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Calibrating calving parameterizations using graph neural network
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Abstract. Calving is responsible for the retreat, acceleration, and thinning of numerous tidewater glaciers in Greenland. An
accurate representation of this process in ice sheet numerical models is critical in order to better predict the future response
of the ice sheet to climate change. While traditional numerical models have sueceeded-in-simutating-been used to simulate ice
dynamics and calving under specific parameterized conditions, the computational demand of these models makes it difficult to
efficiently fine-tune these parameterizations, adding to the overall uncertainty in future sea level rise. Here, we develop various
standard Graph-Neural-Network-graph neural network (GNN) architectures, including graph convolutional network(GEN),
graph attention network(GAT), and equivariant graph convolutional network (EGCN), to construct surrogate models of finite-
element simulations from the Ice-sheet and Sea-level System Model. GNNs are particularly well suited for this problem as they
naturally capture the representation of unstructured meshes used by finite-element models. When these GNNs are trained with
the simulation results of Helheim Glacier, Greenland, for different calving stress thresholds, they successfully reproduce the
observed evolution of ice velocity, ice thickness, and ice front migration between 2007 and 2020. GNNs show better fidelity
than convolutional neural networks {ENN)-particularly near the boundaries of fast ice streams, and EGCN outperforms the
others by preserving the equivariance of graph structures. By using the GPU-based GNN emulators, which are 260-560 times
faster than the numerical simulations, we determine the optimal range of the calving threshold that minimizes the misfit between

the modeled and observed ice fronts.

1 Introduction

Over the past three decades, the Greenland ice sheet has experienced an average annual loss of 170 Gt of ice, resulting in a global
mean sea level rise exceeding 15 mm (Otosaka et al., 2023). This trend of mass loss has intensified in recent years. Between
1990 and 2000, the annual mass loss hovered around 40 Gt/year, but in the 2010s, it surged to approximately 280 Gt/year
(Otosaka et al., 2023; Mouginot et al., 2019). This escalating mass loss can be attributed to two primary processes: (1) the
change in surface mass balance driven by enhanced surface melt and (2) calving and submarine melting of marine-terminating
glaciers, commonly referred to as frontal ablation (King et al., 2020; Choi et al., 2021). In specific regions and seasons, ice
discharge may be responsible for more than 50% of the total ice sheet mass loss. (Mouginot et al., 2019; King et al., 2020; Choi
et al., 2021; Aschwanden et al., 2019).
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Enhanced calving significantly impacts ice dynamics, often resulting in ice flow acceleration and subsequent thinning
(Bondzio et al., 2017; Cheng et al., 2022; Lippert et al., 2024). Given that calving is sensitive to climate conditions (Greene
et al., 2024b; Wood et al., 2021), it is important to understand how future calving rates would impact ice sheet mass balance,
and sea-level rise (Choi et al., 2021). Numerous studies have utilized ice sheet numerical models to explore the applicability
of various calving laws to Greenland and Antarctic ice sheets

the set of model parameters that minimize the misfit between model and observations (Wilner et al., 2023; Choi et al., 2018).
According to Choi et al. (2018), the von Mises calving law (VM) (Morlighem et al., 2016) best replicates observed terminus

positions of nine outlet glaciers in Greenland compared to other existing laws. However, the optimal parameters for VM may
vary significantly among different glaciers across both Greenland and Antarctica (Wilner et al., 2023; Choi et al., 2018).

Although numerical models can provide reliable solutions for ice flow when ice extent is kept constant, capturing the precise
impacts of spatiotemporally varying calving rates on terminus migration and ice flow in numerical models remains challenging.
Additionally, assimilating remote sensing observations into numerical models, required to infer certain model parameters, is both
complex to implement and computationally intensive (Choi et al., 2023). Furthermore, the integration of calving as beundary
conditions-in-the-a boundary condition in numerical models introduces significant complexity since calving directly alters the
ice geometry and model domain during simulations. Consequently, identifying the optimal calving parameterizations consistent
with observations is difficult and time-consuming, thereby limiting our ability to project the future mass balance of ice sheets
under various parameter settings (Choi et al., 2018; Edwards et al., 2021; Morlighem et al., 2020).

