (2016) who compare fully two-dimensional

viscoelastic models of flexure to the thin plate solution and find the best fitting thin plate flexure parameter
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driven deflections should scale with /%), Figure 2 illustrates shows that for the same flexure parameter, @, the

internal moment model produces a much shorter wavelength response than the bench model. ,
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and so may be in a low n flow regime (as can be seen by combining an estimate of average stress difference via

Eq, (7),with the calculation of vertical variations in effective viscosity given by Eq, (12), and illustrated in Fig,3),

Further numerical and observational tests of the internal moment model may allow new constraints to be places on
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