Responses to the Reviewers and the Editor

Thank you very much for your reviews. Your suggestions are really appreciated, which helped
us improving the manuscript. The answers to the reviews are provided below. The comments
of the reviewers are italicized. Our responses are non-italicized and the paragraphs/sentences
introduced in the manuscript are in red. The proposed modifications are also visible in the
difference pdf document attached to the answer.

Editor’s suggestions

A word of reiterated gratitude to the authors for their submission to Earth System Dynamics
on a challenging, interesting and relevant topic, and to the referees for the diligent analysis
and assessment of the manuscript at throughout the constructive interactive open review
process. Not intending to repeat the clear and relevant referee recommendations, along with
the promising steps that the authors have taken and pledge to take in response, the next steps
are quite clear in this case, towards further clarifying and strengthening the overall
contribution.

Thank you very much for your positive evaluation of our work.

For the revision, further to what has already been diligently addressed at the discussion stage,
I will leave a couple of small additional recommendations:

1) On line 129 the authors write "Generically causation implies correlation, but correlation
does not imply causation”. The first part of the statement, while broadly assumed in the
literature, may admit exceptions. Therefore, | would recommend a future-proof statement, by
rewriting along the lines "Generically causation is assumed to imply correlation, though
correlation clearly does not imply causation".

Done, thank you.

2) A couple of additional lines would be welcome towards the end, upon wrapping the key
take-home messages, further stressing or reiterating the valor of the original major steps of
the present contribution relative to the latest advances including relative to the authors' own
related past works. Thereby making it even clearer the significance of this progress.

Thank you very much for the suggestion. We further added the following sentence in the first
paragraph of the conclusions: “The analysis reveals that nonlinearities are indeed coupling
the low-frequency variability of climate indices, revealing the complexity of the climate system
at time scales from years to decades.”

The manuscript is thus returned to the authors for taking the revisions to full fruition. By issuing
major revisions, the decision enables eventual subsequent referee feedback pertaining the



upcoming revised version. With reiterated gratitude to the referees and authors for the
constructive and enriching interactive review process, | enclose my best regards.

Reviewer 1

The manuscript by Stéphane Vannitsem et al. provides a significant contribution to our
understanding of complex nonlinear interactions among climate modes, employing the Liang-
Kleeman information flow technique. Through the examination of eight key climate indices,
the authors offer valuable insights into low-frequency climate variability and nonlinear causal
dependencies that shape the collective dynamics of the climate system. The study is
distinguished by its rigorous methodology and its implications for advancing climate science.
Overall, the paper is well-structured, clearly written, and holds considerable scientific merit. |
recommend it for publication following minor revisions to address a few specific comments
and clarifications.

Thank you very much for your very positive feedback on the work.
Specific Comments

The authors have made an impressive extension of Liang’s method by incorporating nonlinear
predictors, which allows for isolating specific quadratic nonlinearities among climate indices.
This thoughtful approach offers a fresh perspective on capturing joint influences across
multiple indices, greatly enriching our understanding of complex climate interactions.
Additionally, the use of Singular Spectrum Analysis (SSA) to separate low- and high-
frequency components for each climate mode adds valuable clarity to the dynamic
relationships within the data. To further enhance the paper, a brief discussion on the effects
of factors such as data length and predictor count on the accuracy and robustness of the
results would be highly informative. A qualitative exploration of these potential limitations
would add context to the findings and guide future applications of this methodology.

Thank you very much for your suggestion. Indeed, this is an important question that we already
addressed in two previous works. In Vannitsem et al (2019), an analysis in the context of a 2
dimensional system has been made, showing that the analytical rate of information transfer
can be estimated with some uncertainty which depends on the length of the series. And
obviously, the shorter is the time series, the larger is the uncertainty. This implies that some
dependencies may not show up.

The question of the number of bootstraps needed to estimate the uncertainty was also
discussed in the same paper, and in Docquier et al (2024). In the latter the convergence was
ensured for the different models investigated. We conservatively used 1000 bootstraps here
for the real world application as in Docquier et al (2024). We cannot easily test the impact of
the length of the series here as the series are already relatively short when interested in the
low-frequency variability.

The impact of the number of predictors has also been tested in Docquier et al (2024) who
suggested that the detection is better with a small number of predictors of maximum 10. This
could indeed affect our results in a way that a lower number of nonlinearities would have been
detected. It was, however, shown in the more theoretical study of Vannitsem et al (2024) that



using a combination of linear and nonlinear terms up to 44 terms, still allow us to get meaningful
results. The different conclusions reached are probably associated with the different setups
used in both studies, and this question should be further addressed in the future.

