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Abstract. Ice mélange, which is a mixture of sea ice, bergy bits and icebergs, can have a strong influence on the sea-ice—ocean
interaction. So far, ice mélange is not represented in climate models as numerically efficient realizations are missing. This
motivates the development of an ice-mélange model based on the viscous-plastic sea-ice rheology, which is currently the most
commonly used material law for sea ice in climate models. Starting from the continuum mechanical formulation, we modify
the rheology so that icebergs are represented by thick, highly compact pieces of sea ice. These compact pieces of sea ice
are held together by a modified tensile strength in the material law. In this framework, the ice mélange is considered as one
single fluid, where the icebergs are tracked by a volume in fluid method. Using idealized test cases, we demonstrate that the
proposed changes in the material law are crucial to represent icebergs with the viscous-plastic rheology. Similar to the viscous-
plastic sea-ice model, the ice-mélange model is highly nonlinear. Solving the model at the resolution needed to represent the
typical size of icebergs in ice mélange (< 300 m) is therefore challenging. We show that the ice-mélange formulation can be
approximated efficiently with a modified Newton method. Overall, the simple extension of the viscous-plastic sea-ice model is

a promising path towards the integration of ice mélange in climate models.

1 Introduction

Fjords with marine terminating glaciers are commonly found in the polar regions, for example around Greenland. These
fjord systems can be filled with sea ice into which icebergs calve, so that a mixture of sea ice, bergy bits and icebergs is
formed: ice mélange. In winter, this granular material can build a compact ice cover that provides a backstress on the glacier
front (Amundson et al., 2010). During spring, the ice mélange disintegrates. Observations show that the seasonal pattern
of glaciers and ice mélange overlap, leading to the assumption that increased iceberg calving is related to the ice mélange
decline in spring (Foga et al., 2014). To explain this finding, Howat et al. (2010) suggest that the ice mélange has a significant
buttressing effect on the glacier front. The buttressing effect describes the equilibrium state in which ice mélange builds up
enough resistance to suppress iceberg calving.

The possible influence of this potential buttressing effect of ice mélange on the glacier dynamics likely plays an important
role in today’s warming climate: Marine-terminating glaciers contribute to global sea level rise through melting, but also
through releasing their freshwater storage through calving icebergs. The buttressing effect of the ice mélange might modify the
time evolution of this latter contribution to sea-level rise. In addition, also the influence of ice mélange on the ocean circulation

is an open research question (Martin and Adcroft, 2010; Enderlin and Hamilton, 2014).
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To obtain insights into the potential impact of ice mélange on glacier calving and the underlying ocean circulation, nu-
merical models are necessary. This is the more the case as observing ice mélange is difficult, due to the sparsity of satellite
images (Cassotto et al., 2015). In general, there are two distinct approaches to include ice mélange into models: Either the
mélange is modelled explicitly, or its impact is parameterized. However, parameterizations can only cover some parts of the
interaction between the ice mélange and the climate system, for example the buttressing effect (Schlemm and Levermann,
2021).

To study the interaction between the ocean, glaciers, the atmosphere and the ice mélange in more detail, the mélange needs
to be modelled explicitly. There are two distinct approaches in the scientific literature for doing so: In the continuum approach,
the ice mélange is modelled as a single fluid (e.g. Seneca Lindsey and Dupont, 2012; Varikovd and Holland, 2017; Pollard
et al., 2018). In contrast, in particle methods the ice mélange is expressed using discrete interacting particles, with single
particles representing icebergs or sea-ice floes (e.g. Bassis and Jacobs, 2013; Astrom et al., 2014; Peters et al., 2015; Robel,
2017; Burton et al., 2018). As ice mélange consists of many interacting small icebergs (< 300 m) (Dowdeswell et al., 1992),
implementing the particle approach into climate models would be extremely challenging due to the enormous numerical costs.
This is the more the case as the particle models need a time step in the order of seconds to be numerically stable (Varikova
and Holland, 2017). In addition, it is currently unclear how a particle mélange model could be coupled to the commonly used
continuum sea-ice formulation.

