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Abstract. Atmospheric blocking exerts a major influence on mid-latitude atmospheric circulation and is known to be associated
with extreme weather events. Previous work has highlighted the importance of the origin of air parcels that define the blocking
region, especially with respect to non-adiabatic processes such as latent heating. So far, an objective method of clustering the
individual Lagrangian trajectories passing through a blocking into larger and, more importantly, spatially coherent air streams
has not been established. This is the focus of our study.

To this end, we determine coherent sets of trajectories, which are regions in the phase space of dynamical systems that keep
their geometric integrity in time, and can be characterized by robustness under small random perturbations. We approximate
a dynamic diffusion operator on the available Lagrangian data and use it to cluster the trajectories into coherent sets. Our
implementation adapts the existing methodology to the non-Euclidean geometry of Earth’s atmosphere and its challenging
scaling properties. The framework also allows statements about the spatial behavior of the trajectories as a whole. We discuss
two case studies differing with respect to season and geographic location.

The results confirm the existence of spatially coherent feeder air streams differing with respect to their dynamical properties
and, more specifically, their latent heating contribution. Air streams experiencing a considerable amount of latent heating
(warm conveyor belts) occur mainly during the maturing phase of the blocking and contribute to its stability. In our example
cases, trajectories also exhibit an altered evolution of general coherence when passing through the blocking region, which is in

line with the common understanding of blocking as a region of low dispersion.

1 Introduction

Atmospheric blocking represents a critical phenomenon in the dynamics of Earth’s atmosphere, characterized by the temporary
obstruction of prevailing westerlies in the mid-latitudes, potentially influencing weather on a planetary scale (Lupo, 2021).
These events are notable for their role in causing extreme weather conditions, such as heatwaves, cold spells, and sustained
periods of precipitation, impacting both human activities and natural ecosystems (Kautz et al., 2022; Pfahl and Wernli, 2012).
The mechanisms leading to atmospheric blocking are complex, involving interactions between the atmosphere, cryosphere
(Tyrlis et al., 2019; Woollings et al., 2014), ocean (Drijfhout et al., 2013; Hékkinen et al., 2011), and land (He et al., 2014;
Kurgansky, 2020; Tilly et al., 2008), and are a subject of ongoing research. Despite their significance, predicting atmospheric
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blocking events and their impacts remains a challenge, due to the inherent variability and the multifaceted processes that
govern their formation, maintenance, and dissipation. Weather and climate models' inability to correctly represent blocking
(Matsueda, 2009) also causes considerable uncertainties in its predicted response to climate change (Woollings et al., 2018).
Though traditionally conceived as an adiabatic phenomenon, recent studies have pointed to the role of diabatic pro-
cesses in blockings (Croci-Maspoli and Davies, 2009; Hauser et al.,, 2023; Pfahl et al., 2015; Tilly et al., 2008).
More specically, a line of study has been concerned with moist processes, arguing that a considerable fraction
of the air masses constituting the blocking originate from warm sectors of neighboring surface cyclones and travel

into the blocking via warm conveyor belts (WCB§pfahl-et-al;2015:-Steinfeld-and-Pfahl 2019 Yamameto-etal-2021)

cending air streams and are subject to research in their own right (e.g., Joos et al., 2023; Madonna et al., 2014) i.a. due tc
their contribution to forecast uncertainty (Madonna et al., 2015; Pickl et al., 2023; Wandel et al., 2021). According to Steinfeld
and Pfahl (2019), the air parcels conveyed by such WCBs considerably in uence the blocking by stabilizing and potentially
intensifying the negative potential vorticity (PV) anomaly characteristic for the blocking especially in the onset and mainte-

happens, rstly, through a material change in PV of the respective air masses via latent heating induced, cross-isentropic ver-
tical motion and, secondly, through the divergent out ow of the guiding air streams in the upper troposphere. Evidence that
moist processes might become more important in a warmer and moister climate underlines the need for further investigation
(Steinfeld et al., 2022). A schematic depicting the procedural connections is reproduced from Steinfeld (2019) in Fig. 1.

The notion of a WCB suggests a geometrically coherent ow of the air masses involved, but such a coherent behavior has not
been explicitly addressed in the studies above. The backward trajectories attributed to such air streams are typically identi ed
using thresholds for ascent (change in pressure) or diabatic heating (change in potential temperature) such that a commoi
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pathway is not guaranteed. In addition, the methodology employed does not allow for statements about the size, location,
time of existence or even the number of WCBs implicated in the process. Another drawback of the identi cation method is
its subjective nature implied by selecting an arbitrary threshold for the decrease in pressure (Madonna et al. (2014) use 600
hPa in 48 h) or increase in potential temperature the air parcels have experienced (usually a threshel®df is used).

To the best of our knowledge, an objective identi cation method for coherent medium-to-large scale air streams that allows
addressing these drawbacks has not been presented in the context of atmospheric sciences.

In this study, we want to tackle these issues focusing on the exact spatio-temporal nature of trajectories passing through &
blocking and how individual trajectories align with each other. By grouping the set of trajectories into subsets (clusters) based
on only their geometric coherence, we identify synoptic scale air streams and analyze their individual dynamical properties and
interrelation with the large scale ow con guration. The perspective introduced also allows for statements about the overall
spatial con guration and coherence of the air parcels traced, especially with respect to the blockings' lifecycles. A blocking's

stabilizing and dispersion-suppressing nature affects individual air parcels, which can be identi ed through our Lagrangian

To accomplish the above, we make use of the mathematical concept of coherent sets. A coherent set is a time-evolving regior
in the state space of a dynamical system that keeps its geometric integrity to a large degree. This is particularly interesting
when the underlying system is such that individual trajectories diverge and any set eventually becomes highly lamented under
evolution through the dynamics. We characterize coherent sets based on their stability under small perturbations. Coherent set
hence resist dispersion, persist longer in complicated ows and have thus an outstanding effect on the transport of physically
relevant quantities. The fundamental idea is that in a coherent set the individual trajectories stay relatively close together as a
whole, such that particles remain within the coherent set when they are subjected to small random perturbations. In contrast,
if a time-evolving set is lamented, particles are likely to leave the set under the in uence of random noise — and hence mix
with its exterior. To formalize this heuristics and numerically compute coherent sets, we follow the work of Banisch and Koltai
(2017) (based on theory developed in Froyland (2013, 2015)), which characterizes the robustness of coherent sets under sma
perturbations using a data-analysis framework called diffusion maps. Their method yields a single time-averaged operator
whose spectral properties contain the necessary information to extract coherent sets.

