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[RESPONSE TO REFEREES]

We give below responses to remarks and comments made by the two reviewers through the NPG channel. In this document,
the texts of the reviewers are given, followed by our responses (in blue) for each point. In the text of the manuscript, major

changes are indicated in blue as well, for clarity.

We have also changed a paragraph at the very end of the conclusion; in particular, we had a wrong reference which we now

corrected. Finally, note that not all references added to the text as per the requests of both referees are at the end of this letter.

We thank both referees for useful remarks which have made the paper more clear and complete. We have also changed the

bibliography style following the web-of-science Cornell data base, as per editorial instructions.

We feel we have positively answered their remarks, and we now we resubmit our paper to NPG.

Annick Pouquet
On behalf of all authors

Boulder, March 5, 2025
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1 Response to the first reviewer

1. “This article is an interesting study on the detection of intermittency in different fluids, which is a vast subject. After
an excellent introduction with a review, the article presents a new study on the relationship between kurtosis and skewness.
The authors discuss a possible parabolic relationship between these two quantities. This relation is based on direct numerical
simulations at moderate resolution. Although the study is considered preliminary, it is already interesting and I think it can be
published in NPG. I have a few comments which I list below. "

Our response: We thank the reviewer for these positive remarks.

2. Comments:

“The abstract begins with the assertion that in the presence of waves, certain characteristics remain in turbulence, such as
intermittency. I think that when the amplitude of these waves is weak, we generally do not find intermittency. Am I wrong?
Please add a comment. "

Our response: The reviewer is right, we are mostly stressing in this paper the intermediate regime where waves and nonlinear

eddies are in interaction and intermittency is strong. We added comments in the abstract and in the core of the text.

3. “After equation (2), I think the total pressure equation is not written correctly. The magnetic field/pressure should appear. Is
it incompressible?"
Our response: A mistake, now corrected, with the total pressure properly defined as P = p + |b|?/2. In the MHD case, the

flow is also assumed here to be incompressible, and this is now stated in the text.

4. “ T am having trouble reading Fig. 2, especially the abscissa. And the file name at the top seems useless. Please improve it. "

Our response: All figures have been examined carefully, and rebuilt when necessary.

5. “Figure 3 is even harder to follow. I suggest adding references (a, b, ¢, d...) and using these names to comment on the results.
In addition, it is sometimes difficult to read the information, as in the bottom left-hand figure. This is important because the
discussion is mostly focused on it. "

Our response: See the response to the point above. We have also decided that Figure 3 was too complex and we have both
split it into Figures 3 and 4, and simplified it further by suppressing some of the plots (removing those concerning g with no
incidence on the rest of the paper).

We have also named each plot (a,b,c,d, ...) as appropriate, and we have changed the text of the paper accordingly. We think

indeed that the paper is more clear with these changes.

6. “Line 128: where can we find the definition of Q57"

Our response: Q5 (renamed Q) is now defined explicitly in the text around that line, and the reference to equation (12) is
made more clear. The text around equation (12) is also made a bit more explicit. We note that we have attempted to have clear
explicit notations for complex but straightforward expressions of normalized moments of any order, to show the underlying

simplicity and unity of these concepts/results.
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7. “A comparison is made (page 8) with papers on MHD. I would suggest also comparing with Horbury & Balogh (1997)
where a log-Poisson distribution is proposed. Is it possible to make a comparison?"

Our response: We have added a line on the derivation in Horbury & Balogh (1997) of the extension of the She-Levéque
model to sheets as the main dissipative structure (see also footnote 4). We note that we already mentioned in the original
version of the manuscript the log-Poisson character of PDFs in that framework.

We have not added a paragraph on the evaluation of the oo exponent(s) in the framework of the SL model with dissipative
structures in the form of sheets as proposed in Horbury and Balogh (1997) (corresponding to x = 1) in order not to burden
the paper which already contains quite a lot of detailed formula. Of course, the reason for this choice is that, in the physically
relevant limit of high Reynolds number, the o exponents are seen, interestingly enough, *not* to depend on the (co)-dimension
of the dissipative structures. We also feel the data is not sufficient to actually display departures from these different scalings,
and between scaling laws, the point of the paper being that in fact different scaling can occur for different dissipative structures.
As for determining the functional shape of Probability distribution functions (PDFs), this is notoriously difficult since the wings
are determinant and yet carry the most uncertainty. In the quasi-geostrophic stratified case (see Figure 2), PDFs are displayed
and we give in the text an exponential fit. Higher Reynolds number computations for long times have to be performed, as

mentioned in the concluding remarks.

