10

15

20

Coupled estimation of incoherent inertia gravity wave field internal

tide and turbulent balaneed motions via statistical modal
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Abstract. The-We present a data-driven modal decomposition method that extracts the part of an incoherent internal tidal

wave that correlates with the proper orthogonal decomposition #

he(POD) of a turbulent
mesoscale flow. This method exploits the a priori knowledge that the incoherent internal tide arises from interactions between
an incident wave and the turbulent flow, and exploits the corresponding statistical correlation between the two types of motions.
The method is presented and tested in an idealised framework based on the Rotating Shallow Water model, where we provide
a physical interpretation for the decomposition method based on theoretical considerations. Using idealised simulations with
a plane wave propagating through a zonal turbulent jet, we first propose the use of the modal decomposition method as a data
analysis technique to understand how the wave is scattered by the flow. In a second step, we construct an estimation algorithm
capable of separating the entangled contributions of the wave signakis-smatl-compared-to-the jet—and mesoscale motions from
a single sea surface height snapshot. This algorithm, which consists of estimating the POD coefficients of the turbulent flow —
shared by the wave and jet modes — is particularly suitable for configurations where the jet contribution to the SSH is larger

than that of the wave.

Keywords: Internal wave-interactions;-wave-tide scattering, data-driven methods, estimation.

1 Introduction

Internal tides (IT) are internal waves generated by in esthe interaction

of the barotropic tide with the irregular topography, such as ridges or continental slopes, and-that propagate mainly at tidal

frequencies. They are ubiquitous in the ocean, and play a crucial role in vertical mixing and energy transport, especially in
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the deep ocean (??). Propagating over large distances, they encounter regions with energetic mesoscale turbulence, and lese

loose their fixed phase relationship with the astronomical forcing through the-nenlinearnon-linear interactions with this tur-

"nee "9 " s

bulence. The resulting incoherent internal tide field (often called ““‘non phase-locked*e+" or “non-stationary*-" internal tide

in the literature), highly unpredictable, complicates for example our ability to disentangle internal tides and low-frequency

turbulent signals from satellite data (?). 22

Due to their large
coverage and overall impact on the ocean (??), there is a need to better-understand how incoherent waves propagate, and-te
which includes developin,

algorithms for estimating and separating the surface signature of internal tides and the mesoscale flow from observational data.
In the oeeanegraphie-physical oceanography community, various studies have examined the impact of a balanced-(turbulent

simulations-low frequency turbulent flow on internal waves, using various methodological approaches. ? demonstrated, usin
idealized numerical experiments featuring a plane wave propagating through a zonal baroclinic jet, that the increase of energy
of &ﬁuﬂ!ffufbu}eﬂﬁe%eeﬂfﬂbt&eﬂgmﬁeaﬂﬂy{&the turbulent jet enhances the loss of coherence of the wave-field—22-used

ta—internal tide field. ? described, based on kinetic transport theor
how random quasigeostrophic and barotropic flows impact energy exchanges in a scattered plane wave. In-therange-of-modal
2?2, among others, studied the propagatlon of

IT en-using reduced order models ba:

the-derived from a Galerkin projection onto a basis of vertical modes. ? applied a multiscale analysis in the rotating shallow

water model (RSW) to study the scattering of inertia-gravity waves (IGW) by deeempestﬂgﬂieﬂeﬂ-hﬂear—ﬂﬁefae&eﬁﬁeﬂﬂs
-the

low-frequency flow. The authors showed that waves that resonantly interact with the jet transfer their energy to waves of equal

wavelength, and that this transfer is intensified for short-wavelength and strong background-turbulent flows.

of-A consequence of the non-linear interactions between the IT and the low-frequency flow is a spectral broadening, often
referred to as “cusps” (2?), which is a direct translation of the loss of coherence of the signal. Indeed, the Feuﬂeﬁspeeﬁfuﬂﬂr
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The spectrum of coherent IT, which corresponds to a finite Dirac sum, is thus broadened by the mesoscale flow, giving rise to
an incoherent broadband spectrum. Spectral broadening is a general characteristic of scattered wave fields, widely studied in
other disciplines (e.g. in acroacoustics, ??).

n-the-titeratare—Recently, several methodological approaches have been developed to address the issue of separation of IT
and Balanced Motions (BM), motivated in particular by the launch of the SWOT mission (?). Due to the presence of an

incoherent component, to similar wavelengths and the strong aliasing in time between two swaths, simple filtering or harmonic
decomposition strategies are often inefficient. Some methods are based on physical approaches, such as in ?, who assumed

a weak signature of IT on surface density fields ;-and-consider-and considered potential vorticity dynamics to identify the
balaneed-motion(BM--BM from the observations. Asfer-more-complex-In the realm of data-assimilation techniquesmethods,
? developed a coupled iterative approach based on a 4D-Var assimilationfer-the-algorithm for IT and back-and-forth nudging
for the- BM. In the range of data-driven methods, there is-has been a recent focus on deep-learning approaches to disentangle low

and high frequency signal (??). ? address in particular the difficulty caused by the long revisit time of altimeters by developing a

method based on single SSH snapshots. ?>-developed-amethod-In closer connection to the methodology that will be presented in
this paper, ? and ? proposed methods based on a decompesitiono onto-spectral EOF-in-order-to-map satellite observations

to-a-realistie- model-and-estimate-the-Proper Orthogonal Decomposition (POD) of the IT sea surface height (SSH) eentribution

simulation in the former, and filtered daily SWOT swath in the latter.

In this paper, we introduce a data-driven modal decomposition of a wave field scattered by a turbulent mesoscale jet. We
focus on methods based on the POD (2?). The POD (often called empirical orthogonal functions — EOF — in the geophysical
fluid dynamics community) is a modal decomposition method designed to extract recurrent phenomena from flow data (2). We
propose two different methods, namely the brodband POD (BBPOD) and an algorithm based on the extended POD (EPOD; 2).
Both methods rely on the physical consideration that the scattering of the wave field, corresponding to time-evolution of
its complex_amplitude, are driven by the mesoscale dynamics and therefore occurs at a similar timescale (?). With this
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consideration in mind, the BBPOD algorithm corresponds to a POD of the complex demodulated variables, and extracts the
most energetic modes of variability of a high frequency component associated with a broadband spectrum. It share similarities
with the spectral POD algorithm (??), as will be further discussed in the manuscript. The second method applies the extended
POD method to the complex wave amplitude in order to extract spatial modes that are correlated with the POD modes of the
jet, thereby providing a decomposition of the flow that takes into account the coupling between the mesoscale dynamics and
the wave-including-estimates-of-veloeities;,

Then, we take advantage of this EPOD-based decomposition method to build an algorithm for estimating the mesoscale
and wave fields — including velocities — from a single SSH observation. In particular, we address configurations where the jet

component dominates the flow, in which case the weak internal wave-tide signal can still be estimated by the coupling induced
by their correlation. The algorithm is tested on an-idealised-simulation-of-the-idealised simulations of a one layer RSW model

representing such a-configuration.

