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Abstract. Calving is responsible for the retreat, acceleration, and thinning of numerous tidewater glaciers in Greenland. An

accurate representation of this process in ice sheet numerical models is critical in order to better predict the future response

of the ice sheet to climate change. While traditional numerical models have been used to simulate ice dynamics and calving

under specific parameterized conditions, the computational demand of these models makes it difficult to efficiently fine-tune

these parameterizations, adding to the overall uncertainty in future sea level rise. Here, we develop various
::
In

::::
this

:::::
study,5

::
we

:::::
adopt

:::::
three standard graph neural network (GNN) architectures, including graph convolutional network, graph attention

network, and equivariant graph convolutional network (EGCN), to construct surrogate models of
:::::::
develop

::::::::
surrogate

::::::
models

:::
for

finite-element simulations from the Ice-sheet and Sea-level System Model. GNNs are particularly well suited
:::::::::
well-suited for

this problem as they naturally capture the representation of unstructured meshes used by finite-element models. When these

GNNs are trained with the simulation results
::::::::
numerical

::::::::::
simulations of Helheim Glacier, Greenland, for different calving stress10

thresholds, they successfully reproduce the observed evolution of ice velocity, ice thickness, and ice front migration between

2007 and 2020. GNNs show better fidelity than convolutional neural networks particularly near the boundaries of fast ice

streams, and
:::::::::
Moreover,

::::
these

:::::::::
emulators

::::::
exhibit

::::::::::
uncertainties

::
of

::::
less

::::
than

:::::
10-20

::
%

:::::
when

:::::::::::
extrapolating

::
to

:::::::::::
out-of-sample

:::::::
calving

:::::::::::::
parameterization

::::::
cases.

::::::
Among

:::
the

:::::
three

:::::
GNN

:::::::::::
architectures,

:
EGCN outperforms the others by preserving the equivariance

of graph structures. By using
::::::::
leveraging

:
the GPU-based GNN emulators, which are 260-560

:::::
30-34

:
times faster than the15

::::::::
traditional

:
numerical simulations, we determine the optimal range of the

:::::::
temporal

::::::::
variations

:::
of

:::
the

::::::
optimal

:
calving threshold

that minimizes the misfit between the modeled and observed ice fronts.
:::
This

:::::::::
fine-tuned

::::::
calving

:::::::::::::::
parameterization,

::::::
enabled

:::
by

::::
GNN

:::::::::
emulators,

:::
can

::::::::
enhance

::
the

:::::::::
reliability

::
of

::::::::
numerical

:::::::
models

::
in

::::::::
capturing

::::::
glacier

::::
mass

::::
loss

:::::
driven

:::
by

:::::::
calving.

1 Introduction

Over the past three decades, the Greenland ice sheet has experienced an average annual loss of 170 Gt of ice, resulting in a global20

mean sea level rise exceeding 15 mm (Otosaka et al., 2023). This trend of mass loss has intensified in recent years. Between

1990 and 2000, the annual mass loss hovered around 40 Gt /year
::::
a−1, but in the 2010s, it surged to approximately 280 Gt /year
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:::
a−1

:
(Otosaka et al., 2023; Mouginot et al., 2019). This escalating mass loss can be attributed to two primary processes: (1) the

change in surface mass balance driven by enhanced surface melt and (2) calving and submarine melting of marine-terminating

glaciers, commonly referred to as frontal ablation (King et al., 2020; Choi et al., 2021). In specific regions and seasons, ice25

discharge may be responsible for more than 50% of the total ice sheet mass loss. (Mouginot et al., 2019; King et al., 2020; Choi

et al., 2021; Aschwanden et al., 2019).

Enhanced calving significantly impacts ice dynamics, often resulting in ice flow acceleration and subsequent thinning (Bondzio

et al., 2017; Cheng et al., 2022; Lippert et al., 2024). Given that calving is sensitive to climate conditions (Greene et al., 2024;

Wood et al., 2021), it is important to understand how future calving rates would impact ice sheet mass balance , and sea-level30

rise (Choi et al., 2021). Numerous studies have utilized ice sheet numerical models to explore the applicability of various calving

laws to Greenland and Antarctic ice sheets and identified the set of model parameters that minimize the misfit between model

and observations (Wilner et al., 2023; Choi et al., 2018). According to Choi et al. (2018), the von Mises calving law (VM)

(Morlighem et al., 2016, VM) best replicates observed terminus positions of nine outlet glaciers in Greenland compared to other

existing laws. However, the optimal parameters for VM may vary significantly among different glaciers across both Greenland35

and Antarctica .

Although numerical models can provide reliable solutions for ice flow when ice extent is kept constant, capturing the precise

impacts of spatiotemporally varying calving rates on terminus migration and ice flow in numerical models remains challenging.

Additionally, assimilating remote sensing observations into numerical models, required to infer certain model parameters, is both

complex to implement and computationally intensive (Choi et al., 2023). Furthermore, the integration of calving as a boundary40

condition in numerical models introduces significant complexity since calving directly alters the ice geometry and model domain

during simulations. Consequently, identifying the optimal calving parameterizations consistent with observations is difficult and

time-consuming, thereby limiting our ability to project the future mass balance of ice sheets under various parameter settings

(Choi et al., 2018; Edwards et al., 2021; Morlighem et al., 2020).

To address the computational demands of numerical models, various
::::::::
statistical approaches have emerged relying on faster45

machine learning models in lieu of ice sheet numerical models. While traditional numerical models often necessitate using

high-performance computing clusters to solve partial differential equations (PDEs) on central processing units (CPUs), machine

learning emulators offer the advantage of operating on lighter computational resources, leveraging the parallel processing

capabilities of graphic processing units (GPUs).
:::
For

::::::::
instance, Downs et al. (2023) used a Gaussian Process (GP) emulator to

infer the sensitivity of time-independent model parameters to the frontal ablation of Helheim Glacier in Southeast Greenland.50

Although they were able to identify the best set of calving threshold parameters in the VM calving law, their artificial neural

network (ANN)
:::
GP approach did not account for spatial relationships or interactions between neighboring nodes. Additionally,

their emulator focused on matching the observed and modeled terminus positions along a central flowline
:::
flow

::::
line rather than

the entire glacier system.

Given that ice sheet dynamics and iceberg
:::::::
dynamics

::::
and calving are affected by the

:::::
glacier

::::::::
geometry

::::
and underlying bed55

topography, it is important for the emulators to learn the spatial context across the entire glacier domain. To account for spatial

relationships between nodes for emulating ice sheet dynamics, prior research predominantly relied on Convolutional Neural
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Networks (CNNs) . While promising, CNNs are tailored for regular Euclidean grid structures, such as images. This approach

may therefore not be the optimal choice for capturing unstructured meshes that are typical of finite-element-based numerical

models. In particular, the regular grid structure of CNNs may lead to a loss of several advantages inherent to unstructured60

meshes, such as efficient and flexible allocation of computational resources and finer resolution in fast ice regions.