8. “In conclusion, I find the paper interesting and after these small improvements, I think it can be published. I would also like
to congratulate the first author, as I see that the article is written in the context of the Lewis Fry Richardson 2024 medal. So
congratulations for your wonderful contribution to turbulence! "

Our response: We are thankful to the reviewer for this positive assessment of our paper, and also are grateful for the recog-

nition that such a prestigious price brings to all of the authors, and the community of geophysical turbulence at large.
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2 Response to the second reviewer

1. “This manuscript strongly focuses on the "quasi-parabolic”" K(S) law relating kurtosis (K) to skewness (S) by a power law
with an exponent close to 2 for a wide variety of turbulent fields ranging from fluid flows to MHD and beyond. In particular,
the authors argue that the She- Lévéque (SL) model, including its generalization for MHD, yields a parabolic law K(S) for
maximum intermittency.
The fact that this manuscript was prepared as part of the 2024 EGU Lewis Fry Richardson Medal and is co-authored with
leading turbulence specialists reinforces NPG’s interest in publishing this paper as is, being considered a legacy. However, I
believe that this paper can be further improved, at the discretion of the authors. I hope the comments and suggestions below
could be helpful in this direction.”

Our response: We thank the reviewer for this assessment of our work, and we want to tackle the reviewer’s suggestions for

changes to the manuscript in the following.

2. Page 1 (L10-16): It is surprising that in their introduction to intermittency, the authors do not really mention the wind
turbulence that has been considered per se for some time, at least since Kolmogorov 1941 and the questions raised by Arnold
about its intermittency, which led to first models of intermittency (Kolmogorov, 1962). Furthermore, fundamental paradigm
shifts occurred when two earlier EGU Lewis Fry Richardson Medalists demonstrated that the atmospheric spectrum could no
longer be split into 2D/3D turbulence for large and small scales respectively (e.g., Lovejoy and Schertzer (2013)).

Our response: We have now added two full paragraphs on a few of the foundational concepts and observations on intermit-
tency in turbulent flows at the beginning of §3. Indeed the paradigm shift mentioned by the reviewer, stressing among others
the importance of anisotropy to reveal an overall structure among scales, is important but not directly related to what we do in

this paper.

3. Page 1 (L38): It could be restrictive to define intermittency by the presence of “localized structures”, whereas if structures
are more obvious at small scales, the scaling of turbulence nevertheless implies structures at all scales.

Our response: The reviewer is right, due to the ambiguity associated with localization; but strong small-scale structures are
perhaps more easily detectable. Another important property of intermittency is the anisotropy of such structures, as already
noted in our manuscript, linking small and large scales in a highly non-local way (see the beginning of §3, as well as §5.1 in

which we added a sentence).

4. Page 3 (L81-83): Contrary to what is stated on L82, the kurtosis is not “recentered” by 3 in what follows. It may be useful to
recall that mono /uni-fractality of the field f yield strictly scale invariant K and S, which is no longer the case for multifractal
fields.

Our response: The equation on page 3 (below equation 4) is simply a definition so that for the Gaussian case, (excess)

kurtosis is zero, as the skewness; it is now labeled equation (5).
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5. Page 4 (L84-91): It would be interesting to have early historical overview of the quasi-parabolic relation between the
skewness and the kurtosis

Our response: We note that the earlier studies of K (S) quasi-parabolic laws were reviewed in the first version of the
manuscript separately for fluids (around lines 90, beginning of §3.1) and for MHD (= lines 130 sq., second paragraph of
§3.2). We have added two paragraphs at the beginning of §3.1 reviewing some of the classical studies on K (.5) laws.

6. Page 4 (199 and elsewhere, including Fig.1 caption): ¢, is presented as the kinetic energy dissipation, whereas it could
correspond to the energy flux density. It should be made very clear from which papers the figures of Fig.1 are taken should be
clearly indicated. This is a systematic problem of every figure caption.

Our response: €, is classically called energy dissipation, and we shall not change this nomenclature.
Also, all figures in the manuscript are original, and there are also new runs using the Roberts flow for the dynamo case.
As for Figure 1, it is an original figure with all new unpublished plots, as are those in Figures 2 and 3, and now Figure 4,

stemming from the severing of the last figure of the original manuscript into two separate figuires, for clarity of exposition.