The plan of this paper is as follows. We begin in Sect, ?? by describing the model-used-to-investigate-the-dynamies—of
a-wave-field-interacting-with-azonal turbulent- lowRSW model on which is based this study. Derivation of equations for the
ansatz of the complex amplitudes are then given in order to complement the data-driven methods with a physical interpretation.
In Sect. ??, the different-methods-are-introdueced; namely-the BBPOD-BBPOD and EPOD-based methods are first presented
(Sect.22)-and-the EPOD(Seet:22)—The- ?? and ??), before describing the algorithm to disentangle observations is-presented
i-Seet:22-Section-22-presents-(Sect. 2?). Finally, Sect. ?? gathers the numerical results computed from idealised-simulations:
The-five idealised simulations, including a data analysis of the variability of the wave field is-examined-in-Seet:22;-by-means
of-the-modal-decompesition-techniques-of-thisstudy—Thereafter,(Sect. ??), and results of estimates of the two-dynamies-are

2 Neonlinear-wave-flow-Non-linear interactions between mesoscale turbulence and high frequency waves

120

the-method-that-will-be presented-in-Seet—22-We present in this section the (dimensionless) one-layer Rotating Shallow Water
model (RSW), which is an adequate idealistic model to analyze non-linear interactions between high-frequency waves and
a low frequency turbulent flow (e.g. 22). A set of asymptotic equations is then derived for the the complex wave amplitude
and the evolution of the incoherent part. We shall mention that, since internal tides interacting with mesoscale turbulence are
the main target of this study, the waves will be often reffered to as internal tide (IT) and the low-frequency turbulent flow as
mesoscale flow throughout the paper.

2.1 Onelayerrotating shallow-water-meodel

2.1 One-layer rotating shallow water model
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he-For this specific analysis, the

RSW equations are non-dimensionalized as follows.

th=fo 't (af,yf) = (Lo, ly); oF = (o) = (U, Uv); hF = Hy=>h,

where the superscript .# refers to the dimensional variables. The parameter f, is the Coriolis frequency, v is the horizontal

velocity and % is the SSH, with a layer thickness at rest H,,. The dimensionless parameters are the Rossby number R, = U/ fol
gHo
fo

and the Burger number B, = R? /I, where Ry =
taken here as the inertial time 7' = f; ', adapted-forstudying-internal-wave propagation—which is well suited for studying IT
propagation as it is the lower frequency bound of the internal wave spectrum. The reference length scale ! and the reference
speed—current U are chosen to be of the erder-of-the-typical jet thickness and speedvelocity, respectively. Mereever;—the
The Coriolis frequency follows the beta-plane approximation, which writes in-tts-dimensionlessform(in dimensionless form)
f(y) =1+ By, where 8 = Ry/(Rr+/B,), with Ry the Earth radius. Including the 3-term is necessary to ebtain-maintain a
zonal jet and-to-study-theseattering-of-the-wave-in-a-small-domain-(?)~An-structure (?). Finally, we consider a monochromatic

1

is the Rossby deformation radius. The characteristic timescale is

wave forcing term gyre—=

Introducing this non-dimensionalisation into the RSW model leads to the following set of equations, defined on Q<R+

with-Q-cRZ bounded-Rt x Q where  C R? is the bounded spatial domain:
6th + BudIV(’U) = _RO [(U ' v)h‘ +h le(’l))] + hf'rc,wfh,w (la)
atv+ (1+6y)’UL+Vh: 7Ro(v'v)v+fra,w.fv,w (1b)

where v+ = (—v,u)7. In the numerical tests, periodic boundary conditions will be considered, and inhomogeneities in the
direction will be treated using sponge layers (details given in Sect. ??). It can be noted that periodic domains are compatible

with the bounded domain hypothesis.

2.2 Complex wave amplitude ansatz

The . .
The total wave field = (uy,,v,.hy,)T is expressed as:
9o (t) = R(@, (H)e'™"), @

where g (t) is the complex wave amplitude vector, and w the dominant wave frequency (the same as in the forcing term).

It is assumed that the complex wave amplitude is slowly varying (in time), which reflects that the wave is scattered by the
low-frequency mesoscale flow, i.e. we assume scale separation (in time) between the mesoscale flow and the IT (see Sect. ??).

This ansatz is re




is-borrowed from high-frequency asymptotic

&ppfeaﬂmaﬁeﬂ&methods such as ray tracing or WKB methods (¢ f 9)‘Hefe—eﬁly—a+tmesc—ale%epafaﬂeiﬂaefweeﬂ+heje{—aﬂd+he

as+, and also corresponds to the dominant term of a scattered wave in standard multiscale analysis (e.g. ??, in the framework of the RSW mxc

160 We further decompose the wave field into a coherent and incoherent component. The coherent part is obtained by applyin
an expectation operator [ to the complex wave amplitude:

G o(t) = R(ELGJE™) ®

while the incoherent part is the residual:

Quincono (1) = Rt~ Geon o (t) =0, (D)), “
165 where § t)=q,(t) —E|qg

is_the incoherent complex amplitude. Ergodicity is assumed throughout the manuscript so that E is equivalent to a time
average limp_, o & T. Under this assumption, and from the definition (Eq. ??), we recover the fact that the coherent wave is
phase-locked to a monochromatic forcing with frequency w.
The timescale separation between the mesoscale and the wave allows extracting the complex wave amplitude from the data
170 g = (u,v,h)" by complex-demodulation=-a complex demodulation technique:

q, = 2(ge ™", 5)

where < - > is a low-pass filter (in time) selecting the potentially-breaden-broadband spectrum of the wave. This-complex

175 2.3 Non-linear interactions terms

2.3 Equations for the complex wave amplitude

180

m-?7?), we derive idealised equations for the
coherent and incoherent complex amplitudes in order to provide a theoretical framework for the interpretation and justification
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of the extended POD method presented in Sect. ??. Yet, a reader more interested in the estimation algorithm could skip this
section and go directly to the description of the extended POD technique (Sect. ??).

2.3.1 Mesoscale / wave separation

In order to simplify forthcoming developments, we assume that the wave field is of small amplitude. This hypothesis allows
to separate the equations into one for the mesoscale flow and one for the waves (possible relaxation of this hypothesis will be
discussed below). The state vector is decomposed as q = qje; + €q.,, Where gj¢; is the slow jet-current-components—gqare
the-perturbative-waves;-mesoscale component and ¢ is the small parameter of the perturbation expansion. The-foreing-wave
Likewise, the forcing term is also at-erder—c-and-we-consider-it-time-harmonie-of-the form oo =" G7 {7+ clbyof
order O(¢).

Order-O-approximationleads-to-At leading order, one obtains the following equation for the slow-dynamies-mesoscale flow
(which is not the focus of the study):

Oihjer + Budiv(vjer) = — R, [('ujet V) hjet + hjer div(vjer) (6a)
Ovjet + (1+ BY)0jer + Vhjer = —Ro(Vjer - V) Vjer (6b)
and-a-wave-equation-The equation for the wave is obtained at order +¢':

Othy, + Bydiv(vy,) = —R, [(fvjet V)hy + (Vo - V)hjer + hjer div(vy,) + he, div(vjer) | + hf,i,wjfﬁiJ (7a)
Oy, + (14 By)vs +Vhy = —R, |:('vjet V)vo + (Ve V)jer | + prew o (7b)

s—For conciseness, we first-write-Eg-rewrite

the above system of equations in terms of linear and bilinear operators:

atqw + L(Qw) = *ROB(qjetqu) + fr(;,wft’l\,/(:n (8)
with,
B,div(vy) (Vjer - V)he + (Vo - V)Rjer + Bjer div(vy) 4 A div(vjer)
L(Qw> = n 5 B(qjetaqw) =
(14 By)vg + Vhy, Vet - V)V + (V- V) Vet

Here;-L is a linear operator and B is a symmetric bilinear map associated to the non-linear interactions with the jet. From

this-equation;-we-can-readily-write-Finally, we derive an equation for the wave amplitude by injecting the wave-ansatz-ansatz
Eg. (2?) into Eq. (??)and-multiplying-the result-by-e=''and-low-passfilteringthus-obtaining:, then performing a complex
demodulation operation Eq. (??), with a filter eliminating dynamics at frequencies higher than typical mesoscale frequencies,
(e.8. frequencies at 2w resulting from complex demodulation). This repeats the hypothesis (Sect. 2?) that the frequency w of

IT is much higher than the frequencies of mesoscale flows. We thus obtain:
atqw + ’L'U.)E]w + L((le) = _ROB(Qjeta(le) + frc,w}%- (9)