In recent years, Graph Neural Networks (
:::::
graph

::::::
neural

::::::::
networks

:
(GNNs) have gained attention as a viable alternative to

CNNs, particularly
:::::::
emerged

::
as

::
an

::::::::
effective

:::::
neural

::::::::
network

::::::::::
architecture for handling irregular non-Euclidean data structures

such as molecular structures, point clouds, social networks, and natural language (Zhang et al., 2019). Unlike CNNs, GNNs are

adaptable to any type of data structure organized as graphs, comprising nodes (i.e., data points) and edges (i.e., the connections65

between nodes),
::::::

which
:::::
make

:::::
them

:::::::
suitable

::
to

:::::::
manifest

:::::::
meshes

::
of

:::::::::
numerical

::::::::::
simulations

:
(Pfaff et al., 2021). GNNs make

predictions by utilizing pairwise message-passing between nodes, wherein information exchange occurs, updating individual

node features through interactions with connected nodes. Inspired by the resemblance of the mesh structure in finite-element

analysis to a graph structure, numerous studies have investigated the training of emulators of finite-element numerical simulations

using GNNs (Fu et al., 2023; Shivaditya et al., 2022; Black and Najafi, 2022; Perera et al., 2022; Salehi and Giannacopoulos,70

2022; Maurizi et al., 2022; Jiang and Chen, 2023).

Instead of traditional ANNs and CNNs

::
In

:::
this

:::::
study, we investigate here whether GNNs can be used as the backbone architecture for statistical mapping between

input and output variables of finite-element ice sheet modeling, while embedding the spatial connections between nodes. GNN

emulators take direct advantage of unstructured meshes of ISSM (i.e.,
:::::::
Ice-sheet

:::
and

::::::::
Sea-level

:::::::
System

:::::
Model

:::::::
(ISSM),

:::::
such

::
as75

flexible spatial resolution and efficient allocation of computational resources) ,
:
and can speed up model parameter search. Here,

as an illustration, we use
:::::
GNN emulators to determine how calving parameterization affects ice dynamics, while maintaining

the accuracy and precision of ISSM simulations. Our focus is on Helheim Glacier, chosen as the target site for training and

evaluating our GNN emulators (Fig. 1a). Helheim Glacier is one of the largest outlet glaciers in Greenland,
:
and it has been shown

that its ice velocity is closely correlated to the position of its terminus (Cheng et al., 2022). Despite considerable advancements80

over the past decades, the mechanisms governing Helheim Glacier’s ice front position remain elusive (Bevan et al., 2015; Miles

et al., 2016; Cheng et al., 2022). A key contributing factor to this knowledge gap is the computational intensity of numerical

models incorporating calving, impeding the fine-tuning of calving parameters to accurately reflect observations. As the main

parameter that determines the terminus positions, the temporal variations of calving parameters and their impacts on calving

should be explored (Downs et al., 2023). In this study, we train GNN models using simulation data derived from a numerical85

model
::::::::
numerical

:::::::
models and evaluate their fidelity and computational efficiency in modeling the dynamics and calving front

migration of Helheim Glacier. We assess the potential of GNN architectures as statistical emulators for numerical finite-element

ice sheet models to represent spatial features of ice sheet dynamics and calving across the entire glacier domain.

The remainder of the paper is structured as follows. Section 2 provides a comprehensive review of relevant literature about

calving parameterization in ice sheet models, other machine-learning emulators employed in ice sheet modeling, and the use of90

GNNs as emulators for finite-element models. In Section 3, we describe the training data collected from numerical simulations,

while Section 4 outlines the specifics of GNN architecturesalongside a baseline CNN model. Section 5 presents the accuracy and
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Figure 1. (a) Location of Helheim Glacier, Greenland; (b) ice velocity, (c) bed elevation, and (d) ice thickness near the calving front of

Helheim glacier in 2007. The background image is the MODIS true color image from June 20, 2023.
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computational ef�ciency of these models in replicating the dynamics of Helheim Glacier.Finally
::
In

:::::::
addition, we demonstrate

the utility of GNN emulators in optimizing calving parameterization.
:
to

:::::
match

:::::::::
simulation

::::::
results

::::
with

:::::::::::
observations.

:::::::
Finally,

::
we

:::::::
discuss

:::
the

:::::::
scienti�c

:::::::::::
implications

::
of

::::::
calving

:::::::::
calibration

::::
and

:::
the

:::::::::
limitations

::
of

:::::
GNN

::::::::
emulators

::
in

::::::
section

::
6.

:
95

2 Background

2.1 von Mises calving law

In the VM calving law, the calving rate,c, is assumed to be proportional to both the tensile stress and the magnitude of ice

velocity, formulated as follows (Morlighem et al., 2016):

c = jjv jj
~�

� max
(1)100

where~� is a scalar quantity representing the effective tensile stress of the ice,� max is a stress threshold that needs to be calibrated

on a glacier-by-glacier basis, andv is the ice �ow velocity at the ice front. The migration rate of the ice front is then determined

from the calving ratec using the following equation (Morlighem et al., 2016):

v f = v � (c+ _M )n (2)

wherev f is the ice front migration rate,_M is the melting rate on the calving front, andn is a unit normal vector pointing105

outward from the ice domain. In theIce-sheetandSea-levelSystemModel (ISSM)
::::
ISSM, the numerical ice sheet model we use

in this study, moving boundaries of ice sheets are represented implicitly using the level set method (Osher and Sethian, 1988;

Bondzio et al., 2016; Morlighem et al., 2016; Cheng et al., 2024). The level set method de�nes a scalar �eld' (x ; t)that
:
:

::
'

is negative in the location ofx that are ice covered at timet, positive where there is no ice, and the zero contour of' de�nes

the ice boundary.
::::
With

::
a

:::::
given

:::::
initial

::::::::
condition

:::::::
' (x ; t0),

:::
the

:::::
level

::
set

::
'

::
is

:::::::
updated

::
by

:::::::
solving

::
an

:::::::::
advection

:::::::
equation

:::::
using

:::
the110

::::::::
migration

:::
rate

:::
v f ::::

that

@'
@t

+ v f � r ' = 0 :
:::::::::::::::

(3)

In VM, � max is the only parameter that needs to be calibrated (Morlighem et al., 2016). A lower value of� max correlates to

weaker ice and consequently, a larger calving rate. According to Morlighem et al. (2016),� max is consistent with the range of ice

tensile strength, which is typically around 1 MPa, but may be as low as 0.7 MPa and not exceed 3 MPa.However,since
:
In

:::::
most

::
of115

::
the

::::::::
previous

::::::
studies,

::::
this � max canvaryspatially,andeventemporally,amongdifferentGreenlandicglaciers, �nely calibrating

::::
value

::
is

::::::
simply

::::::::
assumed

::
to

::::::
remain

:::::::
constant

::::
over

:::::
time

:::::
within

::
a

:::::::::
prede�ned

:::::
range.