To address the computational demands of numerical models, various approaches have emerged relying on faster machine
learning models in lieu of ice sheet numerical models. While traditional numerical models often necessitate using high-
performance computing clusters to solve partial differential equations (PDEs) on central processing units (CPUs), machine
learning emulators offer the advantage of operating on lighter computational resources, leveraging the parallel processing
capabilities of graphic processing units (GPUs). In-terms-of-modelarchitecture;-Downs et al. (2023) used a Gaussian Process

their artificial neural network (ANN) approach did not account for spatial relationships or interactions between neighboring
nodes. Additionally, their emulator focused on matching the observed and modeled terminus positions along a central flowline

Given that ice sheet dynamics and iceberg calving are affected by the underlying bed topography, it is important for the
emulators to learn the spatial context across the entire glacier domain. To account for spatial relationships between nodes for
emulating ice sheet dynamics, prior research predominantly relied on a-Cenvetutionat Neural- Network (CNDN)-for-emulating
iee-sheet-dynamies-Convolutional Neural Networks (CNNs) (Jouvet et al., 2022; Jouvet and Cordonnier, 2023). However;sinee
While promising, CNNs are tailored for regular Euclidean grid structures, such as images;-they-may—. This approach may

therefore not be the optimal choice for replicating-the-unstructured-meshescharaeteristie-capturing unstructured meshes that
are typical of finite-element-based numerical models. In particular, the regular grid structure of ENN-CNNs may lead to a loss
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and ner resolution in fast ice regions.

In recent years, Graph Neural Networks (GNNs) have gained attention as a viable alternative to CNNSs, particularly for
handling irregular non-Euclidean data structures such as molecular structures, point clouds, social networks, and natural languag
(Zhang et al., 2019). Unlike CNNs, GNNs are adaptable to any type of data structure organized as graphs, comgesing,
data points) anédgeqi.e., the connections between nodes). GNNs make predictions by utilizing pairwise message-passing

between nodes, wherein information exchange occurs, updating individual node features through interactions with connected

nodes. Inspired by the resemblance of the mesh structure in nite-element analysis to a graph structure, numerous studies hawvi

and it has been shown that its ice velocity is closely correlated to the position of its terminus (Cheng et al., 2022). Despite
considerable advancements over the past decades, the mechanisms governing Helheim Glacier's ice front position remair
elusive (Bevan et al., 2015; Miles et al., 2016; Cheng et al., 2022). A key contributing factor to this knowledge gap is the
computational intensity of numerical models incorporating calving, impeding the ne-tuning of calving parameters to accurately

Section 3, we describe the training data collected from numerical simulations, while Section 4 outlines the speci cs of GNN

architectures alongside a baseline CNN model. Section 5 presents the accuracy and computational ef ciency of these models
in replicating the dynamics of Helheim Glacier. Finally, we demonstrate the utility of GNN emulators in optimizing calving

parameterization.



Figure 1. (a) Location of Helheim Glacier, Greenland; (b) ice velocity, (c) bed elevation, and (d) ice thickness near the calving front of

Helheim glacier in 2007. The background image is the MODIS true color image from June 20, 2023.
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2 Background
2.1 von Mises calving law

In thevenMisesVM calving law, the calving rate, is assumed to be proportional to both the tensile stress and the magnitude
of ice velocity, formulated as follows (Morlighem et al., 2016):

c= jivii— @)

max

where~ is a scalar quantity representing the effective tensile stress of theiggis a stress threshold that needs to be calibrated

then determined from the calving rat@ising the following equation (Morlighem et al., 2016):
vi =V (c+ M)n 2

wherev; is the ice frontvelecitymigrationrate M- is the melting rate on the calving front, andis a unit normal vector

pointing outward from the ice domain. In the Ice-sheet and Sea-level System Model (ISSM), the numerical ice sheet model
we use in this study, moving boundaries of ice sheets are represented implicitly using the level set method (Osher and Sethian
1988; Bondzio et al., 2016; Morlighem et al., 2016). The level set method de nes a scalar(>ejtl) that is negative in the

location ofx that are ice covered at tintepositive where there is no ice, and the zero contour dé nes the ice boundary.

