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Abstract 1 

 Geodynamic models of mantle convecPon provide a powerful tool to obtain insights 2 

into the structure and composiPon of the Earth’s mantle that resulted from a long history of 3 

differenPaPng and mixing. Comparing such models with geophysical and geochemical 4 

observaPons is challenging as these datasets oTen sample enPrely different temporal and 5 

spaPal scales. Here, we explore the use of configuraPonal entropy, based on tracer and 6 

composiPonal distribuPon on a global and local scale. We show means to calculate 7 

configuraPonal entropy in a 2D annulus and find that these calculaPons may be used to 8 

quanPtaPvely compare long-term geodynamic models with each other. The entropy may be 9 

used to analyze, with a single measure, the mixed state of the mantle as a whole and may 10 

also be useful to compare numerical models with local anomalies in the mantle that may be 11 

inferred from seismological or geochemical observaPons. 12 

 13 

1.  Introduc0on 14 

Mantle convecPon models that are used to simulate the evoluPon and dynamics of 15 

the solid Earth are built on different sets of observaPons each providing their own 16 

constraints to validate the state of the mantle through Pme (e.g., (Dannberg & Gassmöller, 17 

2018; Gerya, 2014). For instance, with the advent of full-plate kinemaPc reconstrucPons of 18 

the past 100s Ma (e.g., (Domeier & Torsvik, 2014; Merdith et al., 2021), mantle models can 19 

now be driven by plate moPons through geological Pme (e.g., (ColPce & Shephard, 2018; 20 

Flament et al., 2022; Heister et al., 2017). Such experiments then lead to a predicPon of the 21 

structure and composiPon of the mantle that may be compared to geological, geochemical, 22 
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or seismological observaPons from the modern Earth (e.g. (Bower et al., 2015; Flament et 23 

al., 2022; Li et al., 2023; Lin et al., 2022; Yan et al., 2020).  24 

Key observables of the modern Earth that may be predicted by models are anomalies 25 

in mantle structure or composiPon that result from mantle mixing, or absence thereof. For 26 

instance, seismic tomography provides images of the present-day mantle as relaPve slow 27 

and fast regions in terms of seismic wave propagaPon, which can relate to variaPons in 28 

temperature and/or composiPon such as slabs or mantle plumes (Koelemeijer et al., 2017; 29 

Ritsema & Lekić, 2020). The heterogeneity of the Earth’s mantle is also reflected in 30 

geochemical observaPons of magmaPc rocks, oceanic island basalts (OIB) and mid-oceanic 31 

ridge basalt (MORB), which suggest the existence of depleted, enriched, and even primordial 32 

mantle reservoirs, i.e. unmixed regions that maintain a geochemically disPnct composiPon 33 

(Jackson et al., 2018; Jackson & Macdonald, 2022; McNamara, 2019; Stracke et al., 2019). 34 

Notably, seismological and geochemical heterogeneiPes may enPrely, partly, or hardly 35 

overlap, and observaPons may relate to spaPal and temporal scales. Seismology reveals 36 

seismic velocity anomalies in the mantle on scales of 100s to 1000s of km, varying from slabs 37 

to LLSVPs (e.g., (Garnero et al., 2016; Ritsema et al., 2011; van der Meer et al., 2018). 38 

Geochemical differences between MORBs from the AtlanPc, Pacific and Indian Ocean 39 

indicate composiPonal heterogeneity on a hemispheric scale (Doucet et al., 2020; Dupré & 40 

Allègre, 1983; Hart, 1984; Jackson & Macdonald, 2022), geochemical zonaPon within a single 41 

plume system is evidence for heterogeneiPes on a 100 km scale (Gazel et al., 2018; Hoernle 42 

et al., 2000; Homrighausen et al., 2023; Weis et al., 2011), whereas micro-scale analysis 43 

reveals even major variaPons between samples (Stracke et al., 2019). All such variaPons may 44 

result from a cycle of geochemical differenPaPon and renewed mixing that is associated with 45 

mantle convecPon and that eventually may be predicted by mantle convecPon models. To 46 
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this end it is important to also able to define or quanPfy the mixed state of the modern 47 

mantle from a suitable numerical mantle convecPon model on the relevant range of spaPal 48 

scales. While mixing technically involves diffusion at small scales and the term sPrring has 49 

been proposed to account for the mechanical stretching and folding (Farnetani & Samuel, 50 

2003), which is infact our interest here, we shall nevertheless use the term mixing in the 51 

remainder of the manuscript as we use varying ‘composiPons’ that are able to mix.  52 