:::::::::
However,

::::::::::::
environmental

:::::::::
conditions

::::::
around

::
the

:::
ice

:::::
front

::::
(e.g.,

:::::::::::
temperature,

:::::::
mélange,

:::
sea

::::
ice,

:::::
ocean

:::::
wave,

::::
tide,

::::
etc.)

:::
can

::::
vary

::::
over

:::::
time,

:::::::::
potentially

:::::::::
in�uencing

:::
this

:::::::
calving

::::::::
parameter

::
in

::::::::
response

:::
and

:::::::
leading

::
to

:::::::::
substantial

:::::::
changes

::
in

:::::::
calving

:::::::
patterns(de Juan et al., 2010; Todd and Christoffersen,

2014; Kondo and Sugiyama, 2023; Xie et al., 2019; Wehrlé et al., 2023).
:::::::::
Therefore,

::::
�ne

:::::::::
calibration

::
of

:
� max is importantto120

:::::::
essential

:::
for accurately reproducing observed glacier evolution.
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2.2 Machine learning emulator for ice sheet modeling

Machine learning techniques have been extensively employed as statistical emulators for numerical ice sheet models and further

for calibration of model parameters. Tarasov et al. (2012) applied Markov Chain Monte Carlo methods toANNs
::::::
arti�cial

::::::
neural

:::::::
networks

:::::::
(ANNs)

:
for the Bayesian calibration of model parameters. This approach allows for obtaining posterior distributions125

for different model parameters given observational datasets. Similarly, Brinkerhoff et al. (2021) used an ANN surrogate model

to infer the posterior distributions for parameters that govern the behavior of sliding law and hydrological model. Downs et al.

(2023) employed the GPbasedon anANN for the calving parameterization associated with the VM calving law in Helheim

Glacier. Nevertheless, the ANNs of these previous studies are simple feed-forward networks without spatial embeddings between

nodes. Given that ice dynamics are determined by the topographical features, it is essential for the surrogate models to fully130

capture the interactions between neighboring elements to accurately represent realistic ice sheet behavior.

In replicating spatial characteristics of glaciers,CNNs
:::::::::::
convolutional

::::::
neural

::::::::
networks

::::::
(CNN)

:
have been predominantly

adopted as the main architectures based on their advantages in capturing the spatial variations in topographical features of

glaciers (Jouvet et al., 2022; Jouvet and Cordonnier, 2023; Jouvet, 2023; Verjans and Robel, 2024). For instance, the CNN

of the Instructed Glacier Model (IGM) (Jouvet et al., 2022) reproduced the ice dynamics from the Parallel Ice Sheet Model135

(Winkelmann et al., 2011, PISM) and CfsFlow models (Jouvet et al., 2008). Jouvet (2023) extended this CNN emulator to

address inversion problems, inferring optimal ice thickness distribution, ice �ow velocity, and ice surface elevation to match

both a Stokes model and observational data. Another CNN emulator introduced by Jouvet and Cordonnier (2023) employed

a physics-informed loss function to minimize the energy associated with ice-�ow equations during training.developeda

CNN-basedemulatorto modelsubglacialhydrologyin severalGreenlandglaciers.However, CNNs cannot take full advantage140

of �nite-element ice sheet models on their native grid because theymerelyrely on regular grids (Zhang et al., 2019). Given the

GNN's capacity to account for dynamic interactions between nodes and edges (Satorras et al., 2022), it can be a promising

tool for predicting the dynamic behavior of ice, including ice front migration,while preservingthehigh resolution.
:::::::
Indeed,

Koo and Rahnemoonfar (2025)
:::::::::::
demonstrated

:::
the

:::::::
�delity and computational ef�ciency of

::::
GNN

::::::::::
architecture

:::
in

::::::::
emulating

::
a

�nite-elementnumericalmodels
::
ice

:::::
sheet

:::::::::
numerical

::::::
model.

::::
This

::::::::
capability

::
of

:::::
GNN

::
in

:::::::::
preserving

:::
the

:::::
mesh

:::::::
structure

:::::
from

:::
the145

::::::::
numerical

::::::
models

::::
can

::::
have

:::::::::
signi�cant

:::::::::
advantages

::
in

:::::::::
accurately

:::::::::
describing

::
ice

:::::
front

::::::::
migration.

2.3 Graph neural networks for �nite-element analysis

GNNs have been broadly used to emulate �nite-element numerical models due to the similarities between a computational mesh

and graphs. Perera et al. (2022) developed a GNN framework to simulate fracture and stress evolution in brittle materials, training

their model with data generated from a �nite-element method fracture solver. Similarly, Shivaditya et al. (2022) proposed a150

GNN surrogate model for �nite-element simulations of metal forging processes, demonstrating superior performance compared

to other machine learning models and achieving a tenfold reduction in processing time. Salehi and Giannacopoulos (2022) also

developed PhysGNN, a GNN framework tailored for simulating soft tissue deformation, and Maurizi et al. (2022) utilized GNNs

to predict stress, strain, and deformation across various material systems, including �ber and strati�ed composites, and lattice
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metamaterials. Fu et al. (2023) proposed a boundary-oriented graph embedding (BOGE) approach within the GNN framework155

for solving �nite-element cantilever beam problems, incorporating both boundary elements and local neighbor elements. Jiang

and Chen (2023) introduced a novel graph attribute representation for triangular meshes in �nite-element von Mises stress

problems, effectively capturing geometry and boundary conditions to mitigate over-smoothing issues associated with deep

GNNs. Black and Naja� (2022) introduced a multi-�delity GNN for the cantilever beam problem, leveraging low-�delity

projections to inform high-�delity modeling across arbitrary subdomains of subgraphs. However, despite the prevalence of160

�nite-element analysis in ice sheet modeling (Larour et al., 2012; dos Santos et al., 2021; Gagliardini et al., 2013), to the best of

our knowledge, GNNs have yet to be adoptedfor simulatingice �ow andcalvingmodeling
:::::::::
exclusively

:::
for

::::::::
modeling

:::::::
calving

::::::::
dynamics

:::
and

:::::::::
calibrating

:::::::::
parameters

::::::::
involved.

3 Training Dataand Observations

3.1 Ice Sheet numerical simulation165

To generate training datasets for the GNN emulators, we conduct transient simulations of ice dynamics and calving of Helheim

Glacier between 2007 and 2020, using ISSM (Larour et al., 2012). The Shelfy-Stream Approximation (SSA; MacAyeal, 1989)

is used for describing ice �ow. The SSA, which assumes depth-independent horizontal velocity and negligible vertical shear

stresses, is appropriate for fast-�owing glaciers controlled by basal sliding such as Helheim Glacier (Cheng et al., 2022; Choi

et al., 2018).170

The model setup is identical to the one described in Cheng et al. (2022). A two-dimensional unstructured mesh is constructed

with a spatial resolution ranging from 100 m in the fast-�owing ice front to 1,500 m in the inland domain, ultimately comprising

46,434 elements and 23,466 vertices (nodes). The transient simulations run forward in time with a time step of 1.825 days

(0.005 years), and we output the state of the model every 10 time steps (� 18 days). Consequently, each transient simulation

generates a total of 261 outputs between 2007 and 2020. Basal friction is calibrated and held constant using the surface velocities175

from satellite interferometry (Mouginot et al., 2017, 2019) (Fig. 1b). Bed topography and the initial ice thickness are from

BedMachine Greenland v6 (Morlighem et al., 2017) (Fig. 1c and 1d). Surface mass balance (SMB) is from the Regional

Atmosphere Model (Tedesco and Fettweis, 2020), and the ocean thermal forcing is from Wood et al. (2021). The melting rate at

the calving front (i.e., _M in Eq.??
:
2) is parameterized based on Rignot et al. (2016). To examine the sensitivity of ice dynamics

to � max of the VM calving law, we run transient solutions for 9 different� max values (i.e., 0.70, 0.75, 0.80, 0.85, 0.90, 0.95, 1.00,180

1.05, and 1.10 MPa) based on the values proposed by Choi et al. (2018).