To avoid these difficulties, we here develop an ice-mélange model based on the continuum approach. In this approach, a
mixture of fluids or of materials is seen a single material, whose density distribution in individual grid cells is modelled. This
implies that particles and their complex interactions do not have to be tracked individually. Using such approach, Vankova and
Holland (2017) propose a continuum formulation for ice mélange based on the eaptivating fluid sea-ice rheology introduced
by Flato and Hibler (1992).

Most climate models, however, treat sea ice as a viscous-plastic material using the viscous-plastic (Hibler, 1979) or elastic-
viscous-plastic (Hunke, 2001) sea-ice rheology. These rheologies are used in 30 out of the 33 global climate models of the
Climate Model Intercomparison Project 5 (CMIP5) (Stroeve et al., 2014). Furthermore, observations from Greenlands three
most productive marine terminating glaciers (Jakobshavn Isbra, Helheim and Kangerdlugssuaq Glacier) indicate that for gran-
ular materials such as ice mélange, constitutive relationships like the viscous-plastic flow are valid (Amundson and Burton,
2018). Thus, an inclusion of ice mélange into climate models via a modification of the viscous-plastic material law is a promis-
ing approach.

We-here develop a model of ice mélange based on the viscous-plastic theology, introducing a spatially varying strength
parameterization. In our framework, icebergs are explicitly modeled via a volume in fluid method (Hirt and Nichols, 1982), as
thick, highly concentrated pieces of sea ice. Also Varikova and Holland (2017) represented icebergs as thick, compact bits of
sea ice. However, in addition to our different choice of the underlying rheology, we also go beyond their study by formulating
a modified Newton method to solve the ice-mélange model very efficiently.

The paper is structured as follows: Section 2 presents the ice-mélange model. The model is numerically evaluated in Sec-

tion 3. We discuss our results in Section 4 and summarize our conclusions in Section 5.
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2 Viscous-plastic ice-mélange model

Currently, most climate models represent sea ice as a viscous-plastic material by using either the classical viscous-plastic
rheology (Hibler, 1979) or the elastic-viscous-plastic model modification (Hunke, 2001). In the following, we formulate an
expansion of the viscous-plastic rheology that includes the representation of icebergs. These are modelled as part of the ice
mélange by representing them as thicker and highly concentrated blocks of solid ice. To keep these thick and concentrated
pieces of ice together in the ice-mélange formulation, we modify the tensile strength of the viscous-plastic law.

In the following, we first generally review the formulation of the governing equations and the viscous-plastic rheology,

before modifying its strength parameterization in Section 2.3 to represent icebergs.
2.1 Momentum and conservation equation

The viscous-plastic ice-mélange model consists of three prognostic variables, as in the underlying viscous-plastic sea-ice
model (Hibler, 1979): the ice mélange’s thickness H, its concentration A within a specific grid cell, and horizontal velocity v.

The drift of the ice mélange is described by the two-dimensional momentum equation
moyv =dive + F, (D

where m is the mass per unit area and div o describes the two-dimensional symmetric stress tensor. The internal stresses are

given by the material law described in Section 2.3. The remaining terms collected in F'
F=Fc+Fyg+ Tatm + Tocean('v)a 2

model the body forces acting on the ice mélange: the Coriolis force Fo, the surface height force Fir emerging from a potential
surface tilt, and the atmospheric and oceanic stresses given by 7,4y, and Tocean- These two drag terms (Coon, 1980) are expressed

as

Tatm = Catmpatm ||'Uatm||2 (vatm) 5 (3)

Tocean('”) = CoceanPocean H'U - vocean”g ('U - vocean) ) “4)

where v, describes the wind velocity and vocean the ocean current. The corresponding densities are given by paim =
1.3 kgm ™3 and pocean = 1026 kgm~'. The drag coefficients are Cyym = 1.2 x 1073 and Coeean = 5.5 x 1073, Note that
|||l is the Euclidean norm.