It has long been recognized that mantle convecPon is complex, and its mixing has 53 

been studied for decades, see (Kellogg, 1993; van Keken et al., 2003) for early reviews on 54 

this topic. Unsurprisingly, the advent of high-performance numerical modelling in the mid-55 

90’s saw a resurgence in the characterizaPon of mantle mixing and its quanPficaPon. Various 56 

approaches have been proposed over the years, but the vast majority of these are based on 57 

the Pme evoluPon of a swarm of parPcles. Early studies (such as (Hoffman & McKenzie, 58 

1985; Olson et al., 1984a, 1984b; Richter et al., 1982; Schmalzl et al., 1996)) use staPsPcs to 59 

arrive at a mixing Pme scale. Another approach using the presence, addiPon, and/or 60 

removal of parPcles in a modelled domain is used to quanPfy mixing-Pmes and degassing 61 

(sampling of primiPve mantle) (Gorschaldt et al., 2006; Gurnis & Davies, 1986a, 1986b), to 62 

measure strain and the dispersal of tracers (Christensen, 1989; Kellogg & Turcore, 1990) or 63 

to study the development of Pme-dependent mantle-heterogeneiPes (Hunt & Kellogg, 64 

2001). Note that other methods have been proposed, such as a line method (Ten et al., 65 

1998), a correlaPon dimension method (Stegman et al., 2002) and a hyperbolic persistence 66 

Pme method (Farnetani & Samuel, 2003). 67 

More recently another approach has dominated the mantle mixing literature: it 68 

consists in measuring the Lyapunov Pme, which is the characterisPc Pmescale for which a 69 

dynamical system is chaoPc, or rather its inverse the Lyapunov exponent. It can be shown 70 
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that mixing is laminar or turbulent by evaluaPng the Lyapunov exponent, the larger the 71 

exponent the more efficient the mixing is. A typical example uses a steady state velocity 72 

parern obtained in a 3D spherical domain to advect passive parPcles (van Keken & Zhong, 73 

1999). They use a very common approximaPon to the Lyapunov exponent, i.e., the Finite 74 

Time Lyapunov Exponent, which is based on the evaluaPon of the distance between a 75 

mulPtude of parPcle pairs that are iniPally very close to each other (i.e., stretching of this 76 

original distance aTer 4 Ga). This shows a strong diversity in mixing behavior dependent on 77 

the mantle flow characterisPcs. Other studies that used the same approach in studying a 78 

variety of mantle convecPon problems include (Bello et al., 2014; Bocher et al., 2016; Colli et 79 

al., 2015; ColPce, 2005; ColPce & Schmalzl, 2006; Farnetani et al., 2002; Farnetani & Samuel, 80 

2003; Ferrachat & Ricard, 1998, 2001; Samuel et al., 2011; Tackley & Xie, 2002; Thomas et 81 

al., 2024).  82 

In this study, we invesPgate the merits of yet another approach, the configuraPonal 83 

(or ‘Shannon’) entropy for quanPfying composiPonal mixing of parPcles through flow on a 84 

global or local scale (Shannon, 1948). Despite its popularity in other fields it has only 85 

minimally been used in geosciences (e.g., (Camesasca et al., 2006; Naliboff & Kellogg, 2007). 86 

We develop the applicaPon of configuraPonal entropy to the 2D cylindrical mantle 87 

convecPon models which we recently developed (van der Wiel et al., 2024), implemenPng 88 

measures for local and global entropy of mixing that incorporates informaPon on 89 

composiPon. We aim to use configuraPonal entropy to quanPfy the degree of mixing on 90 

different scales for different hypothePcal iniPal composiPonal configuraPons of the mantle 91 

and evoluPon thereof over Pme. Subsequently, we discuss how configuraPonal entropy may 92 

be used as a bridge for quanPtaPve comparison between mantle convecPon models and 93 

geological, seismological, or geochemical observaPons. 94 
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2. Methods 95 

2.1. Mixing entropy 96 

ConfiguraPonal entropy is analogous to the Shannon entropy (Shannon, 1948) and 97 

related to the probabiliPes derived from the distribuPon of parPcles with a certain value, 98 

i.e., composiPon. It can be used to track the mixing of parPcles independently of the 99 

physical process causing that mixing in numerical simulaPons as well as laboratory 100 

experiments. This entropy is widely used and has a large variety of applicaPons, including 101 

fluid or magma mixing (Camesasca et al., 2006; Naliboff & Kellogg, 2007; Perugini et al., 102 

