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Responses to Reviewer 2’s Comments   
 
Note to the Editor and all reviewers: We already posted six responses online and these responses will be 
summarized here. Following the comments and suggestions from the Editor and reviewers, we have revised 
the manuscript by  

• moving the original Section 3.6 regarding the Lilly’s formula for two discretization methods into 
Appendix B to avoid repeated discussions of the scale factor Jacobian,  

• adding a few paragraphs, and  
• making editorial changes to improve readability (see the manuscript with tracked changes).  

 
 

 
 
 
We appreciate the reviewer’s feedback on the initial version of the manuscript and have worked to address 
their concerns. After carefully reviewing their comments and providing thoughtful responses, we are 
confident that our revised manuscript and responses address their concerns and meet their standards.  
 
 

 
 
To address the concerns raised, we would like to highlight that our study re-examined the validity of 
Lorenz’s formula by analyzing the data in Table 1 and delving into the intricacies of Lilly’s turbulence-
based formula. In response R1B, we presented the physical relationship between kinetic energy, velocity, 
and turnover times. In response R2A, we further explored scale invariance and self-similarity. Below, we 
provide a concise summary of R2A. 
 
In response R2A, we provided detailed information on scale invariance and incorporated the reviewer’s 
suggestion. The reviewer proposed the idea of differentiating and integrating turnover times with respect to 
ln(k). This concept is now included in the revised manuscript, as follows: 
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As discussed in the revised manuscript and R2A, the mathematical expressions above suggest that the 
derivative and integral of turnover time with respect to ln(k) are proportional to the turnover time itself. 
This property holds true for functions with power laws, excluding constant functions.  
 
However, our objective is to assess the robustness of Lorenz’s formula and analysis. Therefore, we 
reanalyze Lorenz’s data presented in Table 1 and verify whether Lorenz’s idea is supported with Lilly’s 
work. To address this, we delved into the discrepancies in physical definitions for turnover times and 
saturation time differences. Furthermore, we reevaluated the validity of Lilly’s integrals for predictability 
estimates by demonstrating the dependence of convergence on two different discretization methods. Our 
findings do not support the notion of the validity of Lorenz’s geometric series and do not suggest a 
consistent physical and mathematical framework between Lorenz’s and Lilly’s formulas.  
 
 
 
In response R2A, additional discussions on the Lyapunov exponents and their connection to turnover time 
(Ruelle, 1979) are presented. Several studies by Boffetta (e.g., Boffetta and Celani 1998; Boffetta and 
Musacchio, 2017; Aurell, Boffetta et al. 1996) are cited, including the following two quotes:  
 

“Our findings suggest that the dimensional estimate of the Lyapunov exponent as the inverse 
Kolmogorov time does not give an accurate characterization of the chaoticity of a turbulent 
flow.” 

“The independence of the FSLE in the scaling range on the value λ observed for infinitesimal 
errors provides a clear explanation of how in turbulent flows it is possible to observe the 
coexistence of long predictability time at large scales and strong chaoticity at small scales.” 

The above quotes in R2A and the subsequent discussions in R2B emphasized the significance of 
incorporating novel concepts, such as bistability and duality, into the estimation of predictability limits. 
Consequently, two studies by Boffetta (e.g., Boffetta, 2023; Aurell, Boffetta et al. 1996) are cited in the 
revised manuscript.  
 
 

 
 
 
As long as a friction layer persists, the highest wavenumber within the inertia subrange must be finite. 
Therefore, the integral of turnover times with respect to either k (for a uniform grid) or ln(k) (for a non-
uniform grid) should be finite. For example, Equation 20 in the main text (also displayed above) produces 
finite values for finite wavenumbers regardless of whether the kinetic energy spectrum follows a -3/5 or -3 
power law. 
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We firmly believe in the significance of classical turbulence theory. We acknowledge the valuable 
contributions made by Lorenz and Lilly’s studies in the 1960s and 1970s. Classical turbulence theory is 
based on the Navier-Stokes equations, excluding Coriolis and buoyancy forces. In contrast, Lorenz’s 1969 
model was derived from a partial differential equation (PDE) that preserves 2D barotropic vorticity. 
However, the original PDE lacks the necessary forcing and dissipation terms necessary for studying 
turbulence (as illustrated in Figure R2A.2) and omits thermodynamic equations crucial for understanding 
weather. 
 
On the other hand, as discussed in Section 2.1 and response R2B, recent advancements in turbulence studies 
have introduced novel concepts, such as bistability and duality for direct and inverse cascades, in more 
realistic systems. These concepts should be considered to acknowledge the complexities of weather and 
climate, leading to more accurate estimates of predictability limits.   
  
 
Links for the Posted Responses:  
 

• Shen, Pielke Sr., and Zeng, 2024:  Responses Part 2A (R2A): “A Brief Note on Turbulence-based 

Turnover Time” (this is different from R1B). https://doi.org/10.5194/egusphere-2024-2228-AC4  

• Shen, Pielke Sr., and Zeng, 2024:  Responses Part 2B (R2B): “A Brief Note on Bistability, Duality, 

and Dimensional Transitions in Recent Turbulence Studies” https://doi.org/10.5194/egusphere-

2024-2228-AC6  

 
Relevant Responses:  
 

• Shen, Pielke Sr., and Zeng, 2024:  Responses to Editor: Additional discussions of Zhang et al. 

and the validity of the revised Logistic equation. https://doi.org/10.5194/egusphere-2024-2228-

AC5    

• Shen, Pielke Sr., and Zeng, 2024:  Responses Part 1A (R1A): “A reevaluation of Figure 3 in Zhang 

et al. (2019)”. https://doi.org/10.5194/egusphere-2024-2228-AC1  

• Shen, Pielke Sr., and Zeng, 2024:  Responses Part 1B (R1B): “A Brief Note on Turbulence-based 

Turnover Time.”  https://doi.org/10.5194/egusphere-2024-2228-AC2   

• Shen, Pielke Sr., and Zeng, 2024:  Responses Part 1C (R1C): “Qualitative Predictability Estimates 

Using Lilly’s Formula and Comparative Insights” https://doi.org/10.5194/egusphere-2024-2228-

AC3  

 
 