The visual idea of coherence (i.e., “trajectories staying together”) can be cast into diverse objectives, which then can be
used to partition available trajectory data into such sets. For a sample of the ideas that have been implemented please con
sult Froyland and Padberg-Gehle (2015); Allshouse and Peacock (2015); Hadjighasem et al. (2016); Schlueter-Kuck and Dabiri
(2017); Padberg-Gehle and Schneide (2017); Koltai and Renger (2018). A related notion is that of Lagrangian coherent struc-
tures (Haller and Beron-Vera, 2013; Haller, 2015), aiming to describe barriers of transport. For their computation from nite
trajectory data, see for instance Mowlavi et al. (2022).

The main foci of this study are the adaptation of the methodological framework of Banisch and Koltai (2017) to real world
trajectory data of air parcels in the atmosphere and its deployment for case studies of atmospheric blockings. This is motivated
by the question of spatial coherence in WCBs in the context of blocking. As such, the presented work does not endeavour

to give a one-size- ts-all solution to the problem of nding coherent air streams regardless of scale, geographic location and
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synoptic condition, but should rather be understood as a proof of concept. We think atmospheric blocking is a phenomenon well
suited for the application of the the developed methodology, since it is large enough to feature a handful of distinct, coherent air
streams (given the resolution of our data), but small enough to be well resolved by the number of trajectories computationally
feasible. We have thoroughly analyzed two cases of atmospheric blocking differing with respect to both geographical location
and time of year and show that differences between the two examples at similar points in their lifecycles are notably smaller
than differences within the same example between different points in the lifecycles. This goes for the occurrence of WCBs, the
overall trajectory density and the traced air masses' lamentation.

The paper is organized as follows. Sect. 2 introduces the mathematical foundation relevant to the methods employed. Sect. ¢
covers details about the implementation of our algorithm as well as the data used. We show results from the application of the
algorithm to test cases in Sect. 4 to both elucidate the concepts and methods introduced before and investigate the problem

and questions posed above. Finally, Sect. 5 summarizes the ndings.

2 Theory

To extract coherent sets from Lagrangian trajectory data, we employ the method proposed by Banisch and Koltai (2017). It
uses local distances between data points to construct a diffusion operator that is used to estimate coherent sets by performin
spectral clustering. In the following, we give a brief introduction into coherent sets and diffusion maps. Our aim is to provide a
good intuitive understanding. For a formal and mathematically rigorous introduction of coherent sets using a transfer-operator
based framework, we refer to Banisch and Koltai (2017) and Froyland (2013). For a formal introduction to diffusion maps, we
refer to Coifman and Lafon (2006).

2.1 Coherent sets

Informally put, coherent sets are time-dependent regions in space that remain largely intact as the system evolves. They exhibi
a “natural” separation from their surrounding in the sense that ow across the boundary is small and geometric integrity is kept
to a large degree. We characterize the geometric integrity of coherent sets by their robustness with respect to the addition of
small noise. We rst introduce the heuristics of coherent sets in an abstract setting before proceeding to the computation of
coherent sets from trajectory data.

Consider the evolution of points over a nite number of time steps in a non-autonomous dynamical syst¥m. LRt be
bounded sets which denote the domain of the dynamical system at each point in time. tdaggs over the integers from
0to T. A non-autonomous dynamical system in discrete time over these time-evolving domains is given by a sequence of
bijective maps +1 ¢ : X¢! Xi+1,where0 t T 1. Before characterizing coherent sets of the dynamical system over the
entire time frame fron® to T, we study sets that are coherent under a single step.

Consider a bijective map X! Y, with bounded domainX;Y R".We saythataseét X is coherent under if the
relation( ! )( A)= Aisrobustunder the addition of small noise both at initial and nal time. As a consequence, we require
that the set#\ and ( A) are not too lamented, i.e. that they possess high geometric integrityDLée a diffusion operator
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that applies an-small random perturbation to any given point. The domain whickacts on will be clear from the context,
i.e.D :X! XorD :Y! Y.AcoherentseA Xofthemap hastosatishhD A Aaswellay ' D ) A) A.
This heuristics is formulated more precisely in the language of transfer operators in Banisch and Koltai (2017).

The above heuristics describe coherent sets of a single méye return to the setting of a non-autonomous system over
T time steps given by the maps.1 .. A coherent set is a family of se{®\t)o + T, whereA; X; and i1+ (Ay) =

Ai+1.Denethemaps o= ¢ 1 i1 1.0. FOrt=0,the map o, is simply the identity. A coherent set is completely
characterized by, in the sense that; = . o(Ao). We say that the familfA;)o 1 is coherent if
(0 D to)Ao) Ao (1)

for all t from Oto T. We remark that this concept can be generalized to continuous time systems, e.g. Matthes et al. (2016).
Note that we assumed thBt maps fromX; into X, i.e. the random perturbation cannot map points outside of the do-
main X;. This corresponds to e.g. re ecting boundary conditions. For the purposes of our application, re ecting boundary
conditions are physically not justi able, since there are no physical boundaries for particles to be re ected at. Instead, we

assume thdD can transport points outside Xf. Since we assume no information about the dynamics outsi¥e, efe con-
sider points that are mapped outsideXefas lost and hence unable of contributing to coherence. This corresponds to absorbing

boundary conditions. We discuss how absorbing boundary conditions are implemented in the next subsection.
2.2 Diffusion maps

In the following, we give a brief introduction to diffusion maps. A mathematically rigorous derivation can be found in Coifman
and Lafon (2006) and Ghojogh et al. (2022).