The ISSM simulations provide the solutions of ice velocity, ice thickness, and a mask of ice-covered region every 10 time

steps. We convert the triangular mesh from ISSM into a data structure that aligns with the input and output requirements of deep

learning architectures. Speci�cally, for GNN architectures, we convert the meshes into graph nodes and edges by extracting

adjacency matrices that represent the connectivity between nodes. In a triangular mesh, each element consists of three nodes that185

are interconnected by edges (Fig. 2). Using the nodes and elements of the mesh ensures that the resolution of this graph matches

7



exactly with the �nite-element mesh used in ISSM simulations.However,for theCNN architecturethatrequiresregulargrid

datastructures,we interpolatetheISSMmeshinto a200m� 200m grid usingabilinearinterpolation.

3.2 Observations

To determine the best� max that aligns with real observations, we compare the numerical simulation results with remote-sensing190

derived terminus positions and ice velocities for the same periods as the numerical simulations (2007-2020). First, we use

surface ice velocities with a spatial resolution of 150 m (Mouginot et al., 2017, 2019), which have a precision better than 20 m

/year
::::
a� 1 (Mouginot et al., 2017). Second, we use a time series of calving front positions of Helheim Glacier from Greene et al.

(2024). During the targeted time frame from 2007 to 2020, we use monthly averaged ice front positions, yielding a total of 156

distinct ice front positions for analysis.195

4 Method

Ice sheet modeling can be regarded as a node-regression problem within graph structures, where the output features of individual

nodes are derived from the input features of nodes. The unstructured meshes of ISSM can be represented as graph structures,

with node connectivity expressed via adjacency matrices. Based on the graph structures of the ISSM meshes, we develop three

GNN architectures: graph convolutional network (GCN), graph attention network (GAT), and equivariant graph convolutional200

network (EGCN). Typical GNN architectures update graph nodes iteratively through message-passing processes between

neighboring nodes, and the way to achieve this message-passing determines the speci�c type of GNN architecture. For the

undirected graphG= ( V;E) with N nodesvi 2 V , edges(vi ;vj ) 2 E, and an adjacency matrixA 2 RN � N , l th GNN layer

receives a set of node featuresh( l ) = f h( l )
1 ;h( l )

2 ; :::;h( l )
N g;h( l )

i 2 RF l ; as the input and produces a new set of node features,

h( l +1) = f h( l +1)
1 ;h( l +1)

2 ; :::;h( l +1)
N g;h( l +1)

i 2 RF l +1 ; for the nextl + 1 th layer.Fl andFl +1 is the number of features in each205

node atl th layer andl + 1 layer, respectively. The GCN, GAT, and EGCN operate on graph structures but use different message-

passing approaches in updatingh( l +1) from h( l ) . By comparing three representative GNN architectures, we evaluate what

approach is more effective in replicating ice sheet dynamics and calving from the ISSM simulations.

4.1 Graph Convolutional Network

First, we employ a GCN proposed by Kipf and Welling (2017). We design a GCN with one input layer, �ve graph convolutional210

hidden layers, and one output layer (Fig. 2). The number of hidden layers is determined after conducting trial and error

experiments with several options: we tested 1, 2, 5, and 10 hidden layers, and 5 hidden layers showed the best accuracy. The

graph convolutional hidden layers are inspired by the localized �rst-order approximation of spectral graph convolutions on

graph-structured data (Kipf and Welling, 2017). For each graph convolutional layer, the number of features is set to 128. Similar

to the hidden layers, the number of hidden features was determined from trial and error with 4 options: 32, 64, 128, and 256.215
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Figure 2. Schematicillustration
:::::::
work�ow of GCNarchitectures

::::
using

::::
GNN

::::::::
emulators

:
to

::::::
predict

::::::
calving

:::
front.All graphconvolutionallayers

arereplacedwith graphattentionlayersfor GAT, equivariantgraphconvolutionallayersfor EGCN,and3� 3 convolutionallayersfor FCN.

The weights of graph convolutional layers are updated via the layer-wise propagation rule as follows:

h( l +1)
i = �

0

@
X

j 2N ( i )

1
cij

W( l ) h( l )
j

1

A (4)

whereN (i ) is the set of neighbors of nodei , cij is an appropriately chosen normalization constant for the edge(vi ;vj ) de�ned as

the product of the node degrees (i.e.,cij =
p

jN (j j)
p

jN (i )j), andW( l ) 2 RF l +1 � F l . W( l ) is a layer-speci�c trainable weight

matrix (W( l ) 2 RF l +1 � F l ), and� (�) is an activation function; we use the Leaky ReLU activation function with 0.01 negative220

slope in this study.

4.2 Graph Attention Network

Since the original GCN �lters merely depend on graph structures and node connectivity (Eq. 4), a model trained with a

certain graph structure can have limitations in general applicability to different graph structures. The GAT is proposed to

address such shortcomings by adding masked self-attention layers (Veli�cković et al., 2018). This architecture assigns different225

weights to different nodes in a neighborhood by inserting a self-attention mechanism in a hidden layer, which can allow better

generalizability for different ice conditions or topographies. The propagation process in graph attention layers can be expressed

by the following equation (Veli�cković et al., 2018):

9



h( l +1)
i = �

0

@
X

j 2N ( i )

� ( l )
ij W( l ) h( l )

j

1

A (5)

where� ( l ) is the attention score between nodei and nodej de�ned as follows:230

� ( l )
ij = softmaxj

�
e( l )

ij

�
=

exp(e( l )
ij )

P
k2N ( i ) exp(e( l )

ik )

e( l )
ij = a

�
W( l ) h( l )

i ;W( l ) h( l )
j

�
(6)

wherea : RF l +1 � RF l +1 ! R is a self-attention mechanism to compute attention coef�ciente( l )
ij . This attention mechanisma is

a single-layer feedforward neural network parameterized by a weight vectora 2 R2F l +1 , normalized by LeakyReLU function

afterward. The graph structure is applied to this attention mechanism by computinge( l )
ij for only nodesj 2 N (i ) whereN (i ) is

set of neighbors of nodei . We execute three independent attention mechanisms of Equation 5 and average them for the �nal235

graph attention layer (Veli�cković et al., 2018). Similar to the GCN, the GAT consists of one input layer, �ve graph attention

hidden layers with 128 features, and one output layer (Fig. 2).