In VM, naxis the only parameter that needs to be calibrated (Morlighem et al., 2016). A lower valyg@orrelates

consistent with the range of ice tensile strength, which is typically around 1 MPa, but may be as low as @:7altiRzot
exceed 3 MPa. However, sincgax can vary spatially, and even temporally, among different Greenlandic glaciers (Choi et al.,

dynamicsaredeterminecy thetopographicafeaturesit is essentiafor the surrogatemodelsto fully capturetheinteractions
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nthe GNN's capacityto

2.3 Graph neural networks for nite-element analysis

GNNs have been broadly used to emulate nite-element numerical models due to the similarities between a computational mesh
and graphs. Perera et al. (2022) developed a GNN framework to simulate fracture and stress evolution in brittle materials, training
their model with data generated from a nite-element method fracture solver. Similarly, Shivaditya et al. (2022) proposed a
GNN surrogate model for nite-element simulations of metal forging processes, demonstrating superior performance compared
to other machine learning models and achieving a tenfold reduction in processing time. Salehi and Giannacopoulos (2022) alsc
developed PhysGNN, a GNN framework tailored for simulating soft tissue deformation, and Maurizi et al. (2022) utilized GNNs
to predict stress, strain, and deformation across various material systems, including ber and strati ed composites, and lattice
metamaterials. Fu et al. (2023) proposed a boundary-oriented graph embedding (BOGE) approach within the GNN framework
for solving nite-element cantilever beam problems, incorporating both boundary elements and local neighbor elements. Jiang
and Chen (2023) introduced a novel graph attribute representation for triangular meshes in nite-element von Mises stress
problems, effectively capturing geometry and boundary conditions to mitigate over-smoothing issues associated with deep
GNNSs. Black and Naja (2022) introduced a multi- delity GNN for the cantilever beam problem, leveraging low- delity
projections to inform high- delity modeling across arbitrary subdomains of subgraphs. However, despite the prevalence of
nite-element analysis in ice sheet modeling (Larour et al., 2012; dos Santos et al., 2021; Gagliardini et al., 2013), to the best of
our knowledge, GNNSs have yet to be adopted for simulating ice ow and calving modeling.
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3 Training Data and Observations

3.1 Ice Sheet numerical simulation

To generate training datasets for the GNN emulators, we conduct transient simulations of ice dynamics and calving of Helheim

170 Glacier between 2007 and 2020, usthglece-sheebndSea-leveBystemModel SSM (Larour et al., 2012). The Shelfy-Stream

Approximation (SSA; MacAyeal, 1989) is used for describing ice ow. The SSA, which assumes depth-independent horizontal
velocity and negligible vertical shear stresses, is appropriate for fast- owing glaciers controlled by basal sliding such as Helheim
Glacier (Cheng et al., 2022; Choi et al., 2018).
The model setup is identical to the one described in Cheng et al. (2022). A two-dimensional unstructured mesh is constructed
175 with a spatial resolution ranging from 100 m in the fast- owing ice front to 1,500 m in the inland domain, ultimately comprising
46,434 elements and 23,466 vertices (nodes). The transient simulations run forward in time with a time step of 1.825 days (0.005
years), and we output the state of the model every 10 time stels days). Consequently, eashigletransient simulation

180 are from BedMachine Greenland v6 (Morlighem et al., 2017) (Fig. 1c anesfidpee. St
the Regional Atmosphere Model (Tedesco and Fettweis, 2020)ithe ocean thermal forcing is from Wood et al. (2021). The
melting rate at the calving front (i.eM- in Eq. 2) is parameterized based on Rignot et al. (2016). To examine the sensitivity of

ice dynamics to max Of the VM calving law, we run transient solutions for 9 differept.x values (i.e., 0.70, 0.75, 0.80, 0.85,
0.90, 0.95, 1.00, 1.05, and 1.10 MPa) based on the values proposed by Choi et al. (2018).

185 The ISSM simulations provide the solutions of ice velocity, ice thickness, and a mask of ice-covered region every 10 time
steps. We convert the triangular mesh from ISSM into a data structure that aligns with the input and output requirements of deep

learning architectures. Speci cally, for GNN architectures, we convert the meshes into graph nodes and edges by extracting

nodes that are interconnected by edges (Fig. 2). Using the nodes and elements of the mesh ensures that the resolution of th
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graph matches exactly with the nite-element mesh used in ISSM simulations. However, for the CNN architecture that requires
regular grid data structures, we interpolate the ISSM mesh into a 2ADm grid using a bilinear interpolation.

