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Abstract. Definite ratios and arithmetic relationships can be revealed in Earth’s global mean energy flow system. These
ratios are not dataset-specific; they can be found in each global energy budget estimate published in the past decade. In this
technical paper we point out these arithmetic structures in assessments based on direct observations and climate models; in
global energy and water cycle studies; updated energy budget estimates, several satellite-based data products; up to the most
recent quantification of the energy flows in the up-to-date global energy and water exchange (GEWEX) data records. The
ratios and the corresponding relationships can be recognized both in the all-sky and clear-sky fluxes, and both for radiative
(shortwave as well as longwave) and non-radiative energy flow components in the annual global mean. The accuracy of the
found relationships allows us to investigate their physical basis, which is identified in known radiation transfer equations.
The proposed equations apply only on a subset of the observationally valid arithmetic ratios; other components, having the

same accuracy, remain yet unexplained and are presented here only on empirical grounds.

1 Introduction

The ‘golden decade’ of global energy budgets started when the first reliable global energy balance estimates from space-born
active-sounding measurements became available (Wild 2012, Stevens and Schwartz 2012, Stephens et al. 2012).
Fundamental changes were proposed in the energy flow components relative to the previously accepted depictions (Kiehl
and Trenberth 1997, Trenberth et al. 2009) as first described by Wild (2012), where the top-of-atmosphere (TOA), within-
atmosphere, and surface fluxes gained their recent magnitudes after sizeable modifications; the largest shift was made in
Back Radiation (downward longwave radiation, DLR), which was increased by 20 Wm-2 from its previous ‘ad hoc’ estimate
of 324 Wm2,

One of the earliest energy balance distributions that displayed uncertainties was Stevens and Schwartz (2012). A simple
look on that diagram reveals an unexpected numerical fact: using the value of the longwave cloud radiative effect (LWCRE)
from that study (borrowed from CERES, Wielicki et. al. 1996) of 26.5 Wm as a unit flux, the other flux components in the
diagram can be expressed as integer multiples of this unit, within the stated range of uncertainty (see Figure 1). The only
exception at the surface is solar absorption which has a slightly lower integer multiple position value (159 Wm?, instead of
falling into the range of 161-168 Wm). It accepted the lower TSI value of 1360.8 + 0.5 Wm (Kopp and Lean 2011).
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Atmospheric Energy Balance [Wm?] LW CRE = 1 =26.5
340.1+0.1 237-241

9 ~22 (atmospheric window)
238.5

30 161-168 17-21  95-109  78-88 337-348 395-399

Figure 1: Earth’s global and annual mean energy flow system. Values are presented as a two-sigma range (Wm2). Original:
Stevens and Schwartz (2012). LW CRE is inserted from their study, with the value from CERES EBAF. Numbers in red bold
typeface are expressed in the unit of 26.5 Wm™,

The accuracy is remarkable: no such relationships were expected or described in any of the published studies. To decide

35 whether they are coincidences or have physical basis, we had a look on other published global energy budget estimates of
that time. We found the same ratios in another updated energy balance estimate (Stephens et al. 2012); the novelty of this
graphical representation is the explicit expression of clear-sky fluxes and the longwave cloud effect (LWCRE), both at the
top-of-atmosphere (TOA) and at the surface (SFC). A part of the original diagram is shown in Figure 2.
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40 Figure 2: Part of the updated energy balance diagram of Stephens et al. (2012), with integer ratios and a specific equation.
Differences of the integer position from their given value are also indicated.
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Accuracy at TOA is 0.1 Wm in clear-sky emission and 0.15 Wm2 in all-sky emission. The difference in the clear-sky
emission from the atmosphere to the surface is 0.8 Wm-2, and in the all-sky emission 0.85 Wm. The largest difference from
the integer position in the longwave is in the flux component of surface emission (1.75 Wm-2, still far within the stated +5
Wm?2 uncertainty. A further observation is that the flux component of all-sky emission to surface (downward longwave
radiation, DLR = 345.6 Wm), and all-sky longwave absorption (-187.9 Wm), together, contain the energy of twice the
clear-sky emission to space (clear-sky OLR = 266.4 Wm), including the TOA imbalance (0.6 Wm), with an extremely
small difference of 0.1 Wm. This equality, if does not appear by chance but valid in general, would cast a strict constraint
on the magnitude atmospheric longwave absorption and emission processes, connecting them to twice the clear-sky OLR.

One year later the IPCC published its Fifth Assessment Report, where Figure 2.11 (based on Wild et al. 2013) provides us
with another update of the global mean energy budget, including data from satellites, surface observations and climate
models. It is an all-sky assessment with no LWCRE, so to control the integer ratio system we take LWCRE value from the
Stephens et al. (2012) diagram as 26.67 Wm as unit one. The solar fluxes have exact integer positions at the TOA (on the
cross-section disk to incoming solar radiation, before division by 4 for spherical weighting); at the surface the largest
difference is in thermal downward radiation, 4.7 Wm?, still in the magnitude of the CERES instrument calibration
uncertainty (see Figure 3).
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Figure 3: Global mean energy budget from IPCC (2013, Fig. 2.11), with our projection of the integer ratios. The largest difference
is 4.7 Wm2 thermal down surface, still in the magnitude of CERES observation uncertainty.