4.3 Equivariant Graph Convolutional Network

Another graph neural network we adopt is EGCN, which is designed to conserve equivariance to rotations, translations,

re�ections, and permutations in a graph structure (Satorras et al., 2022). Since our emulator is intended to predict ice front240

migration, we anticipate that the preservation of equivariance to rotations and translations on spatial coordinates via the

EGCN structure guarantees suf�cient generalizability to various graph structures of dynamics systems. An equivariant graph

convolutional layer can be expressed by the following equations:

mij = � e(h( l )
i ;h( l )

j ; jj x ( l )
i � x ( l )

j jj2;aij ) (7)

245

v( l +1)
i = � v (h( l )

i )v0
i + C

X

j 6= i

(x ( l )
i � x ( l )

j )� x (mij ) (8)

x ( l +1)
i = x ( l )

i + v( l +1)
i (9)

mi = x ( l )
i + C

X

j 6= i

mij (10)250
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h( l +1)
i = � h (h( l )

i ;mi ) (11)

whereaij is the edge attributes,x i andx j are the 2D coordinate embeddings for nodei andj , respectively, andC is a constant

for normalization computed as1=jN (i )j. For the edge attributes, we use �ve attributes that can be extracted from the connecting

nodes: distance, surface slope, base slope, and gradient of the x and y components of the ice velocity.� e, � x , and� h are the edge,255

position, and node operations, respectively, which are approximated by single-layer neural networks with 128 hidden features.

Herein, the x- and y-components of ice velocities are represented as velocity embeddings (vi ), which induce the displacement of

coordinate embeddings (x i ) (Eq. 9), and ice thickness is represented as hidden embeddings (h( l )
i ). More details about the EGCN

architecture are described in Satorras et al. (2022).

4.4 Convolutional Neural Network260

As a baseline,or “control” model to compareour GNN emulatorsagainst,we train and testa fully convolutionalnetwork

(FCN), which hasa similar architectureas the onedescribedin . Our FCN architectureconsistsof 5 hiddenconvolutional

layers,andeachconvolutionhasa 3� 3 kernelsizeand128 features.The leaky ReLU activationfunction of 0.01 negative

slopeis appliedafter eachconvolutionallayer. Sincethe FCN takesregulargrids as the input andoutput, the interpolated

200m grid datasetsareusedasthe input andoutputof theFCN, but theoutputof theFCN is interpolatedonto theoriginal265

triangularmeshfor comparison.

4.4 Model training

From the ice sheet simulation results, we collect 2,349 graphs (261 sets of results per transient simulations� 9 � max values).

Each graph consists of 23,466 nodes and 139,798 edges. Individual nodes have numerical input and output features from

the ISSM simulations and are connected to each other via edges, which are determined by the node connections of the �nite270

elements. The input features include8 variablesthatpotentiallyaffect
:
7

:::::::
variables

::::
that

::::::::
determine

:
the ice sheetdynamics:time

t, � max, ::::::
dynamic

::::::::::
conditions:bed elevation,surfacemassbalance(SMB), initial ice thickness,

::::
basal

:::::::
friction,

:::
ice

::::::::
thickness

::
at

::::
time

::::
t � 1,

:::
ice

:::::
mask

::
at

::::
time

:::::
t � 1,

::::::
surface

:::::
mass

::::::
balance

::
at

::::
time

:::::
t � 1,

::::
andx and y components oftheice velocity at timet � 1,

andicemaskat time t � 1. The output includes 4 variables that represent ice dynamics at timet: the two components oftheice

velocity, ice thickness, andicemask
:::::
tensile

:::::
stress

::
~� (Fig. 2). Our emulators are trained to�nd the

:::::::
establish

::
astatistical mapping275

between input and output features: how the input variables
:
at

:::::
time

::::
t � 1

:
change the output variables

:
at

::::
time

::
t in numerical

modeling. Previous machine learning studies attempted similar types of mapping viaANNs or CNNs
::::::
various

:::::
deep

:::::::
learning

:::::::::
architecture

:
(Brinkerhoff et al., 2021; Downs et al., 2023; Tarasov et al., 2012; Jouvet and Cordonnier, 2023; Jouvet et al., 2022;

Jouvet, 2023). All input and output features are normalized to the range [-1, 1] for stable learning using the nominal maximum

and minimum values of these variables.
::::
After

:::
the

::::::
GNNs

::::::
predict

::
ice

::::::::
velocity,

:::
ice

::::::::
thickness,

:::
and

::::::
tensile

:::::
stress

::
~� ,

:::
the

:::
ice

:::::
mask

::
at280

:
t

::
is

::::::::
computed

::::
from

:::::
these

::::::
outputs

:::::
using

::
a

::::
given

:::::
� max ::::

using
:::::::::
Equations

::
1,

::
2,

:::
and

::
3

::::
(Fig.

:::
2).
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All 2,349 graph structures are divided into training, validation,and test datasets based on the� max values to assess if

our emulators can be generalized forout-of-sample
:::::::
different � max values.Thedata

:::
We

:::::::
conduct

::::
four

::::
sets

::
of

:::::::::
sensitivity

::::
tests

::
to

:::::::
evaluate

:::::::
whether

:::
the

::::::::
emulator

:::
can

:::
be

:::::::
reliably

::::::::::
generalized

::
to

::::::
unseen

::::
� max::::::values

::::::
(Table

:::
1).

::
In

:::
set

::
A,

::::
the

::::::
training

:::::::
dataset

::::::
consists

::
of

:::::::
samples

:
with � max equalto 0.70,0.80

:::::
values

::
of

:::::
0.75,

::::
0.90,

:::
and

::::
1.05

::::
MPa,

:::::
while

:::
the

:::::::::
remaining

::::
� max::::::values

:::
are

::::
used285

::
for

:::::::
testing.

::::
This

::
set

::::::::
evaluates

:::::::
whether

:::
the

::::::
model

:::
can

::::::::
represent

:::
the

:::
full

:::::
range

::
of

::::
� max::::::values

:::::
when

::::::
trained

::::
with

::::::
evenly

:::::::
sampled

::::
� max ::::::

values.
::
In

:::
set

::
B,

:::
the

:::::::
training

::::::
dataset

:::::::
includes

::::
low

::::
� max::::::values

:::::
(0.70,

:::::
0.75,

:::
and

::::
0.80

:::::
MPa)

::
to

::::
test

:::::::
whether

:::
the

:::::
model

::::
can

::::::::
generalize

::
to

:::::::::
high-value

:::::::
samples

:::::
when

::::::
trained

::::
only

::::
with

:::::::::
low-value

:::::::
samples.