The advection of the ice-mélange thickness H and concentration A are calculated as

O, H + div(Hv) = Sy,
9 A+ div(Av) = Sa

®)

with H € [0,00) and A € [0,1]. Since we here focus on the description of ice-mélange dynamics, the thermodynamics pro-

cesses expressed by the source terms are set to Sy = Sy = 0.
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2.2 Viscous-plastic rheology

In the viscous-plastic model (Hibler, 1979), the states of the stress o are described by an elliptic yield curve of the form

o 51+52+P\* | (61-52
o= (P Y (rom 0

This curve is expressed in the principal components of the stress tensor o

11 +0922 011 — 022 ?
e (2> ot

(7
- 011+ 02 011 — 022 ? 5
Tr= o (2) +ola
The minor axis of the ellipse has a ratio e = 2, whereas the length of the major axis is given by the sea-ice strength
P = P*Hexp(—C(1 - A)), 8)

with strength parameter P* = 27.5 x 103> Nm~2 and C = 20. A visualization of the yield curve is given in Figure 1 (blue
line). As there are no stress states on the yield curve with (61,632) > 0, sea ice has almost no tensile strength (no resistance to

divergence) (Leppédranta, 2011). The stress states are related to the strain rates
. 1
€ij 25{3xjvi+3xi’vj}7 ©)

by the constitutive law (Hibler, 1979)

. . . P
oij =2n€&; +((—n) (6114—622)51‘]‘—551‘]', (10)

where 0;; is the Kronecker symbol. The nonlinear shear ¢ and bulk viscosity 1 are chosen as

n=e <=2Ap(é). (1)
In case of the plastic regime, A(€) is chosen as A p(€), which is defined as

Ap(€) = \/ (€1 +€35) (1+e72) +de2€f, +2€11€m (1 —e7?). (12)
The viscous closure is given as

Apin(€) =2 x 1077, (13)

To guarantee a smooth transition between the viscous and the plastic regime we follow Kreyscher et al. (2000) and choose

A(€) = y/Ap(€)2 + A2

min*

(14)

Such smooth transition is essential for the design of efficient implicit solvers.
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Figure 1. Two-dimensional yield curve in principal stress space without (blue) and with (red) tensile strength. Pure divergence d is in the

origin of the graph, pure convergence is obtained in c. &1 and & are the principal components of the stress tensor o (see Eq. (10)).

2.3 Strength parameterization

The absence of tensile strength in the original model is apparent from the fact that the yield curve of the viscous-plastic
rheology does not contain combinations of (61,63) > 0 (see blue curve in Figure 1). A tensile strength has been introduced
into this model for example by Konig and Holland (2010) to model landfast ice, or in the ice-mélange model based on a
cavitating-fluid rheology (Vaiikovéd and Holland, 2017). Vatikova and Holland (2017) suggest a parameterization of the tensile
and shear strength to represent icebergs in the continuum formulation. Similar to this approach, we introduce a tensile strength
into the standard viscous-plastic sea-ice rtheology to model icebergs. This tensile strength is supposed to lead to a resistance to
divergence in the presence of icebergs.

By including the tensile strength, the elliptic yield curve is shifted into the first quadrant (red curve in Figure 1). The new

P-T _P-T

center of the ellipse is given by ( - =, _T)’ with the maximum tensile strength 7". Both P and T are positive numbers.

Thus, the modified elliptic yield curve is given by
- ~ 2 - ~ 2
- ~ 0'1+0'2+P—T o1 — 09
F = —1= 15
= (BEETY (2 w

with the elliptic ratio e. For T = 0 (no tensile strength), the elliptic yield curve is equivalent to the ellipse of the viscous-plastic

sea-ice rheology (see Eq. (6)).
The relation between the stress tensor and the strain rates for the shifted yield curve is derived by assuming a normal flow
rule

oF
é = (0117022,0127021)7 (16)
80'ij

with v > 0. This leads to the modified rheology

. . ) P-T
05 = 2n€i; 4+ (C—n) (€11 + €22) 055 — T(Sija (17)
with the bulk and shear viscosities

_P4T  ( P+T
T oA 0 1T @ T A

¢ (18)
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Following Konig and Holland (2010), we define the tensile strength 7" relative to the compressive strength
T=P"HD. (19)
According to the volume in fluid method (Hirt and Nichols, 1982) the indicator function @ is given as

0if p <c forseaice,
b= (20)

1if ¢ > ¢ for icebergs.

The threshold ¢ is transported via

Or¢ + div(¢v) = 0. 2n
For ¢ =0 (e.g T = 0), the equation (17) reduces to the standard viscous-plastic model.

