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Abstract. The study of mixing in the stratosphere is important for understanding the transport of chemical species and the

dynamics of the atmosphere. How best to quantify this mixing is not settled, however. In recent years, Lagrangian Coher-

ent Structures (LCSs) have emerged as a valuable tool for examining mixing in fluid flows, and in this work we present a

stratospheric mixing metric based on the LCS framework. We identify LCSs associated with the transport of air masses and

quantify the amount of mixing between different regions of the atmosphere in the Whole Atmosphere Community Climate5

Model (WACCM). Our results show that LCSs provide a powerful approach to analyze mixing in the stratosphere and can be

used to identify regions of high and low mixing as well as to study the dynamics of the atmosphere. The results are compared

with those obtained two other tools to quantify mixing: the commonly used effective diffusivity and the recently introduced

isentropic eddy diffusivity. We find qualitative agreement between these metrics for much of the stratosphere, although there

are regions where they clearly disagree. A significant advantage of the LCS mixing metric is that it reflects Lagrangian trans-10

port in physical latitude rather than the equivalent latitude coordinate needed to calculate effective diffusivity, and we discuss

other advantages and disadvantages of these methods.

1 Introduction

The stratospheric circulation shapes the distribution of trace gases in the stratosphere, including ozone, water vapor, and

ozone depleting substances (Butchart, 2014). This circulation can conceptually be separated into two components: the slow15

meridional overturning circulation and the fast quasi-horizontal mixing. These are not independent—the breaking of planetary-

scale waves drives both—but the timescales are sufficiently different that the separation is physically meaningful. Metrics that

quantify the stratospheric circulation typically employ this separation by timescale. The meridional overturning circulation

is often characterized with the vertical velocity in the transformed Eulerian mean (TEM) circulation (Andrews and McIntyre,

1976) or less frequently with the diabatic circulation (Pyle and Rogers, 1980; Rosenfield et al., 1987; Linz et al., 2017), which is20

very similar to the TEM vertical velocity calculated from radiative heating rates (Linz et al., 2019). Methods for calculating the

quasi-horizontal mixing have less consensus, with mixing being characterized by a Lagrangian effective diffusivity (Nakamura,

1



1996; Haynes and Shuckburgh, 2000; Abalos et al., 2016a) or with a box model (Neu and Plumb, 1999; Ray et al., 2010, 2016),

using Lyapunov diffusivity (Shuckburgh et al., 2009; d'Ovidio et al., 2009), Lagrangian diffusivity (Curbelo and Mechoso,

2024; LaCasce, 2008), vertical gradients of the ideal age tracer (Linz et al., 2021; Gupta et al., 2023) or even as a residual in25

the age tracer budget (Garny et al., 2014; Ploeger et al., 2015a, b).

The balance between the slow overturning and the fast quasi-horizontal mixing determines the distributions of trace gases.

For example, lower-stratospheric mid-latitude ozone is affected by mixing of ozone poor air from the tropics and downward

transport of ozone rich air from above (e.g., Hegglin and Shepherd (2007); Neu et al. (2014)). This lowermost stratospheric

region is important for air quality and for climate; it is the reservoir of stratospheric air from which air is transported into the30

troposphere via stratospheric intrusions (Shapiro, 1980; Holton et al., 1995), and ozone is a particularly strong greenhouse

gas in this region. Analysis of tracers in models shows that they have relatively similar representations of the strength of the

overturning circulation but very different mixing strength (Dietmüller et al., 2018). Likewise, although future ozone changes

due to advection are somewhat consistent in models, the ozone changes due to differences in eddy mixing changes are much

more uncertain both because of the processes and because of the methods to calculate mixing terms (Abalos et al., 2020).35

Chaotic advection describes a situation in which a spatially smooth and periodic or quasiperiodic time-dependent velocity

�eld produces irregular particle trajectories Aref (1984); Ottino (1989). This de�nition can be generalized in a natural way to

temporally aperiodic kinematic �ows such as stratospheric �ows Malhotra and Wiggins (1998): chaotic mixing and transport

are mediated by the lobes formed by the stable and unstable manifolds Wiggins (1992) and explained using hyperbolicity

concepts associated with attracting and repelling lines, as well as hyperbolic zones with strongly chaotic behavior. Therefore,40

a necessary condition for chaotic advection in dynamical �ows is that there exists an “organizing structure” (that includes

stagnation points) for mixing and transport Ngan and Shepherd (1999). This framework for studying �uid transport and mixing

is often referred to as the `dynamical systems approach to Lagrangian transport' since the focus is on understanding the