These arithmetic ratios and regularities call for interpretation, but first let us check them on other energy budget estimates.
Loeb (2014) gives the values based exclusively on CERES observations (Figure 4).
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Figure 4: Data in the diagram (Loeb 2014), based on CERES EBAF Edition 2.8. We take LWCRE from the same data
product. Fluxes from the integer ratios agree within the given uncertainty for all flux components.

NASA Energy and Water-cycle Study (NEWS, L’Ecuyer et al. (2015) performed a joint assessment of the energy and water
fluxes, presented in an optimized global energy budget distribution. Stephens and L’Ecuyer (2015) updated the data in a
second-optimization process, constraining surface flues more tightly to CERES observations. Latent heat and sensible heat
(evaporation) components of the convective flux are separated (Figure 5). Their accurate fit into integer positions (with a
difference of -0.68 Wm in sensible heat and 1.94 Wm in evaporation), if does not happen by chance, calls for explanation.

From a historical point of view, this was the first estimate where we found internal relationships within the data. The two
arithmetic equations presented in Figure 5 connect surface fluxes directly to TOA fluxes (including LWCRE), for all-sky
conditions. We show their deduction from Schwarzschild’s radiative transfer equation in Section 3; their validation on

different data products is presented in Section 4. Integer solution of the equations is given in Section 5.
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Figure 5: Global mean energy budget from Stephens and L’Ecuyer (2015), based on L’Ecuyer et al. (2015), after
application of relevant energy and water cycle balance constraints and a second-optimization to constrain surface
fluxes to CERES observations; with our additions (integers, their value in Wm2, and two relationships. LWCRE =
26.68 Wm2 is close to the value of 26.7 Wm given in a contemporary study (Stephens et al. 2012).

Let us call attention to the value of LWCRE = 26.68 Wm, giving total solar irradiance TSI = 1360.68 Wm, identical to 51

units in the integer system.

Figure 6 and Figure 7 show the energy budget from the latest IPCC ARG6 (2021) report for all-sky and clear-sky case.
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Figure 6: IPCC ARG (2021, Figure 7.2) global mean energy budget from Wild et al. (2015, 2018), with the integer positions. SW at
TOA, in-atmosphere and at the surface are exact, largest difference is in LW down surface. Notice that the most recent edition of
CERES EBAF Ed4.2 (2023) gives 346.1 Wm2 for this flux component.
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Figure 7: As in Figure 6, for clear-sky case. TOA fluxes are exact; SW atmosphere and surface are precise; the largest difference is
in LW down surface. Notice that CERES EBAF Ed4.2 gives 317.86 Wm-2 for this value.
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The first global energy balance based on reliable CERES data was Stevens and Schwartz (2012); data from Table 1 is used

in our Table 1, first column). When our study has started, only CERES EBAF Edition 2.8 was available with 16 years of
observations (Table I, second column). The latest available update to the CERES data is Edition 4.1 (Loeb et al. 2018; Kato
et al. 2018) Version 3 (third column). NASA Energy and Water-cycle Study (NEWS, L’Ecuyer et al. 2015, Stephens and

L’Ecuyer 2015; fourth and fifth columns) provide data using objective constraints on the turbulent fluxes. Hartmann (2016)

offers global radiative and non-radiative flux energy balance in its Fig. 2.4 (sixth column). These investigations give energy

flow components only for all-sky conditions. The IPCC Assessment Report Six (hereafter AR6, Forster et al. 2021)
represents both the all-sky and the cloud-free cases (ARG, Wild et al. 2015, 2018, seventh column). WCRP Global Energy

and Water Exchange (GEWEX) program (eighth column) is an ongoing study (Stephens et al. 2023), producing 30 years of

data.