2.4 Numerical discretization

The ice-mélange model is implemented in the academic software library Gascoigne (Braack et al., 2021). We use a splitting-
in-time method to solve the coupled system of equations that express the ice mélange. First, we approximate the solution of the
transport equations (5) and (21). With the updated tracers, we then compute the solution of the momentum equation (Eq. 1).

The transport equations are solved with a Flux-Corrected Taylor-Galerkin scheme. More details on the implementation can
be found in Mehlmann (2019). The momentum equation is discretized with the implicit Euler method. This choice is motivated
by the fact that an explicit discretization of the viscous-plastic sea-ice model requires a time step of 1 s on a grid with size
100 km x 100 km (Ip et al., 1991). We expect similar constraints for the ice-mélange model, because its rheology is based on
the viscous-plastic sea-ice model.

For our choice of an implicit temporal discretization, a nonlinear system of differential equations needs to be solved in every
time step. We suggest to use a modified Newton method for this solution. This choice arises from the following findings: For
the time discretized equations we can proof, that the Jacobian of the momentum equation in its weak formulation is positive
definite. Therefore, the properly damped Newton scheme converges towards the analytical solution of the time discretized
equations (Mehlmann and Richter, 2017). Essential for this proof is the use of the smooth closure between the viscous and the
plastic regime, Eq. (14). As in the case of the viscous-plastic model, the Jacobian of the ice-mélange model can be split into
a positive and negative semi-definite part. This motivates the use of a modified Newton solver to approximate the momentum
equation of the ice-mélange model. The properties of the Jacobian can be proven analogous to Mehlmann and Richter (2017)
taking into account that P+ 7' < 0. The idea of the modified Newton solver is to damp the negative-semidefinite parts of
the Jacobian once the convergence of the solver worsens. This technique improves the performance of the modified Newton

method substantially.


Reviewer
Cross-Out

Reviewer
Inserted Text
ve

Reviewer
Highlight
where is this proof?


160

165

170

175

https://doi.org/10.5194/egusphere-2023-982 d
Preprint. Discussion started: 1 June 2023 G
© Author(s) 2023. CC BY 4.0 License. E U Sp here

fjord wall 1.0
- bansdbanesapey 0.7
L L T 0.5
. (" -—— | o
ke v = | S
\ “ —-03
1 - 05
+— =
— = 0.7
5km —= = ==
fjord wall 10
(a) standard VP rheology (b) VP with tensile strength

Figure 2. Visualization of the normalised internal pressure p (contour lines) and the ice-mélange velocity (black arrows) for a test case in
which an iceberg (thick black contour line) is pushed against the glacier terminus (left boundary) by a constant wind (vam = 20 ms™'). The
panels denote the results for (a) the standard viscous-plastic rheology and (b) for the viscous-plastic rheology with tensile strengths. Both

snapshots show the simulation result after 1 h.

3 Numerical validation

The proposed model is tested in three idealized test cases. The first three test cases are designed such that the behavior of the
ice mélange is tested under tensile (Section 3.1), compressive (Section 3.2) and shear (Section 3.3) strength. This is necessary
because ice mélange is exposed to extreme forcing, especially during calving events. While the glacier pushes the ice mélange
out of the fjord, tensile and compressive strengths play a major role in the center of the fjord. Along the coast, the ice mélange
is blocked so that shear stress dominates (Burton et al., 2018). For the stake of simplicity the ocean forcing is neglected

(Vocean = 0 ms™1) for all test cases.
3.1 Iceberg pushed against a wall

The first test case is similar to the one used by Varikovd and Holland (2017). The domain is given by an area of the size
5 km x 5 km, see left plot in Figure 2. All boundaries except the exit to the ocean (right boundary) use Dirichlet boundary
conditions (v = 0). The upper and lower boundaries represent the coast lines, while the boundary on the left represents the
glacier terminus. We place a 1 km x 2 km large iceberg in front of the glacier wall. A grid cells size of 110 m is used. The
iceberg is a 10 m thick compact block of ice with a concentration of 1. The left half (< 2.5 km) of the domain is filled with
0.1 m thick sea ice with a concentration of 0.1. The iceberg is pushed against the glacier terminus through a constant wind
Vaem = 20 ms™ 1.