Assume the data ah trajectories of a non-autonomous dynamics is provided in the form of data-pgigtR", where
1 i m andt ranges over the integers frddiio T. We assume that in each time frame the point chyd fx}j1 i mg
approximates a bounded manifofd R" and that the data-points are sample trajectories of a — potentially unknown — non-
autonomous dynamicSi+1 1 : X¢ ! Xisr, €0 s (xis) = x{ for all s t. Our goal is to characterize coherent sets of this
dynamics, in particular to formalize the heuristics Eg. (1) in the setting of discrete trajectory data. A coherent set consists of a
certain subset of the point cloud, i& := fxiji 2lg X, wherel f 1;:::;mgbe a set of indices. In order to formalize
the heuristic in Eg. (1), we introduce a discretization of the opefatorX; ! X; acting on the point clouX ;.

SinceX is a nite set of sizem, we construct a transition probability matrﬁk; 2 R™ ™ that simulates diffusion oX ¢
of strength . The rest of this section is devoted to constructing the mﬁ(;ixfor each0 t T, as well as discussing the
implementation of boundary conditions. We remark that we do not need to approximate the dynamicso use Eq. (1),
since we assume to have the data already in the form of trajectories.

Let kK be a symmetric diffusion kernel with scale parameteirhis kernel encodes the proximity of two data-points,
i.e.k (x';x)) is large ifx' andx! are close and small if the points are far apart. In the following, we use the Gaussian



kernel for an arbitrary metric digt ) onR",
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)

In general, it is natural to use the Euclidean distancexdist! ) = kx| xI k. However, for the application to atmospheric
data, which is a non-isotropic setting, we are going to use an alternative distance aiming to establish isotropy with respect to

turbulent diffusion, cf. Sect. 3.4. For each time slept T, we construct the similarity matrik . 2 R™ ™,
Ky (i) = k (xiixt): @3)

150 Note thatK . is symmetric, all diagonal entries atewhile all off-diagonal entries are betwe8randl. In practice, a cutoff
radius is used to increase the sparsity of the matrix by setting ehtrie§;j ) that are below a speci ed threshold@Since
the valueK . (i;j ) decays monotonically in the distance betwa{amndxjt , we may equivalently choose a cutoff radiuand
setKy (i;j ) to Oif dist(x}; x{) >r . Here, we choose=3 P- which is an appropriate scaling for a Gaussian keknel

To account for differences in the density of the point cloud, we pre-normalize the similarity matrix:

" . y Ky (3)
. = - (iz); ‘' )= ti
s M= K @) Re GD)= G0 (4)
Finally, the diffusion matri¥® is obtained by row-normalization
W= Ry P )= KU, ©
j=1 g

The matrixlﬁt; is non-negative and normalized such that it is row-stochastic (often called left stochastic), i.e. the entries of
each row sum td. Hence,lst; can be understood as transition probabilities on the point dlajigil i mgthat simulate
160 a discretized diffusion on the point cloxd . In the data-rich IimitPt; is a self-adjoint operator, i.e. a symmetric matrix.

Lastly, we address the implementation of boundary conditions. Sﬁmceas constructed above, is a stochastic matrix, all
points inX; remain inXy, i.e. there are re ecting boundary conditions. However, in the context of atmospheric ow of air
masses, wherk¥; is a bounded, time-dependent region of the atmosphere, it is unnatural to assume turbulent diffusion would
not act across the boundariesXaf. Since we assume no information about the dynamics outside,afe assume absorbing

165 boundary conditions, i.e. all points on the boundaryXaf are removed. Hence, we need to determine a set of boundary
points@X X. Determining these point algorithmically is the content of Sect. 2.6. Given a set of boundary@ofnise
integrate absorbing boundary conditions into the transition m&%ix by removing the rows and columns corresponding to
the boundary points. In order to keep the dimensions of the matrices compatible across different time steps, we implement this

by setting the respective rows and column§ tostead of removing them:
8
2 A [ . j .
0; X; 2 @X; orx; 2 @X;
170 Py (iij):= 12 @R or 2 @% (6)
TP (ij); else
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By constructionP. is a substochastic matrix. In summal&i corresponds to a discretized diffusion matrix with re ecting
boundary conditions whil®. corresponds to a discretized diffusion matrix with absorbing boundary conditions. For the
purposes of our application, we will go forward using the substochastic ni&grix

2.3 Spectral clustering

Having constructed the diffusion matricBg , we describe how to compute coherent sets using a spectral clustering method.
A coherent sef;, where0 t T,isgiven byA; = fx}ji21g,wherel f 1;:::;mgbe a set of indices. In particular, we
nd oAo = A:;. Hence, the heuristic in Eqg. (1), using the diffusion maRix introduced in the previous section, requires
that indiced 21 have a high transition probability 1o, i.e.

X
Pe (i51):= Pe (i5j) L

j2l
for all i 21 . This approximation should be as accurate as possible f@ alt T. We construct the averaged diffusion
operator

Q = P : ©)

This averaged diffusion operator was introduced in Froyland (2015) and it was shown that coherent sets can be extracted from
the dominant eigenvectors §f . Equation (7) should be understood as a quantitative version of averaging the left-hand side
of Eq. (1). Thus, eigenvectors § for eigenvalues close to 1 represent functional representations of sets that satisfy Eq. (1)
onaveragefo® t T.

To better understand how coherent sets are related to the eigenvedforsagbume that there ake idealized coherent sets
Ak, forl k K, corresponding to the sets of indides These sets are idealized coherent sets in the sensg tfiat k) = 1
foralli 21 ¥. SinceQ is substochastic, this implies that has a block-diagonal structure with blocks indicated by theldets
In particular, for each k K, the matrixQ has an eigenvector with eigenvallighat is supported only on the sef.
Hence, theK coherent set$ ¥ can be extracted from eigenvectors to thelargest eigenvalues. Additionally, there is an

pointsf 1;:::;mg.