Table 1: Data sources of this study. Annual global mean fluxes in Wm-2,

Stevens &

Stephens &

Schwartz EBAF EBAF L’Ecuyer L°Ecuyer Hartmann AR6 GEWEX

(2012) Ed2.8 Ed4.1 etal. (2015) (2015) (2016) (2021) (2023)
All-sky
TOA
SWiin 340 339.87 340.02 340 340 340 340 340.2
SW up 100 99.62 98.98 102 100 100 100 100.2
LW up 239 239.60 240.24 238 240 239 239 239.5
Surface
SW down 186.47 186.83 186 185 185 185 184.0
SW up 24.13 23.17 22 22 25 25 23.3
SW net 162 162.34 163.66 164 163 160 160 160.7
LW down 342 345.15 345.04 341 344 345 342 345.1
LW up 397 398.27 398.73 399 399 396 398 400.7
LW net -55 -53.12 -53.69 -58 -55 -51 -56 -55.6
SW+LW net 107 109.22 109.97 107 108 109 104 105.1
Sensible heat 20 25 26 20 21 25.4
Evaporation 86 81 82 88 82 81.1
Clear-sky
TOA
SWiin 339.87 340.02 340
SW up 52.50 53.72 53
LW up 265.59 266.01 267
Surface
SW down 244.06 240.86 247
SW up 29.74 29.08 33
SW net 214.32 211.78 214
LW down 316.27 317.41 314
LW up 398.40 398.51 398
LW net -82.13 -81.1 -84
SW+LW net 132.19 130.68 130
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3 Equations
Looking at the data, we realized that there are long-known equations in the literature that are satisfied by the given data: the
two-stream approximation of Schwarzschild’s equation, described in his original paper (Schwarzschild 1906, Eq. 11), which
is an early solution to the general radiative transfer problem by Schwarzschild (1914).

Schwarzschild’s equation (1906, Eq. 11) consists of three terms. At a given level of the atmosphere, the black-body
emission E of the layer, the radiative energy A which is transmitted outward at the given layer, and the radiative energy B
which is transmitted downward at that layer, may be expressed as a function of Ao which is the observed outward radiation at

the top of the atmosphere, and the optical depth, t:

E=Ao(1+1)2, A =Ao2 +1)/2, B=A¢12 Schwarzschild (1906, Eqg.11)

Milne (1930) mentions that these relationships may be derived from first principles. Applying the theory for the Earth’s
atmosphere by introducing a black-radiating surface at the lower boundary (the surface of Earth), Emden (1913) realized that
there is a discontinuity in the Planck-function at the lower boundary, expressed by the term A — E = Ao/2, implying a
discontinuity between the temperature of the surface and the temperature of the lowest atmospheric layer, but in the same
sentence noted that this discontinuity is greatly diminished by the evaporation of water and convection. We choose this

relationship (historical considerations see in the Discussion) as the first equation of our model:

A-E=Ad2 0

Here A is the total (shortwave and longwave) energy absorbed by the surface and also the total energy (upward longwave
radiation and convection, i.e., the sum of latent heat, LH, and sensible heat, SH) emitted by the surface, if there is no energy
imbalance at the surface. The term E expresses surface upward longwave radiation. The equation connects the surface net
SW + LW radiation, that is, SH + LH, to half of the outgoing longwave radiation at the top of the atmosphere, independently
of the optical depth. Since in the original logic of deduction for the Sun’s atmosphere evidently no clouds were considered,
we regard this equation for the clear-sky. CERES EBAF Edition 2.8 data (Rose et al. 2017) satisfy the equation in the clear-
sky annual global mean: 530.59 — 398.40 = 265.59/2 with a difference of 0.60 Wm,

We are going to control it in the global mean on observed data sets such as the CERES EBAF Edition 4.1 data product,
available recently for 22 years from 2000 April to 2022 March.

The second term in Schwarzschild’s Eq. (11) describes the total energy absorption and emission of the lower boundary
(the Earth’s surface), as a function of the outgoing longwave radiation at the upper boundary (the TOA), and of the optical
depth at the surface, which is the function of the greenhouse gas absorptions. We tried the equation with several optical
depth values, and found that most of the observed data sets are satisfied with the choice of t = 2. Therefore, the second

equation of our model will be, still for clear-sky conditions:
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A=2A, (I

With the CERES EBAF Ed2.8 (Rose et al. 2017) data, Eq. (I1) is satisfied as 530.59 = 2 x 265.59 with a difference of -0.59
wm2,

All-sky versions of these two equations can easily be created by separating atmospheric radiation transfer from the longwave
cloud radiative effect (LWCRE). Our third equation therefore will be the same as Eq. (I),

A-E=(Ao-L)/2 (D)
with all-sky values in the left-hand side, all-sky Ao (OLR) on the right-hand side, and L stands here for LWCRE.
Our fourth equation is formed from Eq. (1), again with all-sky value at the surface in A and at the TOA in Ao (i.e., in OLR),
and adding the longwave cloud effect:

A=2Ap+L (Iv)

To compare to observed data, we write them in the CERES notation. Let be Surface SW net = Surface (SW down — SW up);
Surface LW net = Surface (LW down — LW up) and TOA LW = OLR, then

Surface (SW net + LW net) (clear-sky) = OLR(clear-sky) /2 1)
Surface (SW net + LW down) (clear-sky) = 20LR(clear-sky) (2)
Surface (SW net + LW net) (all-sky) = [OLR(all-sky) — LWCRE] / 2 3)
Surface (SW net + LW down) (all-sky) =20LR(all-sky) + LWCRE 4)