“organizing structures” in phase space for �uid particle trajectories (Ottino and Wiggins (2004); Samelson and Wiggins (2006);

García-Garrido et al. (2018))45

There is strong evidence for the existence of such spatial structure in the stratosphere. Waugh and Plumb (1994) and Norton

(1994) showed that small-scale tracer structure in the stratosphere is determined mostly by the large-scale �ow. This behav-

ior is consistent with the so-called Rossby wave critical-layer paradigm (e.g., Juckes and McIntyre (1987), which states that

the forced Rossby wave critical layer provides a useful conceptual model for the stratospheric surf zone (Haynes and McIn-

tyre (1987); Salby and Garcia (1987); Bowman (1996)). Several authors (e.g., Bowman (1993); Waugh and Plumb (1994);50

Schoeberl and Newman (1995)) have shown that particle trajectories in the surf zone are chaotic.

According to Ottino (1989), �uid mixing can be conceptualized as the effective stretching and folding of material lines and

surfaces. Even turbulent �ows feature Lagrangian structures that can be understood from the perspective of �nite-time dynam-

ical systems theory Shadden et al. (2005). This has led to the development of the theory of Lagrangian Coherent Structures

(LCS) Haller (2015). A LCS is a distinguished surface within a dynamical system, like �uid �ow, that signi�cantly in�uences55

the behavior of nearby trajectories over a speci�c time interval. LCS play a crucial role in shaping global transport and act

as transport barriers by serving as key material surfaces. These �nite-time structures are the most relevant structures in time-
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dependent �ows, as they determine the deformation of the �uid and the evolution of any advective tracer �eld. The concept of

LCSs was introduced by Haller and Yuan (2000). Attracting hyperbolic LCSs are lines that evolve with the �ow and attract

�uid to the greatest extent. In the vicinity of these attracting LCSs, the �uid is stretched in one direction and compressed in60

the other direction, making them the cores of �lamentous tracer patterns. The application of LCSs to the stratosphere has the

potential to provide new insights into the mechanisms controlling the transport and mixing of chemical species.

This paper introduces the density of Lagrangian Coherent Structures as a new metric for stratospheric mixing and compares

it to two different stratospheric mixing metrics: the more commonly used effective diffusivity (Nakamura, 1996) and the newer

tracer-based isentropic eddy diffusivity (Gupta et al., 2023). Although effective diffusivity is commonly used, its calculation65

is computationally expensive and results are in the somewhat ambiguous equivalent latitude coordinate. As we will show in

section 3.3.1, latitude and equivalent latitude are not (name withstanding) truly equivalent. The density of LCS does not solve

the problem of computational expense, but it is a Lagrangian metric that nevertheless provides results in physical latitude.

We also compare to the isentropic eddy diffusivity, a metric based on the eddy transport of the idealized tracer age of air

and the mean meridional gradient in age of air (Gupta et al., 2023). Age of air describes how long an air parcel has been in the70

stratosphere since entering at the tropopause, and so age re�ects the average of the Lagrangian pathways of the bits of air that

make up a larger air parcel. At each location, there is more accurately an age spectrum that describes the distribution of times

different parts of the air parcel have taken to reach the current point (Hall and Plumb, 1994). Mean ages in the stratosphere

reach over 5 years, and so the computational burden of using age is due to model equilibration time. Age of air, more than any

other tracer, re�ects Lagrangian transport. The isentropic eddy diffusivity is calculated from age transport, and is implicitly a75

Lagrangian metric. We introduce the density of LCS as a mixing metric not with the suggestion that it is superior to these other

methods but with the idea that it provides a different and hopefully useful perspective on stratospheric mixing.

The paper is organized as follows: In Section 2, we describe the data and methods used in our analysis. In Section 3, we

apply the proposed metric (section 2.2) to characterize mixing and present our results, while also comparing its use to the other

metrics de�ned in Section 2.3 and 2.4. We present our conclusions and discuss both limitations and potential avenues for future80

research in Section 4.