Returning to the general setting, we compute the eigenvalues of the r@atribn the data-rich limit, the matrixQ is
symmetric and, thus, only has real eigenvalues. If complex eigenvalues occur numerically, we discard the imaginary part and
only consider their real part. We order the eigenvalues from large to small. Qinisesubstochastic, all eigenvalues lie between
0 andl. We say that there isspectral gapafter theK -th eigenvalue, if théK +1) -st eigenvalue is signi cantly smaller that the
rst K eigenvalues. We call these r&t eigenvalues thdominant spectrurand the corresponding eigenvectorsdoeninant



the information of the dominant eigenvectors. Assuming that the dominant spectrum con$iseigégnvalues, each point

205 these sets correspond to coherent sets, while there is an add{#ordl) -stbeundaryresidual set. See Fig. 5 for an example

ndicesl

210 respondso the probabilitythata point that

(®)
NotethatsinceQ s substochastitRe| «) is betweerD and]. A valuecloseto 0 correspondsa high coherencdecausen
215 trajectoriesaretightly bundledwith respecto the averagediiffusion matrix Q . By constructionthe exit whoseprobability

is.quanti ed canbe to_anothercoherentset, the residualsetor out of the setof all trajectories(cf. discussiorof boundary

220 relatively high coherenceand oneresidualsetwith a lower coherenceWe verify this for two casestudiesin. Section4.For

comparisonfor eachcoherentor residualsetfound, we alsocalculatePey. for, 100 fest setsand show their distribution as

225 speci cally, intersection®f ballswith theinitial distribution),which we considera suitablebasisfor comparison.

230 2.5 Choosing

Recall the de nition of the similarity matriK 2 R™ ™ in Eq. (3) with the diffusion kernel introduced in Eg. (2), where
dist( ; ) is a metric onR". Under the assumption that the poimisare distributed uniformly with respect to dist), it is
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argued in Appendix A.2 of Koltai and Weiss (2020) and following Berry and Harlim (2016); Coifman et al. (2008ptHat
should be chosen, if possible, such that the following approximation is valid:

7 .
X xXn i 2
SO)= K@) o c exp S gys me( a0 (©)

i =1 oaq

whereC > 0 is a constant that depends on how densely the points ipopulateX; andd(t) is the dimension of the man-
ifold X;. To better understand the consta@tsaandd(t), assume thaX, is a larged—dimensional grid of gridlength and
consider the Euclidean distance ¢lisy) = kx yk. Then, the sun$;( ) corresponds to a Riemannian integral approximation
and the approximation in Eq. (9) is valid with being the average number of points per unit of volume, which is given by
C ° 9 respectively = C 9,

Taking the logarithm on both sides of Eq. (9) reveals an af ne linear connection betag&a( )) andlog( ):

d(t)
2

d(t)

log(Si( ) log( ) +log(C) +log(m)+ —=

log( ): (10)

Hence, in order to determine a range of suitable values, foe plot the functiors;( ) versus in a log-log plot for each time
t and look for a range of in which the graph is linear. See Fig. 3 for an example. Additionally, we can read off the dimension
d(t), as well as a measure of densify) = C 174 of the point cloudX ;.

@og(Si())

d(t) =2 rrlag@oig() (12)
s, 1=d(t)
(=c W= = ( " (12)

where > Qis the value that maximizes the slo@g(S;( ))=@og( ). We note that the derivations dft) and (t) are not
mathematically rigorous and are used heuristically. In particular, the dimed&pdoes not have to be an integer arft)
is just an approximate measure of (inverse) density when the point ¥eusl not a perfect grid. We stress that, sin¢ge)
approximates a grid length, higher values correspond to lower point densities. In addition, we nd¢e) tisativariant under
isotropic contraction/expansion Xf; (it is scale-invariant), but(t) is not.

2.6 Boundary handling with -shapes

The estimation of coherent sets requires proper handling of boundary @its X . Hence, a method is needed to determine

which points lie on the boundary of a given point cla¥d. This problem reduces to the well-researched problem of surface
reconstruction from point cloud data. The simplest approach is to use the uniquely de ned convextwulTbis method is

too coarse for our purpose, since the point cleuds in general not a convex object. Once concavity is permitted, detection

of a bounding surface of a set of points is ambiguous and several algorithmic approaches exist (Berger et al., 2017). We have
decided on using the establishagpha shape algorithm rst introduced by Edelsbrunner et al. (1983) (cf. Edelsbrunner

(2012) for an overview), since it does not require surface normals and can be conveniently tuned by only one parafeter



Large values of correspond to a structured surface while small values oésult in a smooth surface. For a thorough
derivation and details on algorithmic implementation, consult Edelsbrunner and Miicke (1994).
LetX; R" bea nite set of points) < 1 areal number. We denote open ballsf of radius byb . An -ball
b is said to be empty, if it does not contain any points frém The -hullH is then de ned as the complement of the union
265 of all empty -balls:

H :=R"n [ b : (13)

b\ X{=;

We de ne the boundary oX; to consist of those points that lie in the boundaryof, i.e.
@X =fx2X{jx2@ g:

An equivalent de nition of the boundary is that2 X, lies in @ X if and only if there is an empty opentball b such that

270 X2 @b. As !'1 the setH recovers the convex hull, whereas= 0 results inH = X;. Hence, the se@® X grows as

I 0,andfor small enough, we nd@X = X;.

This sparks the question of choosingppropriately such tha@® X de nes a boundary of the point-clol; of the desired
coarseness. As discussed in Sect. 8_5*, provides a measure of the typical distance between points in the point cloud.
Therefore, it is natural to choosein the same magnitude gsi.

275 Thealpha shape algorithm assumes the points live in Euclidean space. However, in Sect. 4 we apply our methods to
atmospheric data. The atmosphere, being approximated by a spherical shell, is non-isotropic and globally non-Euclidean. Thus
constructing a hull in a Cartesian coordinate system, e.g. centered in Earth's core, is destined to fail as the large difference in
scales between vertical and horizontal coordinates leads to points being sampled from a nearly two-dimensional region in
space. In such a perspective, virtually all points would be boundary points. We have therefore decided to apply a stereographic

280 projection centered at the North Pole with an undistorted latitudgoN to the horizontal coordinates and applied a linear
vertical scaling in accordance with the custom distance metric introduced in Sect. 3.4 before applyhphéhehape
algorithm. A stereographic projection seems apt since the air parcels of our examples stay on the Northern Hemisphere and ar
gathered around the mid-latitudes for most of the time. Other suitable coordinate transformations alter the selected boundary
points only to a small degree and do not change the resulting coherent sets detected signi cantly (not shown).