If there is equilibrium at the surface, the absorbed and emitted energy are equal. With the SH and LH components of the

convective fluxes, the equations look like:

Surface SH + LH (clear-sky) = OLR(clear-sky) / 2 (1a)
Surface LW up + SH + LH (clear-sky) = 20LR(clear-sky) (2a)
Surface SH + LH (all-sky) = [OLR(all-sky) — LWCRE] / 2 (3a)
Surface LW up + SH +LH (all-sky) =20LR(all-sky) + LWCRE (4a)
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These theoretical equations do not separate absorbed solar radiation (ASR) into its incoming and reflected components,
neither at TOA, nor at the surface. Solar reflection and absorption will be investigated on observational grounds, both for all-

sky and clear-sky conditions, in the “Discussion: Empirical extension” sub-session.

4 Results: validation of the equations

4.1 Stevens and Schwartz (2012)

Stevens and Schwartz (2012, Table 1) gave an estimate of Earth’s global mean energy flow system based on observation and
simulations, with the following all-sky data: Latent heat flux = 86, Sensible heat flux = 20, OLR = 239, and calling LWCRE
from CERES as 26.5 Wm?; the all-sky net equation (3a) looks like 86 + 20 = 106 = (239 — 26.5)/2, the difference is 0.25
Wm?2, For the all-sky total energy equation (4a), including surface upward emission, 397 + 106 = 2 x 239 + 26; the
difference is -1 Wm2,

4.2 NASA Energy and Water-cycle Study (L’Ecuyer et al. 2015)

This study aims to apply balance constraints on energy and water cycles, since in contemporary flux datasets surface net
radiation exceeds the corresponding turbulent heat fluxes by 13-24 Wm2. Based on regional assessments of the components
of the hydrological cycle (evaporation, precipitation and runoff), their best estimate of the net radiation at the surface (and
therefore the sum of the sensible heat and latent heat flux) globally is 106 Wm-2, which can be regarded as the most accurate
estimate. The assessment is constrained only to all-sky conditions. Since longwave cloud effect is not indicated, we took it
from the L’Ecuyer et al. (2019) as the mean LWCRE = 26.7 Wm™.

SFC (SW net + LW net) (all-sky) = SH + LH = [OLR(all-sky) — LWCRE]/2 (3a)

164 — 58 =25+ 81= (238 —26.7)12 +0.35 L’Ecuyer et al.

(42)

SFC (SW net + LW down) (all-sky) = ULW + SH +LH (all-sky) = 20LR(all-sky) + LWCRE L’Ecuyer et al.
164+ 341 =399 + 25+81 =2 x 238 +26.7 +23

The difference in the net, clear-sky equation (1) is only 0.35 Wm, less than the indicated Net Absorption at the surface,
0.45 + 0.4 Wm2. The noted uncertainty in the sensible heat (25 Wm) and latent heat (evaporation) (81 Wm2) components

are + 4 Wm. The mean bias of the two all-sky equations together is 1.32 Wm.

10
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4.3 Stephens and L’Ecuyer (2015)

In an update to L’Ecuyer et al. (2015), Stephens and L’Ecuyer (2015) (see again our Figure 5 in the Introduction) provided a
second optimization where the TOA fluxes are more tightly constrained to CERES EBAF fluxes. OLR and DLR have been
increased, and, as a result, turbulent fluxes become 108 Wm (with SH = 26 Wm2, LH (evaporation) = 82 Wm?); with the
accuracy of Eqg. (3a) as 1.35 Wm™ and of Eq. (4a) as 0.3 Wm?; altogether the mean bias of Eq. (3a) and Eq. (4a) has
decreased to 0.82 Wm™.

(32)
SFC (SW net + LW net) (all-sky) = SH + LH = [OLR(all-sky) — LWCRE]/2 St& L’E
163 - 55 =26+ 82= (240 —26.7)/2 +1.35
(42)
SFC (SW net + LW down) (all-sky) = ULW + SH +LH (all-sky) = 20LR(all-sky) + LWCRE St& L’E
163 + 344 =399 + 26+82 =2x240 +26.7 +0.3
4.4 Hartmann (2016)
Hartmann (2016) has the following values (data from its Fig. 2.4, LWCRE = 26 Wm from its Table 3.2):
Thermals + Latent heat = (OLR-LWCRE) /2 (33)
20 + 88 =(239 - 26)/2 +15 Hartmann
Thermals + Latent heat + IR emission from surface = 20LR + LWCRE (4a)
20 + 88 +396 =2x239+26 Hartmann

Eq. (3a) is valid with a difference of 1.5 Wm?; Eq. (4a) is exact.