7. Section 4.1 (L.162-171): the She-Lévéque (SL) model is the main model used to theoretically derive a few properties of the
K(S) law, but it is only abruptly presented by the scaling exponent (,, of its structure function (Eq.7), not the stochastic model
itself whereas important limitations may result from the fact that, like shell models (e.g. Frick et al., 1995), SL has only scales,
not any space extension, and hence properly speaking no structures, contrary to multiplicative cascade models and, of course,
DNS; - in particular the x parameter (often noted A in other papers) is supposed, as usual, to be related to the co-dimension of
the most dissipative structures, but this is not obvious due to the previous remark, however this parameter does not play a key
role in what follows;

Our response: We do not feel the need to expose the SL. model in detail, our paper being already quite long. The reviewer
is absolutely right that the SL. models are quite limited in the sense that they do not have spatial information nor do they have
anisotropy, the x (or A) parameter resulting from a greatly simplified modeling of physical structures. But it has nevertheless
proven to be powerful and useful. due to its simplicity in structure. Further studies will need to be done to take into account the
geometry of dissipative elements, but this is beyond the scope of this paper. As for the  parameter, indeed it disappears from
the formulation, and we feel that is a perhaps unexpected but an interesting new result. Incidentally, the z notation originated

in the Politano and Pouquet (1995) paper and we decided to keep it to make the referencing to that paper simpler.

8. - the role of the § parameter is much more important (see Eq. 7). Its definition does not seem fully satisfactory for me, but
could be understood as the sensitivity of the intermittency to the statistical order. The main problem that its value O is from
time to time claimed to correspond to maximal intermittency (e.g. in the abstract and L.153-154), while elsewhere it is indeed
regarded as vanishing intermittency (e.g. L.165).

Our response: We thank the reviewer for pointing to a somewhat ambiguous writing in the original manuscript which we
have now corrected; 3 = 1 corresponds to the non-intermittent case and 3 = 0 to the case when one single structure dominates

the (extreme) intermittency.
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9. Section 5 Both section 5.1 (Langevin models) and 5.2 (S.0.C.) only seem to describe other approaches, but do not yet
provide quantitative results. Regarding S.0O.C., it seems surprising that P. Bak is not cited.

Our response: We wanted to provide a short reminder of other possible approaches, which are left to be tackled in future
works (but see the interesting derivation in the climate context in Sardeshmukh and Sura (2009) for a Langevin approach).
Nevertheless, we agree with the reviewer that a citation to P. Bak is certainly needed, as is one to Arnold. They are now

included, referencing these classical papers: Bak et al. (1987); Arnold (1963) (see also Arnold and Khesin (2021)).

10. Section 6 (Conclusion) In their conclusions, the authors draw up an impressive list of research extensions, e.g. taking
helicity into account. However, to clarify the possible outcome of the present work, I would suggest that the authors look at
the framework of universal multifractals (see the references already cited), in particular to show that the strict parabolic law
of K(S) is reached with vanishing multifractality. This could be particularly helpful for understanding the physics behind a
quasi-parabolic law K(S) for maximum intermittency.

Our response: A multifractal framework study certainly needs to be performed further in depth, but this is again left for
future work. Indeed, we agree that the fact that maximum intermittency leads to a parabolic K (S) law is of interest and
its consequences are worth pursuing. We note en passant that a remark on the secondary role in intermittent scaling of the
dimension of dissipative structures was already made in fact in Dubrulle (1994) in a different context, as already cited in the
previous version of the paper. Here, in a sense, we find it using a specific model and we develop some of the consequences of

this fact for the evaluation of specific relationships between a variety of normalized moments of different orders.

In conclusion, we thank the reviewer for these comments and we think they have helped improve the paper.
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3 On one remark received directly by mail

Dhawal Buaria and Alain Pumir remarked to us, accessing our paper on the web, that the following passage towards the end
of the conclusion, marked in green below, was inaccurate; it is now replaced by the text marked in blue, with the text in black

giving the context of the paragraph shortly before and after the incriminated sentences, viz.:

OUR TEXT: ... One further important issue will concern incorporating the role of anisotropy which can affect scaling proper-
ties and interpretations of the intermittency, as shown in the context of the atmosphere in Lovejoy et al. (2001), or in Schekochi-
hin (2022) for MHD.

DELETE:

REPLACE BY: Finally, it was noted in Yeung et al. (2018) that the grid resolution, Courant number and machine precision
all affect the estimate of the overall enstrophy. Furthermore, the scaling for the strongest gradients becomes linear in Ry at
high values of R), with intermittent structures found at scales smaller than the Kolmogorov scale 1y (Buaria et al., 2019),
confirming the existence of intermittency beyond 7.

OUR TEXT AGAIN: This type of analysis is not performed here for lack of sufficiently large Reynolds number in our data,
and the ensuing lack of sufficiently intense localized dissipation, but a study of intermittent structures in MHD at substantially

higher Reynolds number is planned for the future.

Nota-1: Consequently, the reference Yeung et al. (2015) has been removed, and references Yeung et al. (2018); Buaria et al.
(2019) have been added instead.
Nota-2- Not all references added to the text are listed on the next page; similarly, not all references in the next page are new

to the manuscript.
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