285 3 Implementation

All atmospheric elds used in the analysis are taken from the ERA5 reanalysis product provided by the European Centre
for Medium-Range Weather Forecasts (ECMWF) (Hersbach et al., 2020). It resolves the global atmosphere on a grid with a

roughly 31 km horizontal spacing and 137 hybrid vertical levels between the surface and 1 hPa on hourly timescale.

10
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3.1 Blocking identi cation

The atmospheric blocking regions are de ned as in Pfahl and Wernli (2012), who utilized the algorithm introduced by Schwierz
et al. (2004). More speci cally, grid points are identi ed as blocked, if a vertically averaged (beta@@nPa andl50 hPg

(10 8 Km? kg s?) (pvu) for at least ve days is observed for a potentially traveling connected region (individual grid points
need not experience this anomaly for ve full days). Data are available in six-hourly time steps, and PV anomalies are required
to have a spatial overlap of at least 70% to be assigned to the same track.

Though a host of different blocking identi cation mechanisms are available (Pinheiro et al., 2019), this PV-based algorithm
has been chosen since it encapsulates the most important dynamical features of atmospheric blocking (Schwierz et al., 2004
Croci-Maspoli et al., 2007) and directly identi es two-dimensional regions. The identi ed regions will usually mark the areas
responsible dynamically for the blocking characteristics (i.e. the high-pressure ridge regions) rather than the areas marked by ¢
geopotential height reversal. The focus of this study lies in the demonstration of the methodological framework when applied
to atmospheric blocking air streams rather than in arriving at de nitive or quantative insights about blocking consistent across

different blocking de nitions, which is why we abstain from comparing results between different blocking indices.
3.2 Initial points

The method for the identi cation of coherent air streams described in Sect. 2 is applied to two case studies. Given the two—
dimensional, global, boolean eld of whether a grid point is blocked or not, for each case, an atmospheric blocking event is
identi ed as a connected region ®fue values developing in time. For an individual time step, a respective region is “ lled”

with trajectory initial points with a vertical distance @fhPa betwee®50 and 150 hPa (we choos&50 hPa instead 0500

hPa for a slightly broader scope; the same does not apply for the upper limit, since it would likely cross the tropopause) and
a horizontal distance given by the scale difference parametienes the vertical distance (cf. Sect. 3.4). In our case study,

for a scaling parameter of= 15 km hPal, a horizontal distance df05km was used. Such a point density has emerged as

the highest possible point density that still allowed for an acceptable computational complexity. A zero-mean Gaussian noise
with standard deviation equal to a quarter of the distance in the respective direction is then added to each point individually to
prevent the regular structure of the initial point distribution to bias the coherent set clustering later on. Finally, all initial points
that lie above the dynamic tropopause — de ned as the 2 pvu isosurface — are removed.

3.3 Trajectory calculation

The initial points are then used to calculate three-day forward and backward trajectories from three-dimensional wind elds on

an iterative predictor-corrector procedure. We think of the resulting trajectories as solutions of the dynamical system describing
the motion of air parcels in the atmosphexé from Sect. 2). Various dynamical variables can be traced along the path of the

11
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air parcels' trajectories including potential temperaturspeci ¢ humidityq, temperaturd and all coordinates and velocities.
These will reveal the dynamical properties present in the clusters generated from purely geometric information.

3.4 Distance Calculation

Our methodology presented in Sect. 2 is based on point-wise distance calculation. Here, again, the issue of vastly different
length scales in the horizontal and vertical directions arises. Resorting to a map projection as wiffhtheshapes

algorithm described in Sect. 2.6 does, however, not seem to be the best option since errors introduced during the stereographi
projection can be avoided. This is because calculating distances between points does not necessarily require the points to live
in Euclidean space. In contrast to Banisch and Koltai (2017), who relied on the Euclidean norm as a measure of distance, we
therefore construct a non—Euclidean distance which connects the vertical and horizontal scales through a scale parameter

uZ + v2 m P
- D
- r

T -
i=1 o =0 . (U)2+(Vv;)?
m

TP ©

(14)

xI=("F Lp)andxl =('1; 1;p), given by their respective latitudes longitudes , and pressure levgl, we then de ne

dist(x';x} ) = P dist,(x';x1)2+( (P p))?
S

v _ . i
+cos' i cos i sin? :
2 2

dist,(x';x))=2rgarcsin  sin?

whererg stands for Earth's radius. The distance is symmetric and positive. The horizontal distapce th&t Haversine
distance which approximates the great-circle distance of two points on Earth's surface (assuming a spherical shape) well
(Green, 1977).

For the scale parameter a heuristic approach has been chosen that estimates the difference in scales by comparing average
horizontal and vertical velocities, where the average is taken over all trajectories and time steps. We think of distances to
be similar if air parcels take roughly the same amount of time to overcome them given some average velocity which is the
reasoning behind the construction afin addition, atmospheric turbulence — the dominant source of diffusion at the scales
investigated here — roughly scales with velocity. The developed notion of distance relies only on geometric information (if one
conceives velocities as geometric), which allows comparison of purely geometric coherence to similarity of dynamic properties.
For the construction of we have deliberately abstained from including measures of vertical stability or asymptotic methods
since the phenomena investigated feature relevant processes on synoptic as well as mesoscale which would further complicat
the choice of scale-connecting characteristic quantities (Klein, 2010). Note that, due to de nition Bfy. (14), the custom
metric dist ; ) is formally measured in kilometers.

We remark that estimated values ofaried only by roughly 20 % and results were rather insigni cant to the exact value of

applied in both the algorithm and the initial point generation. For ease of computation and comparability between cases, we
have therefore decided to choose a constantl5 km hPal across all cases investigated. Note that requiring exact equality
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Figure 2. Synoptic conditions at three time instances (all at 00 UTC) during the 2016 Canada case. Upper-level PV @padedntour
(tropopause) in black, upper-level wind (blue vectors, only shown for wind speeds larg@0thast), surface cyclones (sea level pressure;
yellow contours from@80 hPa t01000 hPa everys hPa), and blocking region (magenta contour; cf. Sect. 3.1 for de nition). Upper-level
elds are vertically averaged betwe&00and150hPa. Note that horizontal wind velocity is indicated by the quivers' length. Denser quivers

towards the poles result from denser longitudes.

between the empirical and the used in the initial point generation would require extensive iteration, since the empirical
depends on the trajectories, which, in turn, depend on the initial point locations.