4.5 CERES EBAF Edition 2.8

At the time our recent study has started, the best satellite-based data product was CERES EBAF Edition 2.8, spanning over
16 years (from March 2000 to February 2016). The accuracy of Eq. (1) is 0.60 Wm2, with the immediate consequence of
connecting surface net radiation unequivocally to half of the outgoing TOA LW radiation in the clear-sky. The estimated
heat uptake of Earth in that time was the same, 0.58+0.38 Wm2 (Loeb et al. 2012). The same accuracy of Eq. (2), 0.59 Wm
is a strong verification of the choice of t = 2. Let us emphasize again that this accuracy of Eq. (2) is not a theoretical
expectation but an unforeseen observation. Bias of the all-sky equations (2.4 Wm and 2.3 Wm?) is half the magnitude of
the CERES instrument calibration uncertainty of 4.2 Wm or standard CERES net flux of 6.5 Wm (Loeb et al. 2009).

11
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SFC (SW net + LW net) (clear-sky) = OLR(clear-sky) /2 1)
214.32 - 82.13 = 265.59/2 -0.60 Ed2.8
SFC (SW net + LW down) (clear-sky) = 20LR(clear-sky) 2)
214.32 + 316.27 =2 x 265.59 -0.59 Ed2.8
SFC (SW net + LW net) (all-sky) = [OLR(all-sky) - LWCRE] / 2 3)
162.34 - 53.12 = (239.60 — 25.99)/2 +241 Ed2.8
SFC (SW net + LW down) (all-sky) = 20LR(all-sky) + LWCRE (4)
162.34 + 345.15 =2 x239.60 + 25.99 +2.30 Ed2.8

4.6 CERES EBAF Edition 4.1 & 4.2

Using this data product on the full available EBAF data (22 running years from April 2000 through March 2022; 264

monthly means), the mean bias of the four equations together is 0.0007 Wm. Below we indicate the most recently released
220 EBAF Edition 4.2 data for the same time period as well.

SFC (SW down —-SW up + LW down — LW up) (clear) = OLR (clear) /2 Difference @
240.8680 — 29.0724 + 317.4049 — 398.5211 =266.0122 /2 —2.3267 Ed4.1
241.1519 — 29.7397 + 317.8570 — 398.6099 =266.1348 /2 —2.4081 Ed4.2

SFC (SWdown-SWup + LW down) (clear) = 20LR (clear) 2
240.8680 — 29.0724 + 317.4049 =2 x266.0122 —2.8238 Ed4.1
241.1519 — 29.7397 + 317.8570 =2 x266.1348 —-3.0005 Ed4.2

SFC (SW down — SW up + LW down — LW up) (all) = [OLR (all) - LWCRE] /2 (3)
186.8544 — 23.1629 + 345.0108 — 398.7550 = (240.2450 — 25.7671)/2 +2.7083 Ed4.1
187.0918 — 23.4436 + 346.1147 — 398.4220 = (240.3317 — 25.8032)/2 +4.0766 Ed4.2

SFC (SW down — SW up + LW down) (all) =20LR (all) + LWCRE 4)

186.8544 — 23.1629 + 345.0108 =2 x240.2450 + 25.7671 +2.4450 Ed4.1
187.0918 — 23.4436 + 346.1147 =2 x240.3317 +25.8032 +3.2963 Ed4.2
Mean bias 0.0007 Ed4.1
0.4911 Ed4.2

12
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4.7 IPCC ARG (2021)

Surface (SW net + LW net) (clear-sky) = OLR(clear-sky) /2 1)
214 — 84 = 267/2 -35 ARG

Surface (SW net + LW down) (clear-sky) = 20LR(clear-sky) (2)
214 + 314 =2 x 267 -6 AR6

Surface (SW net + LW net) (all-sky) = [OLR(all-sky) — LWCRE] / 2 3
160 - 56 =(239-28) /2 -15 ARG

Surface (SW net + LW down) (all-sky) =20LR(all-sky) + LWCRE (@))
160 + 342 =2x239+28 -4 AR6

The largest differences on the whole dataset (-6 Wm2 and -4 Wm2) appear here in Eq. (2) and Eq. (4), mainly caused by the
low value attached to downward longwave radiation in this estimate (314 Wm2 in the clear-sky and 342 Wm2 in the all-
sky). As mentioned, the most recent data by CERES gives 317.86 Wm™ in the clear-sky and 346.1 Wm- in the all-sky. Wild
(2020) updates the AR6 data by finding higher values in climate models like CMIP6 for this flux component: 318 Wm-2 in
the clear-sky and 344 Wm in all-sky, decreasing the difference of both the equations to -2 Wm-2,

4.8 GEWEX (Stephens et al. 2023)

Sensible heat + Evaporation = (OLR — LWCRE) / 2 (3a)
25.4+81.1=(239.5-26.7)/2 +0.1 GEWEX
Surface (SW net + LW down) = 20LR + LWCRE 4)
160.7 +345.1 =2%x 2395+ 26.7 +0.1 GEWEX

This quantification is based on 30 years of up-to-date GEWEX data products (Stephens et al. 2023). Since neither clear-sky
data nor cloud effects are indicated, we take the LWCRE from the study of L’Ecuyer et al. (2019) [27.1 Wm-2 at TOA and
26.3 Wm2 at the surface] with a mean value of 26.7 Wm2, Both all-sky equations are valid with a difference of 0.1 Wm,
see Figure 8.