2 Methods

2.1 Model simulation

The study utilized a comprehensive climate model, the Community Earth System Model 1 Whole Atmosphere Community

Climate Model (WACCM), which is identical to the one used in Linz et al. (2021) and Gupta et al. (2023). This interactive85

chemistry-climate model (Garcia et al., 2017; Marsh et al., 2013) was developed at the National Center for Atmospheric Re-

search (NCAR) and incorporates physical parameterizations to simulate complex earth system processes, such as atmospheric

chemistry and radiation. It is based on a �nite-volume dynamical core (Lin, 2004) from the Community Atmosphere Model,

version 4 and covers a domain from the surface to 140 km, with 31 pressure levels (Neale et al., 2013). The model has a hori-

zontal resolution of 2.5� longitude� 1.875� latitude, corresponding to the F19 horizontal grid. The WACCM simulations were90
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based on the Chemistry Climate Model Initiative REF-C1 scenario (Morgenstern et al., 2017) and forced with observed sea

surface temperatures. The Quasi-Biennial Oscillation was nudged to observed winds, but otherwise, the model evolved freely.

The model was integrated from 1979, and additional information on WACCM is provided in Section 3 of Linz et al. (2021).

The selection of WACCM instead of reanalysis products is due to comparison purposes: the calculation of isentropic

eddy diffusivity requires a high-temporal resolution, spatially resolved Age of Air (AoA) �eld, which this particular WACCM95

run provides. Such a product is quite rare, with monthly mean zonal mean being the norm, and reanalysis products usually

do not offer this. In addition, WACCM ensures internally consistent physics.

2.2 Lagrangian Descriptor

The approach is based on the Lagrangian descriptor called theM function (Mancho et al., 2013). By analyzing trajectories in

both the forward and backward directions, this technique can categorize trajectories with analogous qualitative characteristics.100

The expression for theM function is as follows:

M (x0; t0; � ) =

t 0 + �Z

t 0 � �

kv(x(t;x0 ); t)kdt; (1)

and corresponds to the arc length of the trajectory traced by a �uid parcel starting atx0 = x(t0) as it evolves forwards and

backwards in time with velocityv (x; t) for a time interval(t0 � �; t 0 + � ). This tool already has been widely used to visualise

LCS in atmospheric �ows (de la Cámara et al., 2012; Manney and Lawrence, 2016; Curbelo et al., 2017, 2019a, b, 2021; Niang105

et al., 2020).

LCSs are often used to study mixing in �uid �ows because they can be used to identify regions of the �ow where there is a

high degree of mixing and regions where there is little mixing. In particular, regions where LCSs are closely packed together

or highly curved are associated with strong mixing, while regions where LCSs are far apart or relatively straight are associated

with weak mixing.110

Although using a � parameter that varies with the constant potential temperature level would provide a more accurate

representation, as radiative timescales indeed differ between the upper and lower stratosphere, we chose to use a con-

stant � throughout the stratosphere for this study, as it serves as an initial proof of concept for our method. We consider

this a reasonable approximation for the purposes of our analysis. For this study, we set � = 15 days and focused on levels

above 400 K, where the effect of varying timescales is less pronounced. The calculation of M depends on the choice115

of � , and for stratospheric studies, several articles indicate that � = 15 yields reliable results (de la Cámara et al., 2012;

Curbelo et al., 2017, 2019a, 2021; Manney and Lawrence, 2016). Since our focus is on climatological studies of the zonal

mean, the sensitivity to this parameter is negligible.

To measure mixing based on the notion that higher spatial occurrence of LCS leads to greater mixing, we have developed

a diagnostic tool that relies on the probability density function (PDF) of LCS presence across each time for a given latitude,120

longitude and isentropic level.

4



Figure 1. Snapshot ofkr M k for different days of the year 2008 at 600K. In the maps, black lines correspond to large values ofkr M k, that

is, approximately the LCSs.

The algorithm works as follows: for each instant (data every 3 hours) and isentropic level of the wind velocity, we calculate

M using equation (1) and then determine the LCS as the ridges of the gradient ofM , kr M k, following Curbelo et al.

(2019a, 2021), i.e., the locations of LCS in maps ofM correspond to abrupt spatial changes in descriptor, which are identi�ed

by large values of normalizedkr M k, i.e., those in the top 30% of their range after normalization by their maximum value.125

We then calculate the PDF in the corresponding time interval,i.e., the entire study period (2007–2009), or the corresponding

seasons or subsets of interest, for each speci�ed latitude, longitude, and altitude. Finally, we compute the zonal average of

this quantity, which is shown in the upper row of Figure 2 for the climatological period 2007-2009 (panel a), for December

- January- February 2007-2009 (DJF, b) and June-July-August 2008-2009 (JJA, c). This map displays the locations where

coherent structures are most prevalent (in yellow), indicating higher levels ofchaotic advection, in contrast to areas where130

their presence is lower (dark blue).We acknowledge that the dynamics of mixing in the atmosphere are far more complex.