4 Case studies
4.1 Canada 2016

As a rst example, the strong -blocking observed from late April to early May 2016 over Canada is investigated. It is
considered one of the main causes of the 2016 Fort McMurray wild re, the costliest disaster in Canadian history up to that
date (Statistics Canada, 2017). The blocking identi cation data set introduced in Sect. 3 identi es blocked grid points from 29
April 2016 06 UTC to 05 May 2016 00 UTC. Synoptic conditions along with the blocking region are shown for three time
steps representative of onset, maintenance and decay in Fig. 2. A video of synoptic conditions at all time steps is provided in
the supplement.

During the onset phase (a), the co-located surface cyclone and upper-tropospheric trough just east of the dateline induced :
poleward transport of warm, low-PV air masses leading to the build-up of the strong blocking anticylcone. The pattern agreed
roughly with the positive phase of the Paci c-North American (PNA) pattern. Steinfeld (2019) showed that latent heat release
in air parcels transported by the surface cyclone's WCB played a signi cant role in formation and maintenance of the blocking.
The onset was characterized by anticyclonic Rossby wave breaking to its western ank, amplifying the Eastern Paci c ridge,
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which is atypical according to Miller and Wang (2022), who identi ed cyclonic Rossby wave breaking as the prototypical onset
mechanism for Paci ¢ blocking (though they only investigated winter blocking).

Having acquired its large spatial extent over Western Canada (b), the blocking exhibited its promBieyge with two
high-PV regions to its southwesterly and southeasterly sides. The con guration severely disturbed the zonal circumpolar bands
of high wind speeds (jet stream) in its eponymous blocking behavior. The following days were characterized by a low eastward
propagation speed and quasi-stationary ow conditions. The blocking eventually dissolved (c) accompanied by an emergence
of a surface cyclone on its western ank (not shown).

In agreement with a magnitude of the scale parameterof5 km hPal, a horizontal distance of 105 km is applied for the
initial point generation. After stratospheric point removal, the number of initial points varies from 648 to 13,661 according to
the size of the identi ed blocking region. The measured scale parameter varies bé@e@and18:51 km hPal, a departure
from the assumed value @6 km hPal that is deemed insigni cant and unlikely to alter the results (cf. Fig. AL in App. A). In
fact, calculating individually for every set of trajectories has been tested and did not alter the results considerably. Apart from
the rst few initialization dates, which feature only few trajectories, the temporal developmerindfcates larger horizontal
than vertical motion in trajectories passing through the blocking earlier, but qualitative interpretations are hard to formulate
given the complex spatio-temporal dependence.dflean horizontal and vertical velocities over the six—day length of the

trajectories for sets of trajectories initialized at any of the dates are provided in the supplement as Fig. S1.
4.1.1 Trajectory density

The atmosphere being a turbulent, chaotic system, we generally expect trajectories to disperse approximately symmetrically
forward and backward away from a initialization con guratian=(0 h; t are the hours away from the initialization time).
Individual cases will, however, exhibit particularities and, more speci cally, asymmetric evolutiaitpfand " (t), which
measure the dimension and density of the point cloud and thus quantify the general coherence and dispersion of the air parcel
(cf. Sect. 2.5).

Figure 3 gives an example where this is the case. At any point in time, the sum of diffusion simigftiegaries fromm
to m?2. For low diffusion strengths, the diffusion similarity matrixK . is only populated on the main diagonal (approximates
the identity matrix), whereas for high values, the matrix has ones everywhere. The approximately polynomial (cf. Eq. (9))
intermediate regime appearing linear on a log-log plot, however, is described by two degrees of freedom, t{€)sidpad
offset’ (t), which were shown to be heuristically connected to the dimension and inverse density of the poifikttpud

In the example presented here, the curve for the initialization tim@ h has the highest slope, which is because points

tive direction, slopes reduce similarly, but curves for positigaturate earlier. Therefore, the point cloud traced by forward
trajectories {> 0 h) stays more densely packed than the same point cloud traced by backward trajetctoidds)( Hence,
while d(72h) d( 72h), “(72h) <™ ( 72h) (recall that (t) approximates a grid length and is therefore inversely related to
density).
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Figure 3. Normalized sum of pointwise diffusion similariti€&( Y)m 2 plotted versus diffusion bandwidton log-log scale for trajectories
initialized at 02 May 2016 00 UTC. Green horizontal axis ticks indicate evaluated valuekeét: Trajectories in stereographic projection

with vertical coordinatef) colorcoded. Parcel locationstat ~ 72h; Oh; 72h as black dots. Only every 8arajectory is shown for clarity.

The inset illustrates, what is happening: Not only do the air parcels diffuse more rapidly horizontally before entering the
blocking region compared to after, they also tend to spread to a larger degree in the vertical. A larger spread is related to a
smaller density of the points in space and thus larg&he slope of individual curves is hard to determine from Fig. 3, which
is why bothd(t) and(t) are displayed for the whole life cycle of the blocking and the according three—day forward and
backward trajectories in Fig. 4. The data is ordered according to the initialization time along the vertical axis and according
to the trajectories' time steps along the horizontal axis. Since trajectories are initialized every six hours and trajectory data is
hourly, white lines with a slope df=6 indicatedindicateisochrones. Data belonging to the initialization date 29 April 2016 06

UTC has been omitted due to the low number of trajectories.
The dimension heuristid(t) is higher the closer the air parcels are in time to the initialization con guratierQ( h). Even
then, however, the theoretically achievable dimensio8 isfnot reached, which is a boundary artifact, since for points near
the boundary, the Gaussian function in Eq. (9) is not fully resolved. This is also why a higher number of trajectories leads to
higher values ofl(t). Furthermore, Fig. 4 (a) bears testimony of the fact that points tend to arrange more two-dimensionally
the further they get away from the initialization time, though two distinct regions may be identi ed, where this is not the case.
Trajectories passing through the blocking during its late maintenance ph&3:Nlay; lower center left region in the plot)
exhibit a higher dimensionality during their journey into the blocking (0) and trajectories passing through the region during
its early maintenance phase 02 May; upper center right region in the plot) exhibit an increased dimensionality during their
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Figure 4. (a)d(t) and (b) (t) plotted as a function of initialization tim&8 initializations, vertical axis) and time step44 time steps from
72hto+72 h, horizontal axis) for the Canada 2016 case. Data corresponding to trajectories initialized at 29 April 2016 06 UTC has been
removed. White diagonals indicate isochrones@IUTC). Vertical white line indicates initialization time.

journey out of the regiont& 0). The size of the blocking is of rst order importance for this phenomenon, since high pressure
the larger the fraction of air parcels that are under its in uence.