Note that with the data in the diagram, radiative heating of the surface, as described by equation (4) [160.7 + 345.1 =
505.8 Wm?] is less than radiative + non-radiative cooling, represented by equation (4a) [400.7 + 25.4 + 81.1 = 507.2 Wm?],
indicating a negative EEI of -1.4 Wm at the surface, in contrast to the stated positive EEI of 0.54 Wm™ at TOA.
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Earth Energy Imbalance (EEI) = 0.54 + 0.3 LWCRE
1
ncoming Solar Reflected Solar Outgoing LW 26.68 Wm
239.5+24
36/4
240.12

(Surface) Sensible heat + Evaporation = [OLR — LWCRE]/2
254 + 81.1 =(239.5-26.68)/2+ 0.09
(Surface) Absorbed SW + All-sky emission = 20LR + LWCRE
160.7 + 3451 =2x239.5+26.68+0.12

Precipitatio
81.1 7

26.68 1 80.04 3
Sensiblecheat Eyaporation

254194 /811461 13
G e 'Surface emission
: By - 346.84

Surface S
184.0 + 5.6

400.7 £ 48~ All-sky emission
15 “.345.1°%5.7

ML Gewex

Figure 8: The integer solution of the four equations projected on the updated GEWEX study (Figure SB3 of Stephens et al. 2023).
The largest difference at TOA is 0.62 Wm2 (OLR); at the surface 3.38 Wm (Surface SW Reflection). Notice that Incoming Solar
Radiation and Reflected Solar Radiation at TOA differs from the theoretical integer position with 0.03 Wm2 and 0.15 Wm,
respectively. The all-sky equations are satisfied within 0.09 Wm-2 and 0.12 Wm2, There is a negative -1.4 Wm2 EEI at the surface.

5 Discussion

5.1 Eg. (1) in historical perspective

Eq. (1) is referred to in standard atmospheric textbooks like Goody (1964, Eg. 2.115), Houghton (1977, Eq. 2.13) or Goody
and Yung (1989, Eqg. 2.146), and graphically represented for example in Chamberlain (1978, Fig. 1.4) or Hartmann (1994,
Fig. 3.11). Manabe and Strickler (1964, Fig. 4) and Manabe and Wetherald (1967, Fig 5.) correctly reproduce the size of
discontinuity (also quoted and re-calculated by Hartmann 1994, 2016, Fig. 3.16), but do not utilize the equation as a
constraint on its magnitude. Hartmann (1994, pp. 61-63, Figs. 3.10-3.11) presents a two-layer radiative equilibrium model
where the equation is valid with a difference of 0.31 Wm [the temperature of the surface is Ts = 335 K, the temperature of
the air adjacent to the surface is Tsa = 320 K and the effective emission temperature at TOA is Te = 255 K, hence o(Ts* —
Tsa® — Te*2) = - 0.31 Wm™2].

Let us recall that Stephens et al. (1994) utilize the same model, where Eq. (1a) and (1b) describe simple transfer equations

in radiative equilibrium, with a solution in Eq. (5a) and (5b) for the upward and downward hemispheric fluxes:
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F1(ts) = oTs* = Fo (2 +1s)2
Fl(ts) =Fy =Fx1s/2

(Stephens et. al 1994, 5a)
(Stephens et. al 1994, 5b)

These equations, with Fo(ts) = 6To* = Fx(1 + 15)/2, are equivalent to the three terms in Schwarzschild’s (1906, Eq. 11).
Therefore, AcTs* = oTs* — 6T¢* = F.. /2, as shown in textbooks (see Figure 9).

0 15— T
—F/2~ P
Clear
10 / -3
or , " — — Raditive Equiibrium
Radiative-Convective Equilibrium
2
100 -
5¢ /
N H
AA AA
0 . >—e 1000 L L == 1
T -—F/2 = 200 250 300 350 200 0 . . 22) 320
‘emperature
9 7 Temperature (K}
B,(To) B,(T,) B,(Ty

Figure 9: Graphical representations of the discontinuity (net radiation at the surface) in radiative equilibrium; and the
corresponding convective flux in radiative-convective equilibrium. Left panel: Chamberlain (1978, Fig. 1.4); middle panel:
Hartmann (1994, Fig. 3.11); right panel: Liou (2002, Fig. 8.9)

5.2 Solution to the equations: The integer system

The geometric representation of A = 2Aq given in Figure 10 (after Hartmann 1994, Fig. 2.3).