::
In

:::
set

::
C,

:::
we

:::
use

:::::::
medium

:::::
� max :::::

values
:
(0.85, 0.90,

:
,

:::
and

::::
0.95

:::::
MPa)

::
as

:::
the

:::::::
training

::::::
dataset

::
to

:::::
check

:::::::
whether

:::
the

:::::
model

::::
can

:::::::
represent

::::
high

:::
or

::::::::
low-value

:::::::
samples

:::::
when

::::::
trained

::::
only

::::
with

::::::::::::
medium-value

:::::::
samples.

:::::::
Finally,

::
set

::
D

:::::::
contains

::::
only

::::
high

:::::
� max :::::

values
:
(1.00, 1.05, and 1.10 MPaareusedfor

:
)

::
to

:::::
check

:::
the290

:::::
model

:::::::::::
performance

::::
when

:::::::::::
extrapolating

::
to

:::::
lower

::::::
values.

::::
For

::::
each

::::::::
sensitivity

::::
test,

:::
the

:
training andvalidation:werandomlysplit

theminto 70%and30%for trainingandvalidation,respectively.Theremainingdata,with � max equalto 0.75and0.95MPa,

areusedastestdatasets.Consequently,thenumberof training , validation,andtestgraphdatasetsis 1279,548,and522,
:::
test

::::::
datasets

:::::::
contain

:::
783

:::
and

:::::
1,566

:::::
graph

:::::::::
structures,respectively. The model is optimizedby

::::
using

:
Adam stochastic gradient descent

algorithm with the mean square error (MSE) loss function, over 500 epochs, and a learning rate of 0.001.295

Table 1.
:::::::
Division

::
of

:::::::::
training/test

:::
� max::

in
::::
four

::::::
different

::::
sets.

:::
Set

:::::::
Training

::::
� max::::::(MPa)

:::
Test

:::::
� max :::::

(MPa)
: ::::

Note

:
A

:
[
::::
0.75,

:::::
0.90,

::::
1.05] [

::::
0.70,

::::
0.80,

:::::
0.85,

::::
0.95,

:::::
1.00,

::::
1.10]

:::::::::
Even-value

:::::::
samples

:
B

:
[
::::
0.70,

:::::
0.75,

::::
0.80] [

::::
0.85,

::::
0.90,

:::::
0.95,

::::
1.00,

:::::
1.05,

::::
1.10]

::::::::
Low-value

:::::::
samples

:

:
C

:
[
::::
0.85,

:::::
0.90,

::::
0.95] [

::::
0.70,

::::
0.75,

:::::
0.80,

::::
1.00,

:::::
1.05,

::::
1.10]

::::::::::::
Medium-value

:::::::
samples

:
D

:
[
::::
1.00,

:::::
1.05,

::::
1.10] [

::::
0.70,

::::
0.75,

:::::
0.80,

::::
0.85,

:::::
0.90,

::::
0.95]

:::::::::
High-value

::::::
samples

:

4.5 Model evaluation

We evaluate the ability of our emulators to reproduce ice velocity, ice thickness, and calving front migration by comparing them

to ISSM simulation results. For this evaluation, we calculatethree
:::
two

:
metrics: (i) root mean square error (RMSE),

:::
and(ii)

correlationcoef�cient (R), and(iii) binaryaccuracyscore(BiAcc
:::::
binary

::::::
calving

:::::
front

::::
error

::::
(BE); RMSEandR are

:
is

:
used to

evaluate ice velocity and ice thickness predictions, andBiAcc
::
BE

:
is used to evaluate the calving front delineation. These metrics300

are calculated using the following equations:

RMSE(ŷ;y) =

vu
u
t 1

N

NX

i =1

(ŷi � yi )2 (12)
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RBE:: (ŷ;y) =

iX
(ŷi � �̂y)(yi � �y)

s
iX

(ŷi � �̂y)2
iX

(yi � �y)2

1�
1
N

NX

i =1

I (

::::::::::

ŷi = yi )
:::::

(13)

305

BiAcc(ŷ;y) =
1
N

NX

i =1

I (ŷi = yi )

whereŷ denotes predicted values,y denotes true values,N is the number of data points, andI (ŷi = yi ) denotes the indication

function that returns1 if ŷi = yi and returns0 if ŷi 6= yi . RMSE represents the difference between the prediction and reference;

lower RMSE corresponds to better �delity.R representsthespatialcorrelationbetweenthepredictionandreference,ranging

from � 1 to 1; R closeto 1 meansthat thepredictionagreeswith the“groundtruth” more.In calculatingBiAcc
:
In

::::::::::
calculating310

:::
BE, we convert the ice mask into binary values, representing ice nodes as 1 and non-ice nodes as 0. Therefore,BiAcc

:::
BE is

a metric indicating the proportion ofaccurately
:::::::::
incorrectly

:
predicted nodes relative to the total number of nodes

:
;

:::::
lower

:::
BE

::::::::::
corresponds

::
to

:::::
better

::::::
�delity.

5 Results

In thisstudy,weapplytheGNN andFCNemulatorsto predictchangesin icesheetdynamicsandicefront positionof Helheim315

Glacier.Weevaluatethemodelaccuracyandcomputationalef�ciency of theseemulatorsandexaminetheeffectof thetunable

parameter� max on theability of themodelto matchobservations.

5.1 Model Fidelity

Our GNN models are trained withseven� max valuesof 0.70,0.80,0.85,0.90,1.00,1.05,and1.10MPa,andthesetrained

modelsaretestedwith two out-of-sample� max valuesof 0.75and0.95MPa.Table?? displaystheaccuracyin
:::
four

::::::::
different320

::::::::::
training/test

::::
sets,

::
as

:::::::
outlined

::
in

:::::
Table

::
1.

:::
The

:::::::
training

:::
and

::::
test

:::::
errors

::
of

:
ice velocity, ice thickness, and calving front position for

deeplearningemulatorsat thetest
::
the

:::::
GNN

:::::::::
emulators

::::::::
compared

::
to

:::::
ISSM

:::::::::
simulation

::::::
results

:::
are

::::::
shown

::
in

:::::
Figure

::
3.

::::::
When

:::
the

::::
GNN

:::::::::
emulators

:::
are

::::::
trained

::::
with

:::::::::
even-value

:::::::
samples

::::
(set

:::
A),

:::
the

:::::::
training

:::
and

::::
test

:::::
errors

:::
are

::::::
almost

:::
the

:::::
same

:::
for

:::
ice

:::::::
velocity,

::
ice

:::::::::
thickness,

:::
and

:::::::
calving

:::::
front.

::::::
Indeed,

:::::
t-test

:::::
results

:::::::
con�rm

:::
no

:::::::::
signi�cant

::::::::
difference

::::::::
between

::::::
training

::::
and

:::
test

:::::
errors

:::
for

:::
all

::::::
models

:::::
(Table

:::::
A1).