Inspection of the individual trajectories con rms that the quasi-stationary ow eld reduces the amount of lamentation the
point cloud is subjected to. This is because both spatial and temporal small-scale variability will shear — and thus lament — a
spatially extended point cloud. In contrast, the air masses traced here, behave more like a rigid body being translated and rotate
by the lateral large scale jet and the ow inside the blocking. Recalld{tatis scale-invariant and isotropic contraction/expan-

The level sets ofl coinciding with the isochrones f&4>d > 2:2 at the bottom right of panel (a) indicate several traced air
masses that pass through the blocking from the 02 May onwards experience a considerable detreasgliynat the same
time 05May 00UTC. The associated straining motion is related to the disintegration of the blocking and its accompanying
lateral wind bands followed by the reestablishment of the zonal jet. The reorganization of the large—-scale ow eld exposes
the air masses to considerable shear, effectively lamenting the individual point clouds and red{it¥ing
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The density measurdt) shown in Fig. 4 (b) sheds more light on the spatial nature of the investigated trajectories. Impor-
tantly, " (t) does not measure the general density of the point clouds (cf. Fig. A2 in App. A for mean nearest neighbor point
distances), but rather the inverse density of the pofptpopulatingX;, respecting its dimension. This explains, wlf) does
not assume its lowest values uniformlytat 0, where values equate to rougHl®5 km in agreement with the initial point
generation.

The approximated grid length(t) tends to be lower for forward trajectories compared to backward trajectories. This is
especially true for trajectories initialized during the second half of the blocking's life cycle. We nd coincidence of level sets of
* with isochrones betweeBil and02 May in the bottom left of the plot and around thB May on the botton right of the plot.

In both cases, decreases with in the rstinstance with only a slight changedhand in the second instance with a concurrent
decrease imnl. Hence, the rst case hints at isotropic contraction of the point cloud, which is caused by the traced air parcels'
arrival in the blocking. For the second instance, the straining imposed on the point cloud of air parcels by the reorganizing ow
eld makesX; appear more two-dimensionally without (suf cient) concurrent isotropic expansion, sucl{thdecreases.

Allin all, evolution of the air parcel point clouds traced by the trajectories can be differentiated with respect to the blocking's
lifecycle: Parcels passing through the blocking during onset experience lamentation and straining in both directions in time
away from the initialization timet(=0), but are a little more densely packed after leaving the blocking @), which is
partially due to a smaller vertical extent. Parcels passing through the blocking during its maintenance phase experience less
straining, especially once inside the blocking, but become more densely packed. And parcels passing through the blocking
during its decay experience strong and abrupt lamentation upon the blocking's disintegration, which coincides with a decrease
in bothd and™.

The lamentation ofX; can also be understood from a more theoretical perspective. Under the in uence of the disintegrating
blocking, the air masses exhibiting a rapid decreaskanfd” undergo material elongation due to the well-researched enstrophy
cascade present in turbulent systems with two-dimensional con guration, which is an approximation of the atmosphere due

. Such an enstrophy cascade to smaller scales and an energy cascade to larger scales involves the elongation and eventt

scattering of vortical structures, which explains a decrease of dimension tosvar2lsThe recon guration of the jet stream

from a wavy shape (energy at high wavenumber) to a more zonal one (energy at low wavenumber) supports this hypothesis.
The vortex scattering represents a break up of stability aggregated during the blocking onset and maintenance. The quasi

stationarity of trajectories visible mainly in the maintenance phase of the blocking has to come to an end eventually, already

from an entropy-perspective. In a structureless, random and turbulent uid dynamical system, one would expect a more or

less symmetric distribution with respect to distance ftorD in d(t) (cf. Fig. 4 (a)). Thus, the stability attributed to blocking

mainly with respect to ow con guration seems to be applicable also to the material air parcels passing through the region.

4.1.2 Coherent Air Streams

In order to objectively identify WCB air streams stabilizing the blocking as hypothesized by Steinfeld and Pfahl (2019), we

construct the averaged diffusion operafpr usingm = 11; 774 backward trajectories initialized in the blocking region at 02
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Figure 5. Coherent sets for backward trajectories initialized at 02 May 2016 O0UTC. (a): 10 largest eigenvdlues(d® 1)= for
various values of. (b): Clustered trajectories for=5 10* km?: colors and according numbers show the clustering, points are shown for
t=0 handt= 72h, lines show average trajectori¢@esidualsetin gray. Horizontal coordinates are in stereographic projection. Black

contour shows location of identi ed blocking at= 0 h.