3.2 Observations

sensing derived terminus positions and ice velocities for the same periods as the numerical simulations (2007-2020). First, we
use surface ice velocities with a spatial resolution of 150 m (Mouginot et al., 2017, 2019), which have a precision better than 20
m/year (Mouginot et al., 2017). Second, we use a time series of calving front positions of Helheim Glacier from Greene et al.
(2024a). During the targeted time frame from 2007 to 2020, we use monthly averaged ice front positions, yielding a total of 156
distinct ice front positions for analysis.

4 Method

Ice sheet modeling can be regarded as a node-regression problem within graph structures, where the output features of individug
nodes are derived from the input features of nodes. The unstructured meshes of ISSM can be represented as graph structure
with node connectivity expressed via adjacency matrices. Based on the graph structures of the ISSM meshes, we develop thre
GNN architectures: graph convolutional network (GCN), graph attention network (GAT), and equivariant graph convolutional
network (EGCN). Typical GNN architectures update graph nodes iteratively through message-passing processes betweel
neighboring nodes, and the way to achieve this message-passing determines the speci c type of GNN architecture. For the
undirected grapie = ( V;E) with N nodesv; 2V, edgeqv;Vv;) 2 E, and an adjacency matr& 2 RN N Ith GNN layer

hU*D = "D pl*D g (7D g k(™) 2 RFi+ ; for the nextl + 1th layer.F, andFy.; is the number of features in each
node atith layer and + 1 layer, respectively. The GCN, GAT, and EGCN operate on graph structures but use different message-
passing approaches in updatin@”) from h(). By comparing three representative GNN architectures, we evaluate what

approach is more effective in replicating ice sheet dynamics and calving from the ISSM simulations.
4.1 Graph Convolutional Network

First, we employ a GCN proposed by Kipf and Welling (2017). We design a GCN with one input layer, ve graph convolutional
hidden layers, and one output layer (Fig. 2). The number of hidden layers is determined after conducting trial and error
experiments with several options: we tested 1, 2, 5, and 10 hidden layers, and 5 hidden layers showed the best accuracy. Th
graph convolutional hidden layers are inspired by the localized rst-order approximation of spectral graph convolutions on
graph-structured data (Kipf and Welling, 2017). For each graph convolutional layer, the number of features is set to 128. Similar
to the hidden layers, the number of hidden features was determined from trial and error with 4 options: 32, 64, 128, and 256.



Figure 2. Schematic illustration of GCN architectures. All graph convolutional layers are replaced with graph attention layers for GAT,

equivariant graph convolutional layers for EGCN, and33convolutional layers for FCN.

The weights of graph convolutional layers are updated via the layer-wise propagation rule as follows:
0 1

X 1
1+1 |
220 h{" = @ aw(')hj( A 3)
2N (i)
whereN (i) is the set of neighbors of nodec; is an appropriately chosen normalization constant for the ¢gge; ) de ned
as the product of thequarereetefnode degrees (i.ec; = P iN (jj)p iIND), andw® 2 RFi2 Fi w1 is a layer-speci ¢
trainable weight matrixWy"’ 2 RFi=+ Fi) and () is an activation function; we use the Leaky RelLU activation functibn

with 0.01 negative slope in this study.
225 4.2 Graph Attention Network

Since the original GCN Iters merely depend on graph structures and node connectivity (Eq. 3), a model trained with a certain
graph structure can have limitations in general applicability to different graph structures. The GAT is proposed to address such
shortcomings by adding masked self-attention layers €keliic et al., 2018). This architecture assigns different weights to
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can allow better generalizability for different ice conditions or topographies. The propagation process in graph attention layers
can be expressed by the following equation (Medivic et al., 2018):

0 1

X
hi(|+1) - @ i(jl)W(|)hj(|)A @)
j2N (i)

where () is the attention score between nadind nodg de ned as follows:

0
0 expe;)

I = softmay €’ = p

ij

[
k2N (i) eXF(ei(k)

ei(jl) -a W(')hi(l);W(')hj(l) (5)

wherea:RF'*+  RFi= 1 Ris a self-attention mechanism to compute attention coef ou'#w'ﬁt This attention mechanismis
a single-layer feedforward neural network parameterized by a weight \@2t&>F'+* | normalized by LeakyReLU function
afterward. The graph structure is applied to this attention mechanism by comp&'ﬁiﬁg only nodeg 2 N (i) whereN (i) is

set of neighbors of node Thus;theattentionscore—)canbeexpresseasfoliows:

o _ exp LeakyReLUa' [W(I)hi(l)jjw(l)hj(l)])
i — P

k2N (i) EXP LeakyRelLUa" [W(l)hi(l)jjw(l)h(kl)])

We execute three independent attention mechanisms
of Equation 4 and average them for the nal graph attention layer¢k®liic et al., 2018). Similar to the GCN, the GAT consists

of one input layer, ve graph attention hidden layers with 128 features, and one output layer (Fig. 2).