The simulation is run for 1 h. When comparing the standard viscous-plastic rheology and the modified material law (Fig-
ure 2), we find that for the standard viscous-plastic rheology, the iceberg and the sea ice move towards the glacier and accumu-

late in front of the glacier terminus. This is visible by the thick black line shown in Figure 2(a), which visualizes the iceberg’s

contour. With the proposed modification, the iceberg is able to keep its rectangular shape throughout the simulation (see Fig-
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(a) standard VP rheology (b) VP with tensile strength

Figure 3. The iceberg (thick black contour line) is placed under a divergent wind field. The normalised internal pressure p is visualized by
the contour lines and the ice-mélange velocity by the black arrows. The panels denote the results for (a) the standard viscous-plastic rheology
and (b) for the viscous-plastic rtheology with tensile strengths. Both snapshots show the simulation after 3 h. The thick black line shows the

iceberg contour.

ure 2(b)). This test case shows that in our modified VP rheology, the iceberg can withstand the compression, initiated by the

wind forcing.
3.2 Iceberg under a divergent wind field
We consider a 5 km x 5 km large channel with a divergent wind field

15 ms~! x> 2.5 km,
Vatm = (22)
—15ms™t 2 <2.5km.
The 10 m thick iceberg with a concentration of 1 is placed in the middle of the domain. The whole domain is filled with sea
ice whose concentration is 0.1 and whose thickness is 0.1 m. Using the standard viscous-plastic rheology, the iceberg is torn
apart after 3 h (see Figure 3(a)). With additional tensile strength the iceberg keeps its form (see Figure 3(b)). The surrounding
sea ice is still transported in wind direction. This test case shows in particular that the iceberg maintains its shape even under

diverging wind conditions at the location of the iceberg.
3.3 Two travelling icebergs

After testing whether the modification leads to shape preservation, it is crucial to test the interaction of icebergs travelling
through sea ice. We consider the same channel domain as used in the second test case (Section 3.2). The 0.1 compact and
0.1 m thick sea ice fills the whole domain, in which two 1 km x 1 km icebergs are placed. The two 10 m thick icebergs have a

concentration of 1. The icebergs are placed opposite each other in such a way that they can be transported past each other. The
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Figure 4. Two icebergs are transported past each other with a constant wind field (vym = = 10 ms™*). The normalised internal pressure p
is visualized by the contour lines and the ice-mélange velocity by the black arrows. Both snapshots show the simulation after 3 h. The thick

black line shows the iceberg contour.

icebergs are forced by the following wind field:

10ms~!  y<2.5km,
Vam = (23)
—10ms™!  y>2.5km.

Figure 4(a) visualizes the test case using the viscous-plastic rheology. Without the tensile strength the icebergs diffuse. With

included tensile strength (see Figure 4(b)) the icebergs keep their form and maintain their initial thickness of 10 m.

3.4 Solver performance

Besides modelling ice mélange, we also address the question of how the momentum equation of the ice-mélange model can be
solved efficiently. Varikova and Holland (2017) formulated the need of efficient solvers for their ice-mélange model based on
the cavitating-fluid rheology. The authors used a Picard-type solver to approximate the solution and noted that the use of their
mélange formulation in climate models is "conditioned up to the development of an efficient numerical scheme" (Vaiikova and
Holland, 2017). To solve our ice-mélange model, we compare a Picard, Newton and modified Newton solver (Mehlmann and
Richter, 2017) for the last test case (Section 3.3) as it is the most difficult one of the three setups.

Figure 5 compares the solver iterations per time step. The solver iterations per time step are limited to 100. The time step
is considered as converged if the solver reaches the threshold (relative residual of 10~ or global tolerance of 10~ 13) within
100 iterations. The Picard solver fails in 19 out of 50 time steps. The standard Newton solver does not converge for 8 out of
50 time steps, while the modified Newton solver converges for all time steps. On average the Picard, Newton and modified
Newton solver apply 48.26,47.8 and 27.38 iterations per time step, respectively. Thus, the modified Newton method reduces
the number of necessary iterations by 20 (40 %). This shows that the modified Newton method is more robust and efficient

than the standard Newton solver and a Picard iteration.
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Figure 6. Residual reduction of the nonlinear solver during the 48th time step. The grey line indicates the threshold (relative residual of
Figure 6 shows one example of how the residual decreases per iteration during the 48th time step for each of the three
solvers. The relative residual (grey line) is visualized in Figure 6. Out of the three solvers, only the modified Newton solver