1 S, 1
.......................................... Atmosphere
4
1 2 1 Surface
o TS4 =20T4

Figure 10: The simplest greenhouse model representing Eq. (2), A = 2Ao, in radiative equilibrium. The ratios are indicated. After

Hartmann (1994, Fig. 2.3)
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Improving the model by allowing convective fluxes at the surface according to Eq. (1), A — E = AA = Ao/2, the model will

become as follows as shown in Figure 11:

1 1 1 1 10
Eq.(2) A=2A, (Clear-sky) Eq.(1) AA=A-E=A,/2

'1 R "1 _ 110
P Y lendY e

Figure 11: Left, the geometry according to Eq. (2); Middle: including the net radiation at the surface according to Eq.
(1) and (2). The right panel is equivalent to the middle, after multiplying the unit by ten.

In radiative equilibrium, AA = Ay/2 is discontinuity at the surface. In radiative-convective equilibrium, AA = Ao/2 is the

convective flux. Since the unit is not yet specified, as a preparation we multiply it by ten.
Including the all-sky equations (3) and (4) and choosing the longwave cloud radiative effect as the unit: LWCRE = 1

(shown in red bold typeset), we have a geometric solution for the four equations, see Figure 12.
'1 0 "1 0
10 '20 10 10 I5 I1 5 10

Single-slab Continuous
'10 19
P bted B & tud

Clear-sky All-sky
8+12-15=10/2 6+13-15=(9-1)/2
8+12 =10x2 6+13 =9x2+1
Eq. (1) SFCNet = A, /2 Eq. (3) SFC Net = (A,—L)/2
Eq. (2) SFC Tot =2A, Eq. (4) SFCTot =2A,+L

Figure 12: lIdealized geometric equilibrium representation of the four equations with integers. No reference to
atmospheric gaseous composition was made. Surface fluxes are unequivocally connected to the TOA fluxes. Numbers

shown in red are integer multiples of L = LWCRE =1

The best fit for the unit flux to the CERES data is LWCRE = 1 unit = 26.68 + 0.02 Wm™. In Table 2 we present the
theoretical fluxes, the CERES fluxes and their differences (Wm-2), including the latest release of EBAF Edition 4.2.
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Table 2: CERES EBAF Ed4.1 & Ed4.2, 22-yr global means (April 2000 — March 2022). Clear-sky with A® (Loeb et al. 2020). Unit
300 =26.68 Wm=.

Clear-sky N N x Unit Ed4.1 Diff Ed4.2 Diff

TOA LW 10 266.80 266.01 -0.79 266.13 -0.67
SW Net 8 213.44 211.80 -1.64 211.41 -2.03

LW down 12 320.16 317.40 -2.76 317.86 -2.3

Surface LW up 15 400.20 398.52 -1.68 398.61 -1.59
LW Net -3 -80.04 -81.12 -1.08 -80.75 -0.71

TOT Net 5 133.40 130.68 -2.72 130.66 -2.74

All-sky N N x Unit Ed4.1 Diff Ed4.2 Diff

TOA LW 9 240.12 240.25 0.13 240.33 0.21
SW Net 6 160.08 163.69 3.61 163.65 3.57

LW down 13 346.84 345.01 -1.83 346.11 -0.73

Surface LW up 15 400.20 398.75 -1.45 398.42 -1.78
LW Net -2 -53.36 -53.74 -0.38 -52.31 1.05

TOT Net 4 106.73 109.95 3.22 111.34 4.61

CRE N N x Unit Ed4.1 Diff Ed4.2 Diff

LW 1 26.68 25.77 -0.91 25.80 -0.88

The largest difference in individual flux components is -2.75 Wm in LW down to surface in the clear-sky, and 3.58 Wm?
in the surface solar absorption in the all-sky, still within the stated uncertainties of the CERES fluxes.

305
5.3 Empirical extension of the integer system
5.3.1 Solar radiation at top of the atmosphere, clear-sky and all-sky
Our equations do not resolve SW radiation into its downward and upward components, neither at TOA, nor at the surface,
neither in the clear-sky, nor in the all-sky. As an unexpected observation, these flux components fit into the integer ratio

310 system with remarkably good accuracy.
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According to the same CERES data product, the global mean clear-sky solar reflection at the top of the atmosphere is 53.72
Wm?2, while the integer position would be 2 units = 53.36 Wm. In the all-sky, solar reflection at TOA is 98.98 Wm2, the
corresponding integer ratio is 15/4 = 100.05 Wm-2, Outgoing longwave radiation position is 9 units. These mean that on the
cross-section disk to incoming solar radiation, in all-sky, 15 units are reflected and 36 units of thermal radiation are emitted.
These two data together point to an integer position to total solar irradiance as TSI = 51 units, with a value of 51 x 26.68 =
1360.68 Wm. As a comparison, the accepted mean value of 17-year SORCE/TIM TSI = 1360.886 Wm (Kopp and Lean
2011, Kopp 2021); the difference is 0.21 Wm=2. According to the CERES EBAF Edition 4.1 Version 3 Data Quality
Summary, incoming solar radiation in the past two decades was 339.88 Wm-2. Using the geodetic weighting factor of 4.0034,
TSI will be 339.88 x 4.0034 = 1360.68 Wm2.