Now-decompostng-
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2.3.2 [Equations for the coherent and incoherent waves

A Reynolds decomposition of the jet component into a mean partEfqyer|-where-Eds-an-expectation-operator-and a fluctuating
part q./jet =Gjer—B{G7er} gives-the following-equation:

at(]w + iwéw + L(aw) + ROB(E[qjﬂt]’qw) = _ROB(q;‘Eﬂqw) + Zlfrc,w'

aw - 7R0RB(q;et7 {Iw) + qu""“w"‘”

Separating—the-waveselution—into—a-q, . = E[q ] + q... and of the wave into its coherent and incoherent ecentribution
G5 ="Elg; 1+ and-takingthepart g, = E[q, ] + ¢_,. gives the following equation:

Taking the expectation operator of Eq. (??) leads to an equation for the coherent wave amplitude -(where the expectation of the derivative v:

B (. D(E@,)) + RoB(Elg;er) Bla,]) = —REIB(q)e )+ Fa (i1
%R[M}w _ROE[B(q;etaq:u)”J (11b)

-). This equation means that the coherent wave amplitudefield is the sum of the

ine-to the forcing f , and of the averaged interaction be

the jet fluctuations and the incoherent partwave field.

Finally, substracting-this-equation-subtracting Eq. (2?) to Eq. (??) leads to the equation for the incoherent wave amplitude:

@q&ﬂ,‘t’q&i‘L@;) + ROB%&@ = TMROB(q;€t7E[QW]) - ROB(q;etaqw[B(q;etaQZ&)] (12&)
R@q&—l—q‘/ﬂ,@\)j ROR[E[B(q;et(t)’{LIu(t))] - B(q;et(t)vqc[u(t))] _RORB(q;et(t)vE[(}w]) . (12b)
Multiple scattering single scattering



In this equation, the non-linear interactions are decomposed into a primary-single scattering term, which is the interaction
between the coherent wave E[q,,] and the jet fluctuations, and a multiple scattering term which is the interaction with the jet

fluctuations and the incoherent wave component.
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250
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stress-that-itis-impertant-to-capture-the-broadband-speetrum-If we now neglect the slow variations in the complex amplitude
assuming that they evolve over long time scales relative to the wave period 27 /w, we obtain the reduced equation:

a.,(t) = RoR[E[B(qje,(t), @, (t))] — B(djei (1), 4., (t))] — RoRB(e, (1) Elq,.)).- (13)

Multiple scattering single scattering

It can be noted that this time scale separation can also be interpreted as assuming that the resolvent operator is approximately constant ¢
255 This approximation consists in considering a jet “frozen” with respect to the propagation time of the wave field-in-orderto-study

260

265

EPOD method Sect. 22 and is referred to as local scattering hypothesis.
The above developments can be justified without assuming a small wave amplitude, but asymptotically from the assumption
of separation of time scales, using perturbation theory (chapter 4 of ?). This involves introducing the change of variable g (et
and retaining the dominant term of a multiscale decomposition of the wave. As a consequence, Reynolds stresses remain at order 0, and gen
270 A similar separation of equations has been generalized to high amplitude waves by multiple-scale analysis in ? in a 1-layer quasi-geostrophi
22 for RSW models, and in Sect. 2 of ? for a primitive equations model in view of investigating the impact of internal waves on the balance:
It can be noticed that this is not a critical issue since we focus on the impact of the jet flow on the wave (and not the inverse),



275

280

285

290

295

300

and because the identified modes are extracted by modal decomposition from the non-linear simulation, as it will be presented

in Sect. 22

3 Methods

This section details the data-driven methods, derived from POD, that are adapted to decompose a wave scattered by a turbulent
flow. These methods are the Broadband POD (BBPOD — Sect. 22 -where itions that are prese efine

atien-??) and the Extended POD (EPOD-
Sect. ??). We then propose an algorithm that uses these decompositions to disentangle the mesoscale flow and the wave field
from SSH observations (Sect. ??).

3.1 The Broadband POD method

The algorithm that we call Broadband POD (BBPOD) consists of performing a POD on a complex demodulated (wave) field,
in order to capture the-its most energetic modes of variability ef-this-wave-field-fromnumerieal-from time series data. This
algorithm ean-be-viewed-as-a-enables capturing the finite-width frequency-band dynamics with a single basis. The proposed
algorithm can be related to the spectral proper orthogonal decomposition (??), but-whichis-adapted-to-optimally-represent-finite

. ies The L o ithem-is-detailed-in-appendixas detailed in Appendix 7.
Fhis-algertthmt is also similar to a POD apptied-to-wavelet-transformed-data-on wavelet-transformed (in time) variables, in
the sense that the complex demodulation also-previdesthe-content-provides, like the wavelet transform, a temporal description
of the signal at a given frequency w. A-wavelet EOF-analysis-of-ocean-waves-has-beenperformed-in-partienlarin-22applied
either-to-Such a method has been applied in the context of ocean internal waves by ??, who named the method “wavelet EOF”
and performed the transformation either along the vertical direction or ia-time-the time coordinate.

We consider a set of data q rassumed-te-bestatistically-stationary-(atleastfirstand-second-erder);-and-containing a broadband

peak centered around a frequency w. The algorithm of BBPOD-to-extract-the-coherent-structures-evotving-to build a BBPOD
basis at frequency w is—made-of-consists of the following steps. We first compute the complex demodulation of g at the

frequency w, q,, (Eq. 2?), with the choice of an appropriate filter to capture the broadband structure of the data. We assume

that the slowly varying wave amplitude is statistically stationary (at least first and second order), which is a requirement for the
POD technique (?). We next compute the space auto-correlation tensor of the complex amplitudes:

C(z,y,2",y") = Elgq,(z,y,t) @ . (z", ¢, 1)], (14)

where ® is the dyadic product, product of the components (¢;g;); ;, and the superscript -* denotes the transpose-conjugate

operation. HereAs mentioned in Sect. ??, the expectation operator [E is computed as a mean over time under the ergodicity

hypothesis in the present paper.

10
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Before solving the POD problem, we define an innerproduct representative of the quadratic energy E of the model Eq. (??),

encoded with a positive definite matrix W g:

h? dzdy. (15a)

1
P _ 2 2
lalw, = (@ WEQq)L20) = > /(u +0?%) 3B,
Q O

This norm corresponds to the kinetic plus potential energy for a small perturbation (e.g. ?). The BBPOD modes (¢, .,)n are

then defined as the solution of-to the Fredholm equation:
/C(x,y,w’,y’)WE @',y ) o (@' y) da'dy’ = Ay ot w(@,9), (16)

with non-negative eigenvalues A, ,. The BBPOD modes form an orthonormal basis of square integrable functions (in space) 5

respectively to the innerproduct defined in Eq (??). The complex demodulated field can be expressed by the decomposition:

txy Zanw wnwicw)\l (17)

t) = |o¥r (2, y)Wgq,, (t,z,y)dxdy is the n-th projection coef-
ficient. The modes are also decorrelated from each other and are optimal to express the quadratic mean energy at frequency w,

calculated as:

E((|g. /v ,) ZAW (18)

FEastly-in-the literatare-In practice, the method of snapshots (?) is considered for numerical implementation. In the literature

POD usually applies to a zero-mean process, and the mean is subtracted beforehand from the data. However, if-provided the
mean field is solution ef-to the Fredholm equation above (Eq. ??), the procedure remains unchanged if we consider the total
field or only the fluctuations. For-mere-generality—and-because-Since the mean quantities are relevant both to examine eur
problemof-the wave scattering and for the estimations-estimation algorithm presented in Sect.2?;- 22, we keep the total field

is-eonstdered-here—in our application. The reader can refer to the literature for more details on the theoretical backgrounds of
POD methods (???).