We also propose to add the following text:

Note that the time series used are relatively short. This implies that some links could
not be detected as the uncertainty around the value of the rate of information transfer
may be large. Given that caveat, some dependences of the method on the bootstrap
sample have been explored in Docquier et al (2024). They concluded that 1000
bootstrap samples are a good choice to detect causal links on short climate time series.

Another potential difficulty is the number of predictors. In Docquier et al (2024), it was
indicated that to get a good detection, a small number of predictors should be used (of
the order of 10). It was however shown in the more theoretical study of Vannitsem et
al (2024) that using a combination of linear and nonlinear terms up to 44 predictors,
still allow us to get meaningful results. The different conclusions reached are probably
associated with the different setups used in both studies, and this question should be
further addressed in the future.

The distinctions between low- and high-frequency influences are skillfully captured,
particularly in the analysis of the NAO and El Nifio indices. Interestingly, while low-frequency
components reveal inter-dependencies among indices not evident in the original data, this
phenomenon might stem from high-frequency components masking or "overwriting" lower-
frequency signals. A brief clarification on this point would deepen readers' appreciation of the
novelty and importance of the frequency filtering method used here, highlighting its role in
uncovering hidden relationships otherwise obscured in unfiltered data.

Thank you very much for the suggestion. As discussed in the answer to reviewer 2, a more
arbitrary choice of modes could lead to different detection. We have performed the same
analysis using a set of even and odd modes among the 40 first SSA modes, and this ends up
with a much lower detection of nonlinearities, suggesting, as you said, that the mixing of high
and low frequencies are hindering the presence of nonlinear influences.

Moreover, more generic behavior emerges from the low-frequency filtering analysis. For most
of the cases, the correlations between target and predictors (linear and nonlinear ones) grow
in amplitude (three times in certain cases) when one passes from original signals to low-
frequency data (see e.g. Fig. 2a,b and Fig. 3a,b). This means that most of the linear and
nonlinear covariability and causality ranges from the annual to multiannual time scales for the
chosen set of indices. This time-scale restriction is not very surprising since seasonal to
decadal turbulent eddy activity exchanges between the ocean and the atmosphere can drive
slow variability.

We added a paragraph on that point, together with the answer of one point of the second
reviewer concerning the sensitivity of the analysis to the number of SSA modes kept, as
follows:

In order to evaluate the impact of choosing specific SSA modes rather than others on
the causality analysis, we have also considered arbitrary choices of modes, namely



the even modes 2 k, and the odd modes 2 (k-1) +1, fork=1, ..., 20. The analysis reveals
that considerably less significant influences from nonlinearities are detected (5
instances for the odd modes and 2 instances for the even modes), indicating that these
arbitrary choices are not providing optimal results. With such choices, high and low
frequencies are again mixed up, leading to a rather suboptimal result. The presence
of high frequencies is indeed hindering the proper detection of dependencies given the
short time series.

The figures are generally clear and highly informative. To further support the study’s central
conclusion—that "nonlinear causal dependencies are a hallmark of the complexity of climate
dynamics"—a comprehensive visualization would be a valuable addition. For instance, a
general illustration showing the overall inter-dependencies between each mode could provide
a clearer comparison of how nonlinear dependencies statistically differ from those in a linear
or null model. This would enhance the manuscript’s narrative, offering readers an intuitive
grasp of the paper's findings and reinforcing the significance of the nonlinear dependencies
identified.

Thank you very much for the suggestion. This is indeed a good idea, although it is a quite
complicate situation. We have tried to do this and we end up with a set of visualizations, that
could now be introduced in the manuscript and in the supplementary material. An example for
the NAO is shown in Figure 1.
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Figure 1: A visual representation of the linear and nonlinear influences from the set of indices
to the NAO for the low-frequency variability dataset. the curved plain arrows refer to the linear
influence, the triple straight arrows with the same colors refer to the influence of the quadratic
nonlinearities: two straight arrows are emanating from two indices, joining somewhere in
between the indices, and from there the third straight arrow indicates the target.

Overall, this manuscript is a thoughtful and impactful piece of research, with a few refinements
adding further depth and clarity.

Thank you very much for your positive evaluation of our research and your suggestions.