10~%) that has to be reached for a converging solution for each time step. The y-axis is plotted on a logarithmic scale.
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converges. The standard Newton solver and Picard solver do not reach the threshold within 100 iterations. During the first
few iterations, the Picard and modified Newton solver have a similar approximation behavior. The standard Newton solver
converges the slowest. In the Picard solver, after 21 iterations with a decreasing residual, the residual of this solver suddenly
shows a clear peak. Afterwards, the residual continues to decrease, but only very slowly. In contrast, our modified Newton

solver converges after 32 iterations.

4 Discussion

The results from Section 3 show that the modification of the rheology is crucial to represent icebergs in the viscous-plastic
model. Due to the modification of the strength parameter the motion of the ice mélange is close to a rigid body in the iceberg
area. For simplicity, we have represented iceberg as rectangles. However, this choice has several disadvantages: The repre-
sentation results in a uniform iceberg thickness, which may lead to a coarse approximation of the forces in the ice mélange.
Furthermore, the volume-in-fluid method cannot represent the corners of the rectangles exactly such that the corners are easily
smoothed out by the advection scheme. We therefore recommend to approximate the icebergs by other geometric objects such
as cylinders, whose shape is easier to conserve.

Besides that, higher order approaches, such as discontinuous Galerkin methods, would also contribute to a more accurate
representation of the icebergs. Another possibility to address the shortcoming of the volume-in-fluid method would be the
usage of a particle-in-cell approach where the tracers are represented by particles.

To solve the ice-mélange model we presented an efficient Newton method. So far, only few models, e.g MITgcm, provide
Newton schemes. Most climate model realize the viscous-plastic material by the elastic-viscous-plastic (EVP) formulation
(Hunke, 2001). An inclusion of the strength parameterization into the elastic-viscous-plastic framework is straight forward. To
ensure an efficient treatment, we recommend a realization of the ice-mélange model within the mEVP solver, which efficiently
approximates EVP solutions (Koldunov et al., 2019).

Another assumption that could be relaxed in our mélange model is the usage of uniform drag coefficients for ocean and air.
Instead, different values for sea ice and icebergs could be applied. The effect of drag on the iceberg sidewalls would need to
be considered in this context. Additionally, including thermodynamics requires to change the mélange strength by melting or

freezing and could be achieved by applying different melting coefficients for sea ice and icebergs.

5 Conclusions

We present an ice-mélange model based on a modification of the continuum viscous-plastic rheology, which is currently the
most used material law for sea ice in climate models. The simple extension of the viscous-plastic sea-ice model makes it

straight forward to include the ice-mélange model into a climate model.
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Icebergs are introduced into the viscous-plastic rheology by a strength parameterization. The tensile strength parameteriza-

tion is used in order to prevent icebergs from diffusing. Icebergs are represented by large, thick and compact pieces of ice,
245 tracked by the volume-in-fluid method (Eq. (21)) (Hirt and Nichols, 1982).

The usefulness and stability of the model is demonstrated using idealized examples. The setups shows that the icebergs
maintain their shape under high pressure or difficult wind conditions. Likewise, we demonstrate that icebergs can also interact
while maintaining their shape. These examples highlight situations where this modelling framework is beneficial. These are
setups where the sea-ice cover is dense and the geometry of the fjord is complex such that sea-ice—iceberg interactions are

250 important.

To apply our ice-mélange formulation the grid resolution needs to be high enough to be able to capture icebergs. Therefore
solving the ice-mélange model is challenging. Vaiikovad and Holland (2017) already formulated the need of efficient solvers
for their ice-mélange model based on the cavitating-fluid rheology. To address this issue we suggest the usage of a modified

Newton solver, which is more robust and efficient than a standard Newton formulation and a Picard solver.

255 Code and data availability. The model code used for the numerical examples are freely available from https://doi.org/10.5281/zenodo.

7767470. The source code of Gascoigne is available to individuals (https://gascoigne.math.uni-magdeburg.de/index.php?show=downloadinstallation).
Author contributions. Saskia Kahl worked on the implementation. All the authors contributed to writing and discussion.
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