3.2 The extended POD method
I its-original form:

11
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In this section, we present the Extended POD method (?), which consists of extracting the component of a signal that
is correlated with a POD mode of a second signal. Here, we apply this method to the context of wave-current interactions
by expressing a decomposition of the wave correlated to a POD_decomposition of the mesoscale flow. There is indeed a
%mmwme exwftdedrPQJ}éEPGD)—mefheééseeﬁ—)ﬁtfaets—fmiﬁfafge%ﬁe}d

previeusty(Eq—??);the-incoherent-contribution-variability of the wave field is geﬂef&teérbyfhejeﬁhfeﬂglﬁﬁh&bﬁmea%fefm
driven by the mesoscale fluctuations via the bilinear term B(q] et 4, ) ~Fhe EPOD-method-can-thus-beleveraged-toexploitthis

of-the-wave-eorrelated-to-a-in Eq. (??).
Given a POD decomposition of the je
The-mesoscale flow, the n-th EPOD-mede-extended POD mode of the wave is defined by:

- Elq,, an] E[q,(t,2,y) an(t
X (8, 30) = e 0 B 20) 0] (19

where ¢7-a, (t) € R is the projection coefficient of the jet component onto its POD basis at time ¢ (for the innerproduct defined

in Eq. (??)) and )\, is the associated eigenvalue. As-In order to lighten the notation in the following, we will drop the second

argument g, and denote by x,,(q,,) the n-th EPOD mode. As stated before, the expectation operator is a time average in
this study. As the POD modes of the jet are decorrelated between-each-otherfrom one another, the n-th EPOD contribution

trXnto e apXn(q,,) 18 the part of the wave correlated to the n-th POD mode of the jet, but completely decorrelated to
the-other-from the other POD modes of the jet. It provides a decomposition of the wave component g, ,, that is correlated with

the N-erderN -order truncation POD decomposition of the turbulent jet:

N
Qew(t2,9) = Y an ()X (@) (2, jery)- (20)

~

n=0

Itean-benoted-thatthisprecedurefilterThis decomposition filters out all wave contributions decorrelated from the jet &neeﬁﬁﬂg
on §). These may come from outside the domain for ; R

T-ean-be-shown-We will show now that the EPOD modes of the wave field-and the POD modes of the jet are dynamically

hinked-with-each-othernot only correlated between each other but also dynamically linked through the resolvent operator. Fhis

confers—a—strong-They are the response to the non-linear interactions between the wave and the jet through scattering, thus
Nggfgggg&mmterpretaﬂon of this correlation-based techmque%mee«r&highhgm%—afrﬂﬂdef}ymgeeﬂﬂeeﬁefkbefweeﬁ

- Let us consider Eq. (??) for the incoherent

wavecomplex amplitude, in a regime where the multiple scattering terms can be neglected(, e.g. if the incoming-wave—is

12



coherent-and-the-interaction zone remains of limited extent )—(?). Taking the expectation of this equation multiplied by a POD

365 coefficient of the fluctuations a/, associated with mode v/, = (1,,,%/,,%}, ), one obtains the following equation:

Bt g rp (E[a"qm] ,E(W)E[fzw]) ,
N N w2y
that is:
xXn(q.,) = —R.RB(¢),,E(,E[q,])). 1)

e AR T S

This equation indicates that the w

EPOD modes of the

370 incoherent complex amplitude are the instantaneous response to the interaction between the coherent wave and the jet-medes;
is-POD modes of the jet fluctuations. We point out
that the extended POD modes actually extract multiple scattering interactions from data, but the link with the POD modes of the

turbulent fluctuations is then no longer direct. This correspondence has been successfully tested numerically in ? on a configuration similar
A dynamical link between POD and EPOD has also been exploited in the context of wall-bounded turbulent flows (?) and tur-

375 bulent jet flows (?).

Finally, we would like to point out that numerical

380 calculation of jet POD modes and EPOD modes can be carried out in a single operation. This is done by calculating a POD
using the snapshot method on the “extended’ vector (qjc:. g without putting any weight on the wave. In-the-assumption
~—

3.3 Estimation algorithm

We now propose a data-driven method that uses the EPOD formalism to estimate and distinguish the mesoscale and internal

385 tide field from a snapshot of SSH observation. We consider potentially sparse observations:
Qops is the observation mask.
The proposed method, described in Algorithm ??, consists of two distinct stages, a training phase (1) and the estimation per
390

ton—wave field x,,(q,..) are computed over an

the training dataset is time resolved such that separation

The estimation consists in extracting the projection coefficients of the mesoscale part, which link mesoscale modes and IT EPOD modes
from observations issued from test set snapshots. We shall stress that the test snapshots do not belong to the training window, but are taker
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400
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420

425

One may notice that the minimisation method is a simple least-squared regression (??), and no regularisation terms are
considered . We rely indeed on the “rigid” structure of the problem conferred by the low rank modal decomposition, and
the small ratio between number of parameters and size of the observation space.

A first advantage of this method is
that the EPOD decomposition allows the wave to be estimated in configurations where the jet dominates in amplitude. These
configurations can be hard for estimating the wave field due to the low signal-to-noise ratio, and also because a strong jet can
lead to a very incoherent wave, like in the Gulf Stream region —Hoewever;-the-part-of-the-wave-thatis-completely-decorrelated

>

—(?). A second advantage is that the estimation relies
on single snapshots, with no assumption about time sampling and/or correlation. Finally, this method also reconstructs — b
correlation — the velocity components, from observations of SSH only.

4 Numerical results

14



Algorithm 1 Coupled estimation of IT and mesoscale fields

a-Training stage: Compute the POD modes of the jet and the wave
eomponent-EPOD modes of the wave field over an initial time window, and construct the observation operator as the superposition
of the wave and jet components.

(a) Do
modes P (get)

(b)

ntw) — Xn\tw,dje

eperater—Thejet-Construct the observation operator H using N POD/EPOD modes:

H(q(t))= (ﬁjet + ﬁw) Li@.0)eQ0m.} (222)
Zan (n (@e)n +Xn (1)) [ Loy egtn, 1 (22b)

Here, the jet component is approximated by its POD-decomposition-truncated-at-mode N+

N
iljet = Z an (t)wn (Qjet)ha
n=1

truncated POD decomposition:

A N
hjer = Z n(O)¥n(gjet)n,

while-the-where the hat symbol - denotes reconstructed fields. The wave is expressed by its-correlation-to-thejet-(following the
truncated EPOD decomposition of its complex amplitude (see Eq. yand-by-adding-the-eoherentfast-wave-component:-

—R [iLc,weth]

&

:%[Zg o ()Xn(ﬁ ) Mt]v

22):

he = %[Ec,wei“t} = %[Zan(t)xn(izw)emt]

T jet-

H(q(t) = (hyee +ho ) Lo

1=
| )

= %[ZWNZO an(t) (@Z}n(qjcth,) + Xn (iL ’LWt)jI 1{ (z,y)EQups }-




aﬁébalaﬁeed—ﬂewﬁe}dﬂﬂmmeﬁeakﬁmtﬂaﬁeﬁ&efﬁe—%%q%‘The first part of the results (Sect. ??) concerns the study

of the variabili rs-BBPOD and EPOD modes from five idealised

430 numerical simulations. We next focus on the estimates of the 1GW-IT and BM fields (Sect. 2?).