In clear-sky, on the disk: solar reflection of 8 units and thermal emission of 40 units with TSI = 51 units point to 43 units
of absorbed solar radiation and 3 units of TOA net clear-sky imbalance. The corresponding values, after spherical weighting
to Earth geometry: ASR(clear-sky) = 43/4 units = 286.81 Wm-? and the TOA imbalance in the clear-sky) is 3/4 unit = 20.01
Wm-2, These values in the CERES data are: ASR (clear) = 286.3 Wm and, with clear-sky OLR = 266.01 Wm?, clear-sky
TOA net imbalance = 20.29 Wm2. The accurate fit of the CERES data to the theoretical value derived from the integer
position underlines the importance of the possible most accurate knowledge of total solar irradiance.

Having SW reflection at TOA = 15/4 units in the all-sky and incoming solar radiation, ISR = TSI/4 = 51/4 units, we have
a prescribed theoretical integer ratio for the all-sky TOA planetary albedo a = 15/51. Its value is 0.294, being arithmetically
equivalent to the albedo of IPCC ARG, o = 100/340 (Forster et al. 2021, Figure 7.2); see Table 3.

Table 3: Observed TOA SW integer positions. TSI = 1360.68 Wm-2. Unit = 26.68 Wm™,

TSI=51 Clear-sky N N x Unit Ed4.1 Diff Ed4.2 Diff
SWiin 51/4 340.17 340.02 -0.15 340.18 0.01
SWup 8/4 53.36 53.72 0.36 53.76 0.40

TOA
LW up 40/4 266.80 266.01 -0.79 266.13 -0.67
Net 3/4 20.01 20.29 0.28 20.29 0.28
All-sky N N x Unit Ed4.1 Diff Ed4.2 Diff
SWiin 51/4 340.17 340.02 -0.15 340.18 0.01
SWup 15/4 100.05 98.96 -1.09 99.05 -1.00
TOA LW up 36/4 240.12 240.25 0.13 240.33 0.21
Net 0 0 0.81 0.81 0.80 0.80
SW -7/4 -46.69 -45.24 1.45 -45.28 141
CRE LW 1 26.68 25.77 -0.91 25.80 -0.88
Net -3/4 -20.01 -19.48 0.53 -19.48 0.53
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5.3.2 Sensible heat (SH) and latent heat (LH)

Convective fluxes at the surface are not separated in the equations into their sensible heat and evaporation components
either. However, the most reliable global mean energy and water cycle-study of NASA (L’Ecuyer et al. 2015) offers SH = 25
+ 4 Wm and latent heat as evaporation, E = 81 + 4 Wm?; the GEWEX study (Stephens et al. 2023) gives 25.4 + 9.4 Wm
and 81.1 + 6.1 Wm™ (see our Table 1), while the corresponding integer positions are 1 unit = 26.68 Wm and 3 units = 80.04
Wm?2, The accurate fit of convection and evaporation into the integer system is one of the most far-reaching results of this
investigation. It seems that not only their sum is constrained unequivocally to (OLR — LWCRE)/2 as Eq. (3a) prescribes, but
the two non-radiative components in the hydrological cycle follow individually the confinement to the integer structure,

posing strict stability criteria for water vapor feedback theories — and calling theoretical explanation itself.
6 Conclusions

— Integer ratios were observed in several global mean energy flow estimates. To demonstrate their reality and provide
physical basis of the relationships, four radiative transfer equations were presented; each is a version of the original plane-
parallel model of Schwarzschild. Contrary to several limitations of that model, the accuracy of the equations on well-
established data products suggests that Earth’s system dynamics follows these simplest radiative transfer constraint
equations.

— We presented a solution to the equations, describing surface energy flows related to observed TOA fluxes and provided a
geometric representation for them. An unexpected implication of this solution is the possibility to extend it to flux
components that are not involved in the original four equations. All the flux values appear to be close to their integer position
within the stated range of uncertainty.

—There are several limitations and unknowns in this model. While the global mean integer flow system can be expressed as
the solution of the simplest two-stream approximation of the original Schwarzschild equations, it is not clear why this
elementary physical radiation transfer model, and the corresponding single-layer atmospheric geometry is satisfied with such
a high accuracy in the observed data.

— The same annual global mean state can be implemented through several different regional, local, vertical and seasonal
distributions, therefore, while the mean state may be maintained under changing atmospheric gaseous composition, all the
geographic and inter-annual climatic states may undergo forced variation.

— The limits of the stability constraints are not known, the magnitude of fluctuations around, or the systematic deviation
from the equilibrium position is an open question. The behaviour of the structure during climatic shifts and glaciations is yet

unknown.
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