4.3 Equivariant Graph Convolutional Network

Another graph neural network vevelopadoptis EGCN, which is designed to conserve equivariance to rotations, translations,

re ections, and permutations in a graph structure (Satorras et al., @882}2b)-. Since our emulator is intended to predict ice

front migration, we anticipate that the preservation of equivariance to rotations and translations on spatial coordinates via the
EGCN structure guarantees suf cient generalizability to various graph structures of dynamics systemsdi-ed-versionof
thegrapheonvelutionalnetwerk:anAn equivariant graph convolutional layer can be expressed by the following equations:

my = (" ihiiix” xji%ay) (6)

10
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™ = x (WP r e (0 X)) w(my) )
i6i

[0} X
m; = Xj’ + C mij 9)
i6i
e Y (o)) (10)

whereg; is the edge attributes; andx; are the 2D coordinate embeddings for no@adj , respectively, an€ is a constant
for normalization computed ds5jN (i)j. For the edge attributes, we use ve attributes that can be extracted from the connecting

nodes: distance, surface slope, base slope, and gradient of the x and y components of the ice yelggiand 1, are the
edge posmon and node operations, respectlvely, which are approximated by smgMHﬂ;&aFFhetﬁaﬂslaﬂeP&Helmtaﬂen

4.4 Convolutional Neural Network

As a baseline, or “control” model to compare our GNN emulators against, we train and test a fully convolutional network
(FCN), which has a similar architecture as the one described in Jouvet et al. (2022). Our FCN architecture consists of 5 hidden
convolutional layers, and each convolution has 8Xernel size and 128 features. The leaky ReLU activation function of

0.01 negative slope is applied after each convolutional layer. Since the FCN takes regular grids as the input and output, the
interpolated 200 m grid datasets are used as the input and output of the FCN, but the output of the FCN is interpolated onto the

original triangular mesh for comparison.

11
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4.5 Model training

predietsTheoutputincludes4 featuresot thesegraphnedesyariableghatrepresentce dynamicsat timet: the two components

2012; Jouvet and Cordonnier, 2023; Jouvet et al., 2022; Jouvet, 28PB)put and output features are normalized to the range
[-1, 1] for stable learning using the nominal maximum and minimum values of these variables.

All 2,349 graph structures are divided into training, validation, and test datasets based ggtvedues to assess if our
emulators can be generalized for out-of-samplg, values. The data withy,ax €qual to 0.70, 0.80, 0.85, 0.90, 1.00, 1.05, and

respectively. The remaining data, with,ax equal to 0.75 and 0.95 MPa, are used as test datasets. Consequently, the number of
training, validation, and test graph datasets is 1279, 548, and 522, respectively. The model is optimized by Adam stochastic
gradient descent algorithm with the mean square error (MSE) loss function, over 500 epochs, and a learning rate of 0.001.

4.6 Model evaluation

We evaluate the ability of our emulators to reproduce ice velocity, ice thickness, and calving front migration by comparing them
to ISSM simulation results. For this evaluation, we calculate three metrics: (i) root mean square error (RMSE), (ii) correlation
coef cient (R), and (iii) binary accuracy score (BiAcc); RMSE aRdare used to evaluate ice velocity and ice thickness

predictions, and BiAcc is used to evaluate the calving front delineation. These metrics are calculated using the following

equations:
! X
RsEgy) =L =7 (9w an
i=1
@i Ny
RR(y;y)= s < _ (12)

X
@ P> i y?
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BiAcc(¥;y) = N L9 =yi) (13)
1

i=
wherey denotes predicted valugsdenotes true valued| is the number of data points, ah@; = y;) denotes the indication

function that returnd if ¢, = y; and return® if ¥ 6 y;. RMSE represents the difference between the prediction and reference;
lower RMSE corresponds to better deliti-R represents the spatial correlation between the prediction and reference, ranging
from 1to1; R-Rclose tol means that the prediction agrees with the “ground truth” more. In calculating BiAcc, we convert

the ice mask into binary values, representing ice nodes as 1 and non-ice nodes as 0. Therefore, BiAcc is a metric indicating the
proportion of accurately predicted nodes relative to the total number of nodes.