4.1 Numerical configuration

Five numerical simulations of Egs—the RSW equations (??), featuring a plane wave interacting with a zonal jet, have been
performed. The parameters that vary from one simulation to another are the temporal frequency of the incoming wave, its
direction of propagation, and the Rossby number of the turbulent jet — see Table ??. The simulations are labelled W1, which

435 is the reference simulation, then W2 to W5. The Burger number is B,, = 1 for all simulations (units for space coordinates is

therefore the Rossby radius of deformation) —and 3 = 0.05. The wave amplitude is small such that wave-wave interactions
are negligible. For W1-W4, the jet has approximately the same spectrum and the same energy level, and only the impact of

different wave parameters is studied for these runs.
The equations have been discretised using a spectral method in space and a Runge-Kutta time scheme, using-with the open-

440 source code Dedalus (?). The domain {2 is a doubly periodic rectangular domain of size [0,20] x [—20, 20], discretised on a 128 x
256 grid for W1-W4, and on a 256 x 1024 grid for W5, which requires a higher resolution. All simulations are initialized with an

eastward zonal jet at geostrophic equilibrium with a small perturbation superimposed to trigger its destabilisation. During-the

e*pefhﬁeﬁﬁ—aﬁég eastward wind forcing MMM@WW@% a Gaussian function in yis

445 the-wind;, and a radiative damping term is-added-on-the-continuity-equation-of the form ah —whef&a—rs—&eeﬁs%ai%pafametef
tfeHtowing—eg 2)—(where o= 10_°) are added to the system in order to maintain the balanced current in a statistically
stationary state (e.g. ?). To ensure numerical stability, a small hyperviscosity diffusion term WS also added in
the equationsmomentum equations, with R, =2 10°, following (?). The different fields are damped in “sponge layers” at both

edges of the y-domain. In particular. is linear in the physical domain, and periodicity is ensured in the sponge region through a smooth

450
The model is first run without wave forcing. Once stationarity is reached (after 4000 f, ! which corresponds approximately
to 450 days at mid-latitude), i i i i i i i

south-we activate generation of a plane wave in the sponge layers at the bottom of the domain, which propagates along y before

interacting with the jet. The properties of the n a-wave forcing
455 follow the dispersion and polarisation relations computed from the harmonic solutions of Eqgs. (??) linearised around a state

460
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Numerical simulations
Parameters Wi w2 W3 W4 W5
Frequency w 2 fo 3fo 2 fo 2 fo 2 fo
Mode number m,, 0 0 1 -1 0
Rossby number R, 0.2 0.2 0.2 0.2 0.35

Table 1. Parameters of the different simulations.

—WS5. Snapshots are saved every 1/10th of a wave
eriod, enabling extraction of the wave field. The mesoscale part is then extracted (offline) using a low-pass filter (fourth-order
Butterworth) with cutoff frequency of 27/10f; " (corresponding approximately a period of 3 days at mid-latitude), and the

wave field is extracted by complex demodulation at frequency w (and using the same low-pass filter).

465
W-DaS & S S ro—fre above O-correspondingea mately
periods-less-than3-days—InFig-2?is-plotted-the-magnitude-Figure ?? shows the power spectrum of the SSH fieldshowing
512 snapshots) with 50% of overlap. It clearly exhibits 2 broadband spectral peaks: one, around w = 0, associated with the
470

the wave, and highlights the timescale separation between both flow components that we discussed in Sect. 22For-the- W+run
for-instanees-??. We point out that sub-mesoscale contributions are also extracted by complex demodulation, but these remain
475 negligible. One may also notice that the SSH contribution of the wave represents-is only 1 — 2% of the-one-of the-backeround

low-frequency turbulent flow, as well as the presence of a weak super-harmonic signal (at w = 4fo), which we do not treat in
480  this study.
Anrexample of snapshotassoeiated-with-the-A snapshot of the vorticity field and the complex amplitude of the SSH of the northward prop
reference simulation is showsrdisplayed in Fig.22- 22 It shows that the incident wave in the south of the domain is almost plane, while mc

In-the-following;-

485 4.2 BBPOD and EPOD analysis
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Figure 1. Magnitude-Power spectrum of the SSH field in lin-log scale, in the center of the domain z = 10,y = 0, for W1. The orange dotted
line indicates the filter cut-off frequency.
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Figure 2. Snapshots of the reference simulation W1 with w = 2 fo, m, = O-Jn-; (a) isthe-total vorticity field and (b) shews-complex amplitude

of the wave SSH contribution. The sponge layer is included in this visualisation for > 12, with the wave forcing region in the south and the relaxation
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In this section, we show and discuss how the BBPOD and EPOD methods perform in extracting the variability of the wave
field, and provide some information on the underlying mechanisms. The modes are computed in the BBRPOD-medesfor-the

4.2.1 BBPOD analysis of the wave field

{&Fig—‘ﬂafe@feseﬂfeeklil/gm s the SSH component of the first three welghted BBPOD modes (/A %0 ) of the
wave field

-corresponds to harmonic waves propagatin,
in the same direction as the incident wave. It corresponds to the coherent part of the Waveﬁeld:ﬂ&eemmefﬂydeﬁﬂeéﬂ&e

the-wave, Wm‘vhwh is essentially-coherent—the-whele-coherent
nearly constant in time (see Fig. 2?b). We should
mention that the fact that the coherent wave is captured by the first BBPOD mode is not guaranteed a priori, Here, it occurs
because the energy is integrated over the whole domain, including the lower half of the domain where wave propagation is

—~We can distinguish-a-drop-in-amplitade-in-the-north

also note a slight damping of the amplitude of the

are-the-waves—W-to-W-5- simulations, where the wave is subject to greater interactions. This damping can be interpreted as
resulting from the wave-mesoscale correction (last right hand side term in eq. 2?).




520

525

530

535

540

545

550

2:2)5{—2:2)(3-—H)-(—31)-The sub-optimal modes represent contributions from the incoherent wave, ie. they are a
residue of the coherent part which is decorrelated from the wave forcing. The first two dominant incoherent modes exhibit
nearly-plane waves deflected by the jet in the upper part of the domain in several directions (where we can also note weak
reflections by the jet in the lower half of the domain).

These z-wise structure of these waves is very close to Fourier modes associated with a pair of wavenumbers 1, = kL /27

that are, from top to bottom -

our configuration (periodic domain, zonal jet), i.e. the statistics do not depend on x. This statistical property ensures that the

BBPOD modes converge to Fourier modes in thez
%&ﬁeﬁeal—eeﬂvefgeﬂeeeﬁfeet%as the number of snapshots of the correlation matrix increases (?).

Calculating the eigenvalues of the correlation matrix gives the average energy contribution of each mode (Eq. 2?). We show

. 22¢) the cumulative energy of the incoherent part as a function of the number of modes. This corresponds to the ener:

/sub-optimal modes, which is equal to S°V_ A whereas \g refers to the energy of the coherent mode. The figure shows

first of all that the W5 simulation represents a more energetic incoherent wave than in the other simulations. This can be
explained by the fact that the Rossby number is higher and therefore the contribution of the non-linear terms between the wave
and the jet responsible for the loss of coherence is a priori also higher (Eg. 22). Secondly, the figure shows that the incoherent
waves from the W1-W4 simulations have a comparable energy level, as the jet is approximately the same.

4.2.2 EPOD analysis

Figure ?? shows the }eadmgfhfee—PeDﬁtede%—ef—fhe—]e%ﬁrst three dominant jet POD modes and the associated EPOD-medes
ie-wave EPOD modes for simulations W1 to W4, Akin to
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(a) POD coefficients of the jet
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Figure 4. In (a) the three leading BBPOD coefficient of the wave an,. = (@,,, ¥n,w)w - In (b) the three leading POD coefficient of the jet:
an = (qjet, ). They are computed from the reference run W1, and the respective mean values and root-mean squared errors are shown.

. . N
atmodeN-
—In (ac) is-the-modal cumulative incoherent energy Yo A
-and-in-(b)itisnormatized-by-of the total-energy: > o/ >N different runs.