::::
This

:::::
result

:::::::
indicates

::::
that

:::
the

:::::::::
emulators

::::::
trained

::::
with

:::::::::
even-value

:::::::
samples

:::
can

:::::::::
effectively

::::::::
represent

:::
the

::::
full325

::::
range

:::
of � max values.Overall,all deeplearningemulatorsexhibitsigni�cant performancein replicatingthespatialandtemporal

patternsof icevelocityandthickness,with R-valuesgreaterthan0.99.Moreover,asdepictedin Fig. 4 and5, all
::::::
values.

:

::
In

:::
the

::::
case

::
of

::::::::
low-value

:::::::
samples

::::
(set

:::
B),

:::
the

:::
test

:::::
error

:
is

:::::::::::
occasionally

::::
even

:::::
lower

::::
than

:::
the

:::::::
training

:::::
error,

::::::::::
particularly

::
in

:::
ice

::::::
velocity

::::::::::
prediction,

:::::
which

:::::::
suggests

::::
that

:::
theemulatorssuccessfullyreproducetheretreatof ice front at lower

::::::
trained

::::
only

::::
with

::::::::
low-value

:::::::
samples

:::
can

::::::::
represent

::::
high

:
� max andthe advanceof

:::::
value

::::
cases

:::::
with

::
<

::
10

:::
%

::
of

::::::::::
uncertainty

::
in

::::
most

:::::
cases

::::::
(Table330
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::::
A1).

::::::::
Although

:::
the

:::
test

:::::
errors

:::
are

:::::::
slightly

::::::
greater

::::
than

::::::
training

:::::
errors

:::
in

:::
sets

::
C

:::
and

:::
D,

::::
their

:::::::::
differences

:::
are

::::::::
primarily

::::::
within

:
a

::
5

::
%

:::::::::
uncertainty

:::::
range

:::
for

:::
ice

:::::::
velocity

:::
and

:
ice front athigher

::::::::
thickness

:::
and

::::::
within

:
a

:::
20

::
%

:::::::::
uncertainty

:::::
range

:::
for

:::
the

::::::
calving

:::::
front

:::::
(Table

::::
A1).

::::
The

::::::
results

::
of

::::
sets

::
C

:::
and

::
D

:::::::::::
demonstrate

::::
that

:::
the

:::::
GNN

::::::::
emulators

::::::
trained

:::::
with

:::::::
medium

::
or

::::
high

:
� max . However,

thedeeplearningemulatorsshowloweraccuracyat lower
:::::
values

:::
can

::::::::
generally

::::
have

::
<

:::::
10-20

:::
%

::
of

:::::::::
uncertainty

::
in

:::::::::::
representing

::
the

::::::::::::
out-of-sample

:
� max (0.75MPa),which correspondsto a higherchanceof calvingandmoredynamicice �ow conditions.335

The suddenchangesin ice dynamicsandcalving undera lower
:::::
values.

:::::::
Overall,

:::
the

:::::::::
sensitivity

::::
tests

:::::
with

::::
four

:::::::
different

::::
sets

::::
show

::::
that

:::::
GNN

::::::::
emulators

::::::
trained

::::
with

:::::::
selected

:
� max valuescouldmakeit challengingfor theGNN emulatorsto replicatethe

exactresultsof thenumericalmodel.On theotherhand,sincetheice front remainsrelativelystableat a higher
:::::
values

:::
can

:::
be

:::::::::::
generalizable

:::
for

::
all

:::::
other

:
� max value,it could be easierto predictthis stablestateof the glacierat 0.95MPa of

::::::
values

::::
with

::
<

:::::
10-20

::
%

::
of

:::::::::::
uncertainties

::::
even

::
if

:::::
those

:
� max .

:::::
values

:::
are

:::
not

::::::::
included

::
in

:::
the

:::::::
training

::::::
dataset.

::::::
While

:::
the

::::::::
GP-based

::::::::
emulator340

::
by

:
Downs et al. (2023)

:::
was

:::::::
limited

::
to

::::::::::
interpolating

::::::
within

:::
the

:::::
range

::
of

:::::::
training

::::::::
samples,

:::
our

:::::
GNN

::::::::
emulators

:::
can

::::::::::
extrapolate

::
to

::::::
unseen

::::
� max ::::::

values.
::::
This

::::::::
capability

::
in

:::::::::::
extrapolation

::
is

::::::::::
particularly

:::::::
valuable

:::
for

:::::::::
optimizing

::::::
calving

::::::::::::::
parameterization

:::::::
beyond

::
the

:::::
scope

:::
of

::::::
training

:::::
� max ::::::

values.

Accuracyof ice velocity, ice thickness,andice front positionretrievedfrom the GCN, GAT, EGCN,andFCN surrogate

modelsontwo test� max values.Thesemetricsarecalculatedwithin a30kmdistancefromtheicefront.CalvingfrontRMSE (m/year)345

R RMSE (m)R Acc (%)0.75680.140.878213.420.86889.50.95526.260.903203.720.88187.9Average603.200.874208.57

0.87588.70.7593.610.99647.000.99397.00.9588.570.99646.590.99387.9Average91.090.99346.800.99397.40.7585.27

0.99646.950.99396.90.9582.030.99645.580.99397.2Average83.650.99346.270.99397.00.7554.890.99839.970.995

97.60.9555.030.99741.960.99497.6Average54.960.99540.970.99497.6

In termsof icevelocity,all threeGNN modelsdemonstratebetteraccuracythantheFCN for both� max values.As shownin350

theicevelocitymapsin Fig. 4, theFCNexhibitshighererrors,particularlyalongtheboundarybetweenfastandslowice in the

mainicestream.Theselargeerrorsaroundtheedgeof theicestreamcanbeattributedto the�xed resolutionandconnectivityof

theFCN.While ISSMusesa�ner meshresolutionfor fasticeregionsto capturedetailedicedynamics,theFCNusesauniform

200m resolutiongrid acrosstheentiredomain.Hence,theFCN strugglesto accuratelydescribethedetailedice dynamicsin

regionsof sharpgradients,suchasshearmargins.Ontheotherhand,GNNscanfully leveragetheadaptivemeshesof theISSM355

by usingtheoriginalmeshandconnectinginformationbetweennodes.

Among the three GNNemulators
::::::::::
architectures, the EGCNshowsthebestaccuracy,followedby GAT andGCN.In general,

EGCNreducestheRMSEof icevelocityby 30-40m /year
::::::
exhibits

:::::::
notably

:::::
lower

::::::
RMSE

::::::
values:

::::::
� 50-60

:::
m

:::
a� 1

::
of

:::
ice

:::::::
velocity

:::::
RMSE

::::
and

::::
� 30

::
m

::
of

:::
ice

::::::::
thickness

::::::
RMSE

:::::
(Fig.

:::
3).

::::
That

::
is,

:::
the

::::::
EGCN

:::::::
reduces

:::
ice

:::::::
velocity

::::::
RMSE

::
by

:::::::
40-150

::
m

:::
a� 1

::::
and

:::
ice

:::::::
thickness

:::::::
RMSE

::
by

::::::
15-20

::
m compared to the other GNN architectures.

:::
(see

:::::
Table

:::
A2

:::
for

::::::::
statistical

::::::::::::
signi�cance).