May 2016 00 UTC ( 72h t 0 h) for a range of values ofbetweer2  10* km? and5—216>1. 10° km?; the range for

which the curve of5;( ) over appears linear in a log-log plot (cf. Fig. 3). For boundary point detection, we apply a value of
=103 km, which is on the conservative (higher) sidepoT for the given range of values ofand nd that the edge lengths

of the resulting simplical complexes at angtay betweerd(? km and10® km (cf. Fig. A3 in App. A).
The resulting spectrum df =(Q I)= is shown in Fig. 5 (a). We show the spectrumlof instead ofQ because
controls how clos&) is to the identity matrix (cf. Fig. 3) and, hence, how close the eigenvalues are to one. The largest

eigenvalues are close but not equal to zero, which is caused by the application of boundary conditions to the normalized

seventhsixth eigenvalue (disregarding spectral gaps=ag ;3 in order to achieve suf cient detail) and perforkameans
clustering of the data points into seven clusters in the coordinate space spanned by the rst six eigenvectors using a value of
=5 10" km?. We found that the resulting clusters are remarkably robust to variatioard the number of clusters.
Figure 5 (b) depicts the resulting clusters differentiated by colors. Shown are locations of the air parcels at both the initial-
ization ¢ =0 h) and the end point & 72 h) as well as each cluster's average trajectory (calculated by all points' average
location for each time step). The gray cluster represents the set of points for which all eigenve@ossniilitaneously show

the points at each though the coherence tends to be stronger the closer the parcels are to the initialization, which seems natural
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as the points more strongly resemble a three-dimensional continuum the further they have traveled towards their initialization
point in the blocking.

travels to the northern, lower ank of, undergoing signi cant upward motion. In absence of other strong diabatic effects,
the large positive change in potential temperature can only be caused by latent heating, which is con rmed by its change in
speci ¢ humidity (cf. supplementary Fig. S3). The change occurs mainly during the 24 hours leading up to the arrival in the
blocking, which is in contrast to thetuepink cluster, which experiences latent heating earlier. The magnitude of the heating

in the blue pink cluster is also a little lower, since the cluster initially extents in the vertical to a larger degree. The cluster

undergoes vertical compression over the course of the three days and ends up in the lower southeasterly corner of the low-P\
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The diabatic lifting of both clusters is due to large scale ascent typically associated with warm frorité:dpiek cluster
winds earlier and remains in the blocking region after its earlier arrival while slowly progressing under anticyclonal movement.
The behavior of both clusters strongly suggest the existence of a warm conveyor air stream caused by the strong adjacen
surface low (cf. Fig. 2 (a)), which supplies the blocking with anomalously low PV air masses at two distinct points in time.

Forward trajectories for the same initialization time exhibit synchronized behavior similar to the example discussed next
and will thus not be discussed here. Changes in potential temperature are almost exclusively negative, hinting at radiative
cooling typical for air masses in the upper troposphere. The synchronization of movement is also indicated in Fig. 4 — the air

masses barely separate and are thus rather similar both geometrically and dynamically.

To understand the occurrence of WCBs across the lifetime of the blocking, we automatically identify them for each set
of trajectories. To that end, we apply our algorithm witkr 10% km, =5 10* km? to backward trajectories initialized at
each of the six hourly time steps. We identify the spectral gap we are interested in by nding the largest absolute difference
between two sequential eigenvalues, starting from the third eigenvalue. For the trajectory clusters identi ed, we select those,
whose median potential temperature three days before arriving in the blotking 72 h) is at least K below the median
potential temperature when arriving in the blockimg-Q h). The results are shown in Fig. 7 (b). We note that this diagnostic
suffers from the ambiguity of the concept of the spectral gap and, hence, the number of clusters selected, which is why we
also show the clusters' sizes (number of trajectories in a clustgnm).

The strongest large scale lifting and, thus, diabatic heating occurs during the onset of the blocking, governed by the strong
surface cyclone west of it. This is in accordance with ndings from Miller and Wang (2022) who highlighted diabatic heating
as a key mechanism for the onset of Paci ¢ blockings (though, again, they only studied winter cases). We nd coherent bundles
of trajectories with median changes in potential temperature of @0 t within a day, which does not seem to be atypical
(e.g. Madonna et al. (2014)). In that phase, the majority of trajectories are part of some cluster featuring considerable heating,
as indicated by the the gray bars in the background of Fig. 7 (b). The continuous decrease in the ratio of such trajectories inside
W(CBSs to the total number of trajectories comes about due to four different reasons. The rst reason is the general enlargement
of the blocking. The quasi-stationary nature of blockings implies that air parcels can get “trapped” inside it (see also the
following example), which means that even parcels that have experienced latent heating at some point will not be identi ed as
such as soon as this heating is more than three days past. The second reason is the decay of the neighboring surface cyclor
which is the dynamic cause of the WCBs. The third and fourth reasons are inavailability of moisture as the blocking travels
over land and large scale subsidence caused by the blocking itself. Higher occurrence of WCBs during onset is con rmed by
exiting research (Steinfeld and Pfahl, 2019; Hauser et al., 2023)
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Figure 7. (a): Median (line) and interquartile range (shading) of potential temperature distribution among individual clusters from Fig. 5.

Boundary point cluster (gray) not shown. (b): Median (line) of potential temperature distribution among clusters that exhibit a difference
between initial and end value larger thaK for different initialization times indicated by line color. Line thickness is according to number

of trajectories in clustem{; ). Gray bar chart in the background shows ratio between number of trajectories contained in WCB clusters to the

total number of trajectories for each arrival (initialization) time.

The plot also shows that WCB clusters identi ed in sets of trajectories initialized at different times tend to exhibit strong
latent heating at the same time. This is because WCBs are synoptic scale structures, extensive in both space and time. The
intermittent occurrence is linked to presence and absence of surface cyclones and their corresponding warm fronts (Madonne
et al., 2014; Catto et al., 2015). Note also that the general decrease in potential temperature is related to the blocking traveling

poleward.

In addition to identifying WCBs, we want to further understand the behaviad(tf and "(t) discussed in Sect. 4.1.1.

To that end, we apply our algorithm ta =9;882 connected forward and backward trajectorie§2h t 72h) passing

through the blocking at 04 May 2016 00 UTC, which is close to the end of its lifecycle, using the same range of values for
and the same value for (cf. Fig. A3 in App. A for distribution of -hull edge lengths). We identify a moderate spectral

gap after the fourth eigenvalue (cf. supplementary Fig. S4 (a)), and again leppbans clustering using =5 10*

km?, but looking forfeus- ve clusters this time. The resulting clusters are shown in Figapthree days before and after

initialization t = 72 h andt =72 h) along with their mean trajectories and the blocking's location=a0 h. We-denet
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In contrast to the example above, the clusters are separated to a larger degree in the vertical, which is caused by predominantl
synchronized movement in the horizontal as well as absence of any updrafts, as will be shown below. The air parcels move

555 considerably less far both in the horizontal and in the vertical, especially during their approach into the blocking. In fact, the
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