N:—ZN— )\n,w 1)

n=1

TFhetower-panel(? ?b)y-in-Fig—2?-shows-thatthe-part-). The two sub-optimal modes are meanders in phase quadrature. The
first EPOD mode of the waveecorrelated-to-the-meanjet-is-the-coherent-wave;—-e- itis—, which is correlated with the mean
field, corresponds to the coherent part and has a spatial structure very similar to the }eadmg%BPGDﬁedeLef—mewvaveﬁe}é

capture-the-mean-flow-More-interestinglythe-first BBPOD mode. The second and third EPOD modes -which-are-correlated-to
the-meanders-exhibit stationary wave patterns represent the part correlated with the meanders of the jet and feature standing
wave patterns along x, which are also in phase quadrature —Itis-espeeially-remarkable-for-simulations-with-an-incoming-wave
perpendieutarto-thejet suggesting a slow zonal propagation velocity following the jet. This is pronounced in simulations
where the wave crosses the jet perpendicularly (Wland-, W2) ;—where-four-nodes-are-visible-along-the-a-direction—Similar
WW&M%FVWMLH%AEQL the W5 fuﬁﬂﬁ«ﬁg—l‘LHeweveﬁfh&meaﬂdefﬂaave—hefeﬂwﬂeﬂafgef

stationary-wave-with-noew-2-nodes-in-the-domain—Thereis-thus-aelearhigh Rossby number simulation (shown in Appendix ??)
the jet’s sub-optimal modes also represent meanders, and the wave EPOD modes standing wave patterns, both with doubled
wavelengths compared to runs W1-W4.

The correspondence between the w
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Figure 5.
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MMMWWM
link between these structures that we discussed in Sect. 22 i
Wmm@mwmmm interactions
~coherent part and the jet POD modes.
The validity of this equivalence suggests that the multiple interaction term is weak for all simulations, which reflects that the
mesoscale fluctuations are confined y-wise, such that the scattered wave rapidly leaves this zone, leaving no room for further
interaction with the fluctuating jet.

The temporal evolution of the BBPOD wave modes seems to be related to the EPOD/POD behaviour — see Fig. ??: mode
1 are approximately in phase and mode 2 approximately in phase opposition. Indeed, the standing waves of EPOD modes
correspond to the sing e . T . . .

between the je

he-superposition of the twe
upward-upward and downward deflections extracted by the BBPOD method. In-detail-inthe BBPOD-the-two-deflections

are-decorrelated-beeause-More precisely, BBPOD extracts these two deviations separately, since they are decorrelated and

associated with opposite

7rsign wave
numbers, whereas the EPOD method extracts the superposition of these deviations in a single mode by correlation with the jet.
It can be noticed in figure ??b, that there is a slight phase shift from an exact phase opposition, which corresponds to the slow.
W@&Wm&m&ﬂ@&mw%mu%mhe time-evohition-of the
MMW%WWWC m '

stepresents between 40 —50% of the incoherent
energy for W1-W4and-one-third-, and 30% for W5 (Se&Flg l"—}ﬂﬂd—rﬁhﬂeﬁ&%ef—a%ﬂadie—m{efaeﬂeﬁbefweeﬂ%heeehefeﬂ{

in-field scattered by mesoscale turbulence, and in particular to
uantify the energetic contribution of the dominant modes of variability of the wave field in connection with the nextseetion-
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variability of the mesoscale flow. The EPOD shows that the meanders of the mesoscale jet generate an incoherent wave in the
form of a standing wave, made up of deviations in directions determined by the primary interactions.

4.3 Estimation

The-estimation—technique{(22)-is—performed-for-thereference-simulation-The second part of this study is dedicated to the

roblem of estimation, implementing the algorithm ?? introduced in the previous section. Most of the results are shown for
the W1 - . . . .. . . . .

The time series are divided into a learning window and a test window which duration (for the W1 run) is &~ 1300 wave periods
— 16 months — and &~ 200 wave periods (50 snapshots separated by 4 wave periods), respectively. For the sake of simplicity, the
estimate of the wave is based on the estimate of its complex amplitude, as the total wave can be reconstructed without loosin

accuracy (using Eg. 22).
4.3.1 Estimation for-from a full SSH observation

Figure ?? shows estimates-an estimate of the SSH

component of the wave and mesoscale fields, calculated from a complete SSH observation using 30 -POD/EPOD modes. It

Eastly—in-Fig-2?-is-quantified-The accuracy of the
estimate (with respect to the number of modes considered) is quantified via the L? norm errorfor-thestate-veetor{ At}
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(a) Estlmatlon errors for the Jet (b) Estimation errors for the wave
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Figure 7. Time-averaged L> norm errors (blue) as a function of mode numbers included, together with the projection error of the

corresponding POD decompositions, for the turbulent jet (a) and the wave field (b). For the wave, the EPOD decomposition Eq.(??) is
also plotted (orange). The results correspond to the W1 run.

640 The estimation error is compared with the averaged projection error performed when the ﬁeleh—afe—pfejeeted—eﬂ—&)emespeefwe

the-residual-variance; henee-it provides-a-ower jet is projected on its POD basis and the wave on its BBPOD basis. Indeed,

the projection error measures the ability of the basis learned from the training window to span the observations from the test

645 window: it indicates the maximum energy that can be captured by /N modes (this is an inherent property of the POD) and

thereby provides a minimal bound for the er: i i i sure-tndi corithm-estim

"""" s-of the ' while-onty-#-is-observedestimation error. Also shown is the EPOD projection

error, which corresponds to the error between the true complex amplitude field and a decomposition over IV extended modes,
wherein the coefficients are calculated by projection of the jet on its POD basis.

650  We see in Fig. ?? that the estimation error decreases over the first 30 modes for each of the fields. Using 30 modes,

80% of the mesoscale energy is captured. For the wave part;-moere-than—70%—(Fig. ??a), the estimate captures around 73%
of the total energy and 63% of the incoherent energy i

associated with the norm defined in equation (??)). The total coherent energy of the test window corresponds to the ener:
655 captured by the projection of the wavefield onto the first BBPOD mode, which is 54%. The total incoherent energy corresponds
to the residual, and the incoherent estimate corresponds to the estimate of the errers-atthethird-medewhich-correspondsto-the

dominanee-of-the-meanders-sub-optimal EPOD modes. The error reduction decreases as the number of modes increases, wich is very fast
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Furthermore, we observe that the two error estimates (for the mesoscale and the wave) have a similar shape, with a clear break
in slope from the 3rd mode — mode 2 and 3 corresponding to the meandering of the jet and the associated wave-respense—as
diseussed-in-response in the form of a standing wave for the wave (c.f. Sect. ‘”JFheeﬁefgyLdﬁfﬁb&ﬁefref—lﬁﬁgheﬁmedeﬁ%

paft—éseeﬂesﬁmafe—&t—mede—l—m which reflects that the dynamics of both motions is coupled.

For the mesoscale (Fig. 225

the-wave-thatis-eorrelated-to-a), since the POD basis is optimal and the SSH field is mainly dominated by the jet—Indeed;this

stems from turbulent jet, the estimation and projection errors collapse. This suggests that the jet coefficients ~ including for the
velocity component, which are included in the error norm — are perfectly estimated. This shows that the SSH is sufficient to
estimate the jet flow, which is consistent with the fact that the jet coefficients-are-optimally-recovered-as-stated-before-(see-is
almost in geostrophic balance. For the wave estimate (Fig. ”b)%ﬂaﬁﬁhegap%weeﬁﬂ%&e%ﬁmaww%chffem

between the estimation error and the BBPOD projection errors

. Already for the first
mode (corresponding to the coherent part), there is approximatel 8% of the total ﬁgﬁal—*chﬁea&bef*plameekﬁfsﬂyby%he
faet-that-enly-energy that is missing in the estimate. There are several possible explanations for this: firstly, the wave estimate

only contains the part that is correlated with the jet and not the part that is decorrelated. Also missing is the pﬁ%eﬁmewave

WWMWWX%WWMM
the wave and the jet. Despite the limitations that have been mentioned, we see that for a total observation of SSH, one can have
confidence in a large number of modes to estimate the wave and jet fields.