:::
On

:::
the360

::::
other

:::::
hand,

:::
the

::::::
EGCN

:::
and

:::::
GAT

::::
yield

::::::
similar

:::
ice

:::::
front

:::::::::
predictions

::::
with

:::
BE

:::::::
ranging

::::
from

::::
0.60

::
to

::::
0.75

:::
%.

::::
The

::::::::
relatively

:::::
lower

:::::
errors

:::::::
achieved

:::
by

:::
the

::::::
EGCN

::::::
support

::::
that

::
its

:::::::::::
equivariance

::::::::::
architecture

:
is

:::::::::
bene�cial

::
in

::::::::
predicting

:::
ice

:::::::::
dynamics.As mentioned

in section 4, the GCN, GAT, and EGCN have distinct characteristics in message-passing approaches: the GCN simply uses

the adjacency status between neighboring nodes to determine the weights during the propagation process (Eq. 4); the GAT

uses additional self-attention mechanisms to evaluate the relative importance of neighboring nodes (Eq. 6); the EGCN uses365
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Figure 3.
::
(a)

:::::
RMSE

::
of

:::
ice

::::::
velocity,

:::
(b)

:::::
RMSE

::
of

:::
ice

:::::::
thickness,

:::
and

:::
(c)

:::::
binary

::::::
calving

::::
front

::::
error

::::
(BE)

::
for

::::
four

:::::::
different

:::
sets.

:::
For

::::
each

:::
set,

:::
nine

:::::::
different

:::
� max:::::::

datasets
::
are

::::::
divided

:::
into

::::::
training

:::::
(three

::::
� max :::::

values)
:::
and

:::
test

:::
(six

::::
� max::::::

values)
::::::
datasets

::
as

:::::::
described

::
in

::::
Table

::
1.

:::
The

:::::
circle

::::::
markers

::::::
indicate

:::
the

:::::
median

:::::
errors

::::
from

::::::
training

::::::
datasets,

:::
and

:::
the

::::::
crossing

:::::::
markers

::::::
indicate

::
the

::::::
median

:::::
errors

::::
from

:::
test

::::::
datasets.

:::
The

::::::
shaded

::::
areas

::::::
indicate

::
the

::::::::::
interquartile

:::::
ranges

::::
(i.e.,

::
25

::
%

::::::
quantile

::
to

::
75

::
%

:::::::
quantile)

::
of

:::::
errors.

the message passing from all nodes to preserve the equivariance of the entire graph (Eq. 7, 8, and 9). We conjecture that the

equivariance architecture of the EGCN contributes signi�cantly to the improvement of model �delity.

Mapsof ISSM-simulatedicevelocity,FCN-emulatedicevelocityanddifferencewith ISSM,GCN-emulatedicevelocityand

differencewith ISSM,GAT-emulatedice velocity anddifferencewith ISSM,andEGCN-emulatedice velocity anddifference

with ISSM(from top to bottom)for 0.75MPaand0.95MPaof calvingthresholds� max.370

In termsof ice thickness,theEGCNalsoshowsthebestaccuracy,with anaverageRMSEof 40.97m (Table??) andnotably

lowererrorsacrosstheentiremodeldomain(Fig. 5). TheGCNandGAT havesimilarRMSEsof around46m for ice thickness

prediction,while the FCN still hasthe largestRMSE of > 200 m. Similar to the ice velocity results,the FCN showslarger

errorsneartheboundaryof
::::::
Figures

:
4
::::
and

:
5

:::::
show

:::
the

::::
maps

::
of

:::
ice

:::::::
velocity

:::
and

::::::::
thickness

:::
on

:::
two

::::
� max:::test

:::::
cases

::
of

::::
0.70

::::
MPa

::::
and

::::
1.10

::::
MPa

::::::::
predicted

::
by

:::
the

:::::
GNN

::::::::
emulators

::::::
trained

::::
with

:::
the

:::::::
training

::
set

:::
A.

:::::::
Overall,

::
all

:::::
GNN

::::::::
emulators

::::::::
replicate

:::
the

:::::
spatial

::::
and375

:::::::
temporal

:::::::
patterns

::
of

:::
ice

:::::::
velocity

:::
and

::::::::
thickness

:::::::::::
successfully.

:::::::::::
Additionally,

::::
they

::::::::
reproduce

:::
the

:::::
trend

::
of

:::
ice

::::
front

::::::
retreat

::
at

:::::
lower

::::
� max :::

and
:::::::
advance

::
at

::::::
higher

::::
� max.::In:::::

terms
:::
of

::
ice

:::::::
velocity

:::::
(Fig.

::
4),

:::
the

::::::
EGCN

::::::
showstheicestreamdueto its limited resolution

andnodeconnectivity
:::::
lowest

::::::
errors

::
of

::::::::::::
approximately

::
<

:::
100

::
m

::::
a� 1

:::::
across

:::
the

::::::
glacier

:::::::
domain,

::::::::
followed

::
by

:::::
GAT

:::
and

::::::
GCN.

::
In

::::
terms

:::
of

::
ice

::::::::
thickness

:
(Fig. 5). ,

:::
the

::::::
EGCN

::::::::
generally

:::::
shows

:::
an

::::::
average

::::::
RMSE

::
<

:::
40

::
m

:::::
across

:::
the

::::::
glacier

:::::::
domain,

:::
but

:::
the

:::::
GCN

:::
and

::::
GAT

::::
have

::::::
higher

:::::::
RMSEs

::
of

::::::
around

::
>

:::
50

::
m

::
in

::::
some

::::::
areas.380
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Figure 4.
::::
Maps

::
of

:::::::::::::
ISSM-simulated

::
ice

:::::::
velocity,

:::
and

::::::::
difference

::
of

::
ice

::::::
velocity

:::::::
between

::::
GNN

::::::::
emulators

:::
and

:::::
ISSM

::::::::
simulations

::::::
(GCN,

::::
GAT,

:::
and

:::::
EGCN

::::
from

:::
top

:
to

:::::::
bottom)

::
for

::::
0.70

::::
MPa

:::
and

:::
1.10

::::
MPa

:::
test

::::
� max :::::

values
::
of

::
set

::
A.

The best �delity from the EGCN and the worst �delity from the FCN are also observedfor the calving front position

prediction(Table ??). The BiAcc of the FCN averagesaround� 88.7%,whereasthat of the EGCN reaches97.6%.This

supportsthe notion that the equivarianceconceptof the EGCN is bene�cial in predictingthe dynamicmovementof the ice

front.Thelocationof theicefront at theendof thetransientsimulationfor different� max values,retrievedfrom ISSManddeep

learningemulators,areshownin Fig. 7. All emulatorspredicttheretreatof theice front at lower � max valuesandtheadvance385

of theice front at higher� max values,which agreeswith theresultsof ISSM. It is noteworthythatthecalvingfront prediction

of theEGCNagreesbestwith theISSM.

Calvingfront in 2020for different� max predictedby ISSM anddeeplearningemulators.
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