5 Results

In this study, we apply the GNN and FCN emulators to predict changes in ice sheet dynamics and ice front position of Helheim
Glacier. We evaluate the model accuracy and computational ef ciency of these emulators and examine the effect of the tunable
parameter max 0N the ability of the model to match observations.

5.1 Model Fidelity

Our GNN models are trained with sevepay values of 0.70, 0.80, 0.85, 0.90, 1.00, 1.05, and 1.10 MPa, and these trained
models are tested with two out-of-samplga.x values of 0.75 and 0.95 MPa. Table 1 displays the accuracy in ice velocity, ice
thickness, and calving front position for deep learning emulators at thetgstalues. Overall, all deep learning emulators
velocity and thickness, with R-values greater tBa#60.99. Moreover, as depicted in Fig. 3 and 4, all emulators successfully
reproduce the retreat of ice front at lowefax and the advance of ice front at highef.x. However, the deep learning emulators

show lower accuracy at lowera (0.75 MPa), which corresponds to a higher chance of calving and more dynamic ice ow
conditions. The sudden changes in ice dynamics and calving under a Igweralues could make it challenging for the GNN
emulators to replicate the exact results of the numerical model. On the other hand, since the ice front remains relatively stable at
a higher s« value, it could be easier to predict this stable state of the glacier at 0.95 MRa,of

13



Table 1. Accuracy of ice velocity, ice thickness, and ice front position retrieved from the GCN, GAT, EGCN, and FCN surrogate models on

Ice velocity Ice thickness Calving front

max
Model
(MP) " 2MSE (miyear) R RMSE (m) R Acc (%)

FCN 0.95 118:60526.26 0-9970.903 40-55203.72 0:9960.881 98-837.9

0.75 123:36680.14 0:9970.878 41.88213.42 0:9960,.868 98-639.5

Average 120:98603.20 0:9970.,874 4122208.57 0:9960.875 98:888.7

0.75 88:35693.61 0:9980.996 375747.00 ©:9970,993 98-497.0

GCN 095 77108857  0.9990,996 35.8146.59 0.9970,993  99.287.9

Average 82.7391.09  0.9980,993 36.6946.80 0.9970,993  98.87.4

075  77.0985.27  0.9990,996 37.0046.95 0.9970,993  99.196.9

GAT 095 7108203 09990996 34944558 0.9970,993  99.197.2

Average  74.0883.65 0:0990.993 36:4246.27 0:9970.993 99:197.0

0.75 42-4354.89 0:9990,998 30:8239.97 0:9980,995 99:897.6

EGCN 095  39.245.03  0.9990,997 27.6041.96 0.9980,994  99.497.6

Average  40.864.96  0.999),995 29.240.97 0.999,994  99.497.6

In terms of ice velocity, all three GNN models demonstrate better accuracy than the FCN forhothlues. As shown in
the ice velocity maps in Fig. 3, the FCN exhibits higher errors, particularly along the boundary between fast and slow ice in the
335 main ice stream. These large errors around the edge of the ice stream can be attributed to the xed resolution and connectivity of
the FCN. While ISSM uses a ner mesh resolution for fast ice regions to capture detailed ice dynamics, the FCN uses a uniform
200-m resolution grid across the entire domain. Hence, the FCN struggles to accurately describe the detailed ice dynamics
in regions of sharp gradients, such as shear margins. On the other hand, GNNs can fully leverage the adaptive meshes of th
ISSM by using the original mesh and connecting information between nodes. Among the three GNN emulators, the EGCN
340 shows the best accuracy, followed by GAT and GCN. In general, EGCN reduces the RMSE of ice velocity by 30-40 m/year
compared to the other GNN architectures. As mentioned in section 4, the GCN, GAT, and EGCN have distinct characteristics in
message-passing approaches: the GCN simply uses the adjacency status between neighboring nodes to determine the weigl
during the propagation process (Eq. 3); the GAT uses additional self-attention mechanisms to evaluate the relative importance
of neighboring nodes (Eg. 5); the EGCN uses the message passing from all nodes to preserve the equivariance of the entir
345 graph (Eq. &re??, 7, and8). We conjecture that the equivariance architecture of the EGCN contributes signi cantly to the
improvement of model delity.
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