The wave estimation error presented above is calculated for every simulations W1-WS5 in table ??. The numbers shown
mmmwmnmm e tmutat

number of modes for the a{gﬁfﬁhmeafke%&maf& rst 30 modes (corresponding to the maximum energy captured). With the

exception of the W2 simulation, which represents a wave of higher frequency compared to the other runs, the method captures
more than 73% of the total wave fieldenergy for each of the simulations, and between 44%—63%-44 and 63% of the incoherent

renergy. Moreover, the wave estimate does not diverge
as the number of modes increases for these simulations. However, the method seems less effective at capturing a higher
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Wi w2 W3 W4 W5

Total wave field 3%, 64%._ 82%. 88%. 5%
Incoherent part 63%. 21%. 44%. 63%. 50%.
Jet 9% 3%, 83%. 88%. 82%

ith-Best mean wave energy captured over

ton figgtv’a’v(\)/glvc)vd\gg fe%lw%the wavefield{a)-and-the-turbulentjet (b},
for each W1-5 simulation. For the-waveW 1, the EPOD-decompesitionEqris-this value can also plotted-ferange)be seen in Fig f 22, which
is performed-for-the-WH-runreached considering the 30 first modes.

simulations. We can also confirm that, by construction of the method, the better the estimate of the jet, the better the estimate
of the total wave.

4.3.2 Impact of a partial observation

Fe%%he—la%lg}bgﬁggl/\part of the study, we intend-to-evaluate the sensitivity of the estimation-algorithm-to-a-degradation
s-method to the spatial coverage of observations. Figure 22
WWMWEW&WWM 4 vertical-bands-of SSH-with-a-typical-width-of-oneRossby
SSH vertical bands which are approximatively homogeneously spaced in

the domain -

is-a-challengingtask—and one Rossby radius wide.

Figure. ?? shows a

from the same snapshot as in the full observation case, of the complex amplitude of the wave and the jet. Since fewer modes

have been taken into account for the estimation, the wave field is smoother, but the error is still qualitatively quite small.
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Figure 8. Sparse SSH snapshot observation from the W1 run, covering 20% of the full domain.

For the jet, with-some-overestimated-amplitudesthe error is more pronounced with higher amplitudes than in the case of total
observation. The choice of 12 modes corresponds approximately to the minimum error, as shown below.
Ia-We calculate Fig. ?? is-shown-the-time-averaged-the jet and wave estimation errors in L? nerms-errors-fordifferent spatial

norm averaged temporall

over the whole test window. We evaluate the sensitivity of the error by varying the observation coverage from 4 bands (covering.
20% of the domain) to 2 bands (10% of the domain). With 4 vertical bands, the algorithm is robust-to-capture-the first-three
modes-of the-two-dynamiesfor-a-207%-eoverage-still able to estimate the first 3 modes with little difference compared with
total observation. These modes correspond to larger jet structures, and therefore seem to be less affected by the degradation
of the spatial sampling. From 3 modes, the estimate reaches a plateau for the wave and decreases slightly for the jet. At best,
around 60% of the jet’s energy is captured and around 65% for the wave. For 3 vertical bands, the error deteriorates slightly
but the curves remain similar to the previous case. Finally, the case of 2 bands is more pathological and shows that when
the observation space is too small, and the number of parameters to be minimised is too large (here > L1 modes), the error
increases. In addition, as in the case of total observations, we note that the coupling of the projection coefficients between the

A-preper-wave means that the error curves for the jet and the wave necessarily follow a similar trajectory, suggesting that a

good estimate of the balan
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Figure 9. Estimate of the SSH contribution of the wave (a) and of the jet (b) for 12 modes from one sparse snapshot.
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Figure 10. Averaged L? norm errors for the wavejet (a) and the jet-wave (b) for sparse observations.

wave. The increase of the error could be mitigated by adding regularising terms to the algorithm, e.g. penalizing the amplitude
of high modes.

4.4  Discussion

The EPOD-based estimation method presented above relies on the correlation between the mesoscale fluctuations and the
scattered wave field to estimate the latter in a regime where the SSH is dominated by the mesoscale, which is probably the main
advantage of the method. To emphasise this, an attempt is made to estimate and eould-ead-more-likely-to-aloss-of robustness
than-a-gain-in-aceuracy-separate the mesoscale and wave dynamics from single SSH snapshots using a simpler approach,

which is detailed in Appendix ??. This involves considering BBPOD modes (with a specific set of projection coefficients to

be determined by optimisation) instead of EPOD modes to express the wave. This approach fails completely in reconstructing
the wave field (Fig. ??). Although making these two bases independent could provide a better projection space (which here is
optimal in terms of energy content), the estimation fails because i) it subjects the minimisation problem subject to overfitting,
it) it discards the statistical links between the two bases supported by their dynamical relation equation (??) and iii) the wave
is poorly observed due to a large relative amplitude difference between the SSH contribution of the jet and the wave. Thus, this
comparison highlights the benefit of explicitly accounting for the coupling between the mesoscale and the wave via extended

modes.
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~Let us know discuss the limitations of the proposed approach. First, the EPOD decomposition of the wave only provides
an estimate of the part of the wave that correlates with a truncated POD decomposition of the jet. As discussed above, this
contribution is a priori important for an incoherent wave resulting from interaction with a turbulent flow, and if the number
of modes included in the decomposition is sufficiently large. Secondly, the decomposition bases should be able to span future
observations that have not been learned from the data set. Some of the errors may therefore be due to errors in projecting the
wave and jet observations onto their respective bases.

Finally, it can be expected that this approach would become inefficient in configurations where the signature of the IT
becomes dominant, and in particular in regimes with very weak mesoscale flows, as the correlation between the mesoscale
fluctuations and the wave field would be less pronounced. In this case, recourse to a BBPOD-based algorithm seems more
appropriate, provided some improvements are achieved, such as the use of regularisation techniques in the minimisation
algorithm to avoid overfitting. For example, ? showed that a SPOD basis can be used to estimate part of the incoherent signal
off the Amazon, using multiple snapshots. Their algorithm estimates the sea surface height (SSH) contribution of the internal
tide by finding the IT projection coefficients that minimise the error with multiple observations.

Constructing an algorithm that takes advantage of each method depending on the dynamical regime is a straightforward
development that is left for future work. In any case, more sophisticated minimisation algorithms that better constrain the
temporal coefficients need to be implemented in order to maintain accuracy as observations degrade. This may include a
regularisation term, e.g. that penalises higher modes amplitudes, depending on the choice of an appropriate norm and an initial
guess on the solution. In a sense, the methods proposed by ? or ? are examples of constraints put on the temporal coefficient,
by using a harmonic function to link observations at different times.