Reviewer 2

In this paper, the authors apply a method developed in previous works to the particular case
of different climate indices. The work is an addition to the literature on non-linear methods
reporting complex, significant, non-linear interactions between teleconnections and large-
scale patterns of the climate system.

Thank you very much for your evaluation of our manuscript and your constructive
suggections.

Some comments below:
Sec.3.1

o It should be stressed that the SSA is applied to a single time series, or the comparison with
EOFs is very misleading.

Thank you very much for pointing out this aspect. We have slightly modified the text to stress
the similarities/differences of the method:

The Singular Spectrum Analysis (SSA) shows similarities with the principal component
analysis where a covariance matrix is diagonalized. In the SSA, the lag-covariance
matrix of a single time series is diagonalized where the eigenvectors or Temporal-
Empirical Orthogonal Functions (T-EOFs) are finite time sequences providing the more
frequent and higher amplitude finite time-spells of that variable.

e The authors say that the modes of Table 1 have been chosen arbitrarily. Still, as a
justification is not sufficient, they should explain the logic that allowed them to perform the
reduction. Furthermore, there should be a minimum study of what would be the impact of
another choice (for example, random).

We first rewrote the part of the text as follows, hoping that now the logic is clearer than before:

For each index, we compute the SSA spectrum and evaluate visually each of the 40
SSA modes corresponding to the 40 dominant eigenvalues. These different modes
have a time length of 240 months (the M-window mentioned earlier). If the dominant
period in each mode evolution is shorter than a year, the mode is discarded, the idea
being to keep the low-frequency variability large than a year, only. After filtering out
the modes displaying high frequencies, we end up with new low-frequency variability
series of the original monthly anomalies of the climate indices (the monthly mean has
been removed before the application of the SSA). The modes that are kept in the low-
frequency signal are listed in Table 1. There is here a certain degree of arbitrariness
as we discard sometimes modes that display a mix of low-frequency and high-
frequency variabilities. We do believe however that the essence of the LFV dynamics



is well captured by our selection. Note also that the LFV of most of the oceanic modes
are essentially concentrated in the dominant SSA modes of variability.

The suggestion is very interesting. We have done similar analyses by selecting arbitrarily the
modes in two ways, first only selecting the even modes from 2 to 40, and second selecting the
odd modes from 1 to 39 of all the indices. In that case, low-frequency variability and high-
frequency variability may mix up. The analyses have been performed using the whole set of
linear and nonlinear predictors. For the odd selection of modes, the influences which are
significant at the 1% level are: AO = NAO; NAO and QBO? = AO; PNA, AO PDO, TNA QBO
and AMO? =» EIl Nifio; NAO, PNA, El Nifio =& PDO; NAO, QBO? and AMO = TNA. For the
even modes: AO = NAO; NAO, PDO = AO; El Nifio = PNA; TNA, El Nifio = AMO; PNA, El
Nifio =& PDO; PDO and TNA = El Nifio; NAO, AMO, EI Nifio, AMO? and PDO? =>TNA. Note
that all the significant influences associated with the nonlinearities are very small (around 1%).
Moreover,

A general remark is now that only a few nonlinearities (5 instances for the odd modes, and 2
for the even modes) are involved, suggesting that the visual selection made above provides a
good choice to isolate the impact of nonlinearities.

We will add following the text above:

In order to evaluate the impact of choosing specific SSA modes rather than others on
the causality analysis, we have also considered arbitrary choices of modes, namely
the even modes 2 k and the odd modes 2 (k-1) +1, for k=1, ..., 20. The analysis reveals
that considerably less significant influences from nonlinearities are detected (5
instances for the odd modes and 2 instances for the even modes), indicating that these
arbitrary choices are not providing optimal results. With such choices, high and low
frequencies are again mixed up, leading to a rather suboptimal result. The presence
of high frequencies is indeed hindering the proper detection of dependencies given the
short time series.

Sec. 3.2

o Throughout the section, terms like "false positive" or "true negative" are frequently used in
singular form when they should be plural.

Thank you very much for pointing this out. This will be corrected.

e Linesl146-154: The discussion in this part is not sound. By definition, causality requires
distinguishing between past and present. A more sound interpretation would be that the
method can detect influences propagating at the time-step scale (likely due to the finite
derivative used) but is inherently unsuitable for lagged interactions since it does not account
for any lag by construction.