As highlighted by d'Ovidio et al. (2009) and Shuckburgh et al. (2009), less intense waves can still contribute to more

ef�cient mixing due to their speci�c interactions with stable and unstable manifolds, where the angle of intersection plays

a critical role. Our metric does not pretend to replace existing models, but instead serves as a complementary tool for

understanding stratospheric mixing under a wider range of conditions. For example, if the output from a coarse-resolution135

model precludes accurate calculations of mixing, not because the model fails to represent mixing well, but because the

method requires higher resolution, then a different method is needed. LCS density is not the only possible solution to this

problem, but due to the properties of its Lagrangian approach, it can be applied across a wide range of resolutions (see

Badza et al. (2023) for more information on LCS and uncertainties in data).
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Figure 1 shows snapshot of kr M k, at 600K for several days of 2008. By considering that a higher quantity of LCS140

correlates with increased mixing, we can infer from Figure 1 that the midlatitudes have greater mixing than the equator

and tropics, with variations also apparent due to seasonal differences.

Note that it is not necessary to take the zonal mean. LCS-density can be used to look at the full three-dimensional structure

of stratospheric mixing (cf. Shuckburgh et al. (2009)). For comparison with other metrics of mixing, however, the zonal mean

is the most appropriate.145

Previous studies have explored the spatial structure of mixing using both dynamical and tracer-based metrics. We compare

our new diagnostic tool based with another Lagrangian tool, effective diffusivity, and the implicitly Lagrangian isentropic eddy

diffusivity from age.

2.3 Effective diffusivity

The effective diffusivity represents the degree of intricacy or elongation of tracer contours as they are transported by the150

non-divergent isentropic wind �eld. This method, which is based on a Lagrangian treatment of mixing and transformation of

equations based on tracer-area coordinates, has been used by Nakamura (1996); Shuckburgh et al. (2001); Abalos et al. (2016a)

among others to quantify mixing in the atmosphere. Following Haynes and Shuckburgh (2000), the effective diffusivity� ef f

in equivalent latitudes� e is de�ned by:

� ef f (� e; t) = �
L 2

eq(� e; t)

(2�R cos� e)2 (2)155

whereL eq is the equivalent length of a tracer contour, the diffusivity� is a constant andR the Earth's radius. The equivalent

latitude� e is de�ned byA = 2 �R 2(1 � sin� e), beingA the area of the region for which the tracer concentration is greater

than or equal to the tracer contourQ. By using equivalent latitude as an independent variable, the advective terms in the tracer

concentration evolution equation are eliminated. This means that the effective diffusivity� ef f only characterizes the tracer's

diffusion with respect to the contours of� e.160

The second row of Figure 2 shows the effective diffusivity in equivalent latitude coordinates� e versus� coordinates. To

compute (2) we use as a tracer the potential vorticity (PV) and we follow the calculations of Haynes and Shuckburgh (2000).

Regions characterized by high values of effective diffusivity (in yellow) demonstrate strong mixing, causing tracer contours to

be extensively stretched.

2.4 Isentropic eddy diffusivity165

An alternative approach to evaluate the meridional distribution of the mixing �ux is through the isentropic eddy diffusivity.

Eddy tracer �uxes have been used in the past to examine mixing (e.g., Plumb and Mahlman, 1987; Abalos et al., 2016b), and

the version of this calculation we think is most relevant for comparison to our LCS metric is the one used in Gupta et al. (2023)

because it is based on age of air. Age of air,� is a measure of how long an air parcel has been in the stratosphere, and age

has a spatially independent source (of 1 year/year) within the stratosphere with a boundary condition of zero at the tropopause170

(Hall and Plumb, 1994; Waugh and Hall, 2002). Age represents the integrated paths of the bits of air that make up a larger
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Figure 2. Density of LCS, de�ned as the zonal mean of the probability density function of LCS presence (�rst row) , Effective diffusity

� ef f (� e; � ) distribution (second row) and Isentropic eddy diffusivityDef f (�; � ) (third row), averaged over each day during the years 2007-

2009. Columns: (a) Climatology 2007 - 2009 (b) DJF 2007-2009 (c) JJA 2007-2009. The dashed black line is the zero diabatic velocity

curve, i.e._� = 0 : This line is a function of� and� . The thin lines correspond to the zonal mean zonal wind.

parcel, and so we expect age to be more closely related to the Lagrangian perspective than other tracers. The isentropic eddy

diffusivity Def f (units m2 s� 1), calculated from age and following the notation of Gupta et al. (2023), is the the ratio of the
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