5 Conclusions and perspectives

In this study, a-we have proposed new data-driven method-is-presented-for-the-study-of-a-statistical decompositions of a
(internal) wave scattered by a-turbulent-flowfrom-numerical-simulations—The-approach-wepropose-is-to-study-the-variabih

turbulence. These decompositions are derived from the POD and describe the slow evolution of the complex amplitude of the
wave, driven by non-linear interactions with the mesoscale flow. We first introduced the Broadband POD, which adapts the
POD for a scattered wavefield with a broadband spectrum. Then, we proposed a decomposition of the wave field that extracts
its fraction correlated with the jet, using the Extended POD (EPOD) method — which is probably the most important aspect of
this study. We have highlighted a dynamic link that exists between the extended wave modes and the mesoscale POD modes,
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which holds under certain wave scattering regimes (dominant and localised primary interactions), and allows for a physical
interpretation of the extended modes.
We have demonstrated, using idealised rotating shallow water

the ability of both decompositions to analyse the scattering of a low-amplitude wave by a zonal jet-thenumerical results-confirm
jets. For different wave and mesoscale fields, the

between the dominant mesoscale POD modes and the coherent part of the wave. A significant part of the incoherent wave

is a standing wave resulting-from-the-deflection-of-the-coherent-wave-generated by the meanders ;-aceerding-to-thissingle
interactions—of the jet, determined by these primary interactions.

to—produce—a—simultancous—estimation—of-thejet-and-the—wave-In the second part of this study, we addressed the issue of
disentanglement of wave and mesoscale flow from a smgle en%&ng%e&ebsew&ﬁewef—SSH—the—EPQBﬂﬂefhedﬂ&hefe

snapshot. Our method relies on a simple minimization algorithm wherein the SSH observation is expressed as the sum of
a mesoscale contribution, decomposed on a POD basis, and wave contribution correlated with the jet, decomposed on the
Extended POD modes. This coupled POD/EPOD estimation algorithm makes it possible to estimate a wave field of very weak
amplitude (notably compared with the mesoscale contribution) from isolated snapshots of SSH, including the velocity field,
and allows to estimate the incoherent wave field (we captured between 44% and 63% of the incoherent wave energy in the
idealised RSW simulations), which can potentially give us access to derived quantities such as incoherent wave energy fluxes.

Although this study was primarily motivated by the issue of estimating internal tides, the EPOD method has a fairly
general formalism and could be applied to different types of scattering, as long as the scattered wave essentially arises from a
interactions between well-identified incoming wave on the one hand, and time-varying flow on the other hand. This includes, for
example, scattering of near-inertial waves in the ocean, the loss of coherence of barotropic tide in coastal areas, or the scattering
of acoustic waves by turbulence. Also, this method could be applied to waves of large amplitude, since they remain correlated
with the turbulent flow, which is missing i the-algorithm-a straightforward extension of this study. Finally, three-dimensional
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scattering can be studied (?), for example by considering global three-dimensional EPOD modes, or by combining with other
decompositions such as the vertical mode decomposition for IT.

metivations—for—adapting—it-Another important perspective of this study is to adapt these methods to more realistic cases.

& S >

i A few limitations need to be addressed in order to achieve

this. First, the use of instantaneous correlation between the jet and the wave is mainly valid for estimating the wave locally.
It is also necessary to improve the convergence of statistical estimates so that the decompositions that are proposed can cover
a high-dimensional space. This would improve the estimation of observations that have been insufficiently learned from a
reduced:size time series and that are not represented in POD/EPOD modes. It also makes it possible to extend the estimation of

waves and currents to the scale of an ocean. Localisation techniques, which broadly consist of defining localised sub-domains

to enable considering localised interactions and artificially increasing the number of samples, could address these issues (??).

2

Another methodological challenge to address more realistic configurations is that the internal tide field contains several nearb
frequencies. How to separate each coherent peak in the data and adequately describe their correlation with the turbulent flow
remains to be understood. Therefore, we think that further work on idealized cases are required before applying this method to

Code and data availability. The subsampled time series of lowpassed filter and complex demodulated output of the RSW simulation W1 are

provided at https://gitlab.inria.fr/imaingon/internal-tide- simulation.git, including codes to produce data and diagnostics.

Appendix A: Equivalence between Broadband POD and SPOD

This appendix presents the algorithmic specifities of the common SPOD algorithm using the Welch method (?) to estimate the
CSD, and its relation to the BBPOD algorithm, that is used in this study. For some well chosen parameters, we show that the
two algorithms are equivalent.

The following proof is performed with discrete variables, considering a signal x; with time spacing At and ¢, = kAt.
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Proof. The complex demodulation writes:

m
< zpe” ! > = Z bkxj_kefi“’tj*’“
k=—m
Jj+m
— Z b _pxge” Wt (A1)

k=j—m
where (b;) _m<i<m are the discrete coefficients of the filter < - >.
Besides, the principle of the Welch method is to subdivise z; into possibly overlapping blocks of size N-/N_with an over-
lap N,. A Fast Fourier Transform is then performed on each windowed block to extract the Fourier component at the tidal
frequency, denoted X L where [ is the block index. So,

N/2

XL= ) wepuv—ng Wee ™", (A2)
k=—N/2

where W}, is a window function defined on [—-N/2, N/2].
By changing variable &’ = k + (N — N,), it follows

I(N—=No)+N/2
Xi} — ezth(N_No) Z xk’Wk’—l(N—No)e_ZWtk/ . (A3)
k'=l(N—N,)—N/2

Assuming that the window function is symmetric in the middle of each block (which is verified for most windows used in the
literature), +-e-i.e. Wi, = W_y, Ee:Eq. (2?) gives

' I(N—N,)+N/2 ,
Xf) = Wt (N=N,) Z Wl(N*NO)fk’xk’e_zwtk/ ) (A4)
k'=l(N—N,)—N/2

Finally, by choosing the window function as the filter coefficients, i.e. Wi = by, and m = %,

relation Eq. (??) yields:
de = Wh(N-No) < g, >UN=N,) - (A5)

Consequently, up to a phase, the FFT of a block [ of size N with overlap NV, at w corresponds to the complex demodulation of

the signal at time {(N — N,). The phase shift cancels when computing the correlation over N}, blocks:

Nb Nb

ZXLXL = Z < xte_“*’t >l(N7NO)< l‘te_ZWt >l*(N7NU) . (A6)
=0 =0

Therefore the Welch method computed with parameters (N, N,,, N, W) is equivalent as to compute the complex demodulation
of the time series over IV, snapshots sampled every N — Ny and a filter chosen as the common window function W (Hann,

Hanning—,...). O

This simple proof highlights the fact that the window function in the Welch method is playing the role of the filter in the
BBPOD method. An— -
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fields-as-eompared-to-the BBPOD-method-Although the two methods are equivalent, they differ in their use and interpretation,
and also in the choice of parameters. BBPOD is designed to extract a broadband signal, the width of which is chosen via
a filter using physical time scales. SPOD looks for an orthonormal basis for the Fourier coefficients at a given frequency,
and the parameters of Welch’s algorithm are chosen to minimise spectral leakage for a given amount of data. Techniques for
reconstructing a broadband spectrum using several SPODs at each frequency of the spectrum are possible by reordering their
energy contribution (Nekkanti and Schmidt 2021). On the other hand, the orthogonality property of the modes is lost, since the
SPOD modes are no longer orthogonal at different frequencies.

Appendix B: Wave estimation using BBPOD instead of EPOD

A test has been performed in order to show the importance of informing the correlation between the jet contribution and

“naive” algorithm is implemented, wherein the wave on its optimal basis BBPOD (instead of EPOD) and the jet on its POD

basis. Instead of considering the same coefficient a,, (%) for the jet POD mode and the wave EPOD mode, two independent sets of coeffici

which is given by:

30
i | > antu(@je)n + Rlbn (Y ), e — bl
" =0

Appendix C: Effect of Rossby number on the modal decompositions
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Figure B1. Estimation of the SSH contribution of the wave for the W1 run, computed from one snapshot, using 30 modes of the optimal

basis of the jet and the wave vectors (POD for the jet, BBPOD for the wave). tentsby

This simulation is characterised by a higher Rossby number. The consequence is a change on the jet dynamics, and then in the
scattered wave fields. This effect is visible in the esti ideri i i : i
~tesults of the modal decompositions. The jet
POD and wave EPOD modes show similar structures to W1-W4, but the wavelengths of modes 1 and 2 are twice as long.
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