Thank you very much for pointing this out. The text has been reformulated by removing the
guestion of the convergence of the lag to zero as follows:



The approach proposed by Liang allows for constructing a network of directional
connections between observables that are measured concomitantly. This approach is
distinct to techniques that assume that causation should be based on a time lag
between events like the classical network approach (Runge, 2019; DiCapua et al,
2020a). If real processes indeed display a lag -- like for instance in the propagation of
a wave --, the information will propagate from one point to another, and this will be
isolated in the Liang's method through a specific path through the network. As in reality
we usually do not have all variables (at all grid points for instance), this could not show
up, but filtration through (spatial or temporal) averaging or frequencies selections
should help in disentangling the impact of one distant observable to another, as for
instance in Vannitsem et al (2022).

o The dependence of the method’s results on its hyperparameters, such as time series length,
should be discussed and reported.

This question has already been addressed in other papers. For instance, in Vannitsem et al
(2019), an analysis in the context of a 2 dimensional system has been made, showing that the
analytical rate of information transfer can be estimated with some uncertainty which depends
on the length of the series. The question of the number of bootstraps needed to estimate the
uncertainty was also discussed in the same paper, and in Docquier et al (2024). In the latter
the convergence was ensured for the different models investigated. We conservatively used
1000 bootstraps here for the real world application as in Docquier et al (2024). We cannot
easily test the impact of the length of the series here as the series are already relatively short
when interested in the low-frequency variability.

We will add the following paragraphs on that aspect in the current text:

Note that the time series used are relatively short. This implies that some links could
not be detected as the uncertainty around the value of the rate of information transfer
may be large. Given that caveat, some dependences of the method on the bootstrap
sample have been explored in Docquier et al (2024). They concluded that 1000
bootstrap samples are a good choice to detect causal links on short climate time series.

Another potential difficulty is the number of predictors. In Docquier et al (2024), it was
indicated that to get a good detection, a small number of predictors should be used (of
the order of 10). It was however shown in the more theoretical study of Vannitsem et
al (2024) that using a combination of linear and nonlinear terms up to 44 terms, still
allow us to get meaningful results. The different conclusions reached are probably
associated with the different setups used in both studies, and this question should be
further addressed in the future.

Sec. 4.

e The quality of the figures is rather poor. The choice of “**2” for the squaring operator is
unfortunate and could be improved.

We modify the figures accordingly.



e The reasoning behind choosing a quadratic non-linearity requires further elaboration. The
authors mention its presence in “many dynamical systems” but they should tailor the choice
depending on what is currently known regarding the teleconnection they are using and their
interactions. If no specific knowledge is available, the reasoning should be physically sound.
The authors also mention the quadratic terms as second-order terms in Taylor expansion,
which makes sense only if these quadratic terms a smaller than the linear counterparts,
which apparently is not checked or discussed afterwards.

Thank you very much for pointing out this weakness is the justification. Stopping at the second
order of the Taylor expansion could indeed point out to the smallness of these terms. They are
probably small as these are not detected in the original series, but we agree that the justification
is weak. In fact, in the dynamical equations issued from the classical conservation laws, such
guadratic terms arise naturally, associated with the nonlinear advection terms in the equations.
So, we rewrite the text as follows:

To disentangle the role of nonlinearities in the context of our 8 climate indices, all
combinations of quadratic terms are constructed. This choice is made since in many
dynamical systems such nonlinearities are present. These quadratic nonlinearities are
typically associated with the presence of nonlinear advection terms in the classical
conservation laws (momentum equation, thermodynamic equation, ...), as for instance
illustrated in the work done recently in the context of the Charney — Straus model
(Vannitsem et al, 2024). These however could be viewed as restrictive and tests should
be done in the future to evaluate the impact of higher order or more complicate
nonlinearities.

Sec. 5.
e The first sentence of the conclusions is not clear.
Thank you for pointing this out. We rewrite it as follows:

This work investigates the quadratic nonlinear influences on a set of climate indices.
This is done by considering, as predictors in the analysis, products of indices. This
extension to nonlinear predictors has proven to be successful in the idealized context
of a reduced order model (Vannitsem et al, 2024). The analysis reveals that
nonlinearities are indeed coupling the low-frequency variability of climate indices,
revealing the complexity of the climate system at time scales from years to decades.
A few key additional conclusions may be drawn from this analysis:...

The sentence “This would also allow to build a reduced-order data-driven climate model that
could potentially help in understanding the global climate evolution.” is not supported in both
its claims.

Thank you for pointing this out. We will modify the sentence as follows:

This knowledge could also provide hints on the nonlinearities that would be useful to
build a data driven model of the large scale climate indices.