2015), transport of plasPc in oceans (Wichmann et al., 2019), distribuPon of seismicity in 103 

earthquake populaPons (Goltz & Böse, 2002), or the quanPficaPon of uncertainty in 104 

geological models (Wellmann & Regenauer-Lieb, 2012). 105 

 The definiPon of the configuraPonal entropy 𝑆 is based on the proporPon of a 106 

specific distribuPon of parPcles in a domain tessellated by non-overlapping cells. For this we 107 

use passive parPcles, or tracers, that are advected in a flow model leading to parPcle 108 

trajectories. The entropy depends on the distribuPon of parPcles, the number of cells and 109 

the iniPal composiPonal distribuPon (see secPon 2.3). Let C be the number of composiPons 110 

and M the number of cells in the domain. The entropy is calculated based on the discrePzed 111 

parPcle density 𝜌!,#  (Eq. 1), i.e., the amount of parPcles of composiPon c in cell j, 112 

𝜌!,# =
$!,#
%!

          (1) 113 

where Nc is the total number of c-parPcles divided by the number of cells M. This assumes 114 

that cells are of equal area, which will be used here in our 2D applicaPon. Hence, Nc is the 115 

same for all cells. From the composiPonal density 𝜌!,#  we calculate  𝑃#,!  which is the 116 

proporPon of parPcles of composiPon c in cell j relaPve to the total number of parPcles in 117 
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the cell, both measured in terms of density through Eq. (2). We calculate 𝑃#  through the cell-118 

sum of all composiPonal densiPes in Eq. (3). 𝑃#  is the proporPon of the amount of parPcles 119 

in a cell relaPve to all the parPcles in the system. The quanPPes we describe here as 120 

proporPons would be considered probabiliPes, or condiPonal probabiliPes, in staPsPcal 121 

physics.  122 

𝑃#,! =
&!,#

∑ &!,#$
!%&

          (2) 123 

𝑃# =
∑ &!,#$
!%&

∑ ∑ &!,#$
!%&

'
#%&

         (3) 124 

Next, Eq. 4 defines the global entropy 𝑆()  of the parPcle distribuPon. 125 

𝑆() = −∑ 𝑃# ln 𝑃#*
#+,          (4) 126 

which quanPfies the global spaPal heterogeneity of the parPcle distribuPon independent of 127 

composiPon (Naliboff & Kellogg, 2007). At the cell level, the local entropy 𝑆#  for cell j can be 128 

defined for the mixture of parPcles with different composiPons: 129 

𝑆# = −∑ 𝑃#,! ln 𝑃#,!-
!+,         (5) 130 

Finally, the global entropy S of the parPcle distribuPon, accounPng for composiPon, is the 131 

weighted average of Pj (Eq. 3) and the local entropy Sj (Eq. 4) through Eq. (6) (Camesasca et 132 

al., 2006). 133 

𝑆 = ∑ 𝑃#𝑆#*
#+,           (6) 134 

 Maximum entropy is achieved when all parPcle densiPes 𝜌!,#  are equal, i.e., the 135 

distribuPon of composiPon and number of parPcles are the same in each cell. Each entropy 136 

above has a different maximum which depends on either the number of cells for (Spd) or the 137 

number of composiPons used (for S and Sj). To compare entropies between mixing models 138 

with different iniPal condiPons, we normalize the entropies by dividing each by its 139 

maximum. The maximum for 𝑆()  is equal to ln𝑀, while for 𝑆#  and 𝑆 the maximum is ln 𝐶 140 
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(Camesasca et al., 2006). This provides values for all entropies between the endmembers 0 141 

(enPrely segregated composiPon) and 1 (uniformly mixed). The maximum value for 𝑆()  can 142 

only be reached when all composiPons are present in equal raPos. Entropy calculaPons of 143 

four simple educaPonal examples are shown and explained in appendix A to help the reader 144 

appraise these quanPPes. 145 

 146 

Figure 1 - Snapshot from model R at t=1000 Ma showing the temperature field in Kelvin (le?) and passive parAcles colored 147 
by composiAon (lithosphere: yellow, upper mantle: red, lower mantle: black). 148 

2.2 Mantle convec4on model 149 

We apply the configuraPonal entropy to the quanPficaPon of mixing in a recently 150 

developed 2D numerical mantle model in a 2D cylindrical geometry that simulates 1000 Ma 151 

of ongoing mantle convecPon and subducPon (van der Wiel et al., 2024). The convecPon 152 

model was designed to evaluate the sensiPvity of inferred lower mantle slab sinking rates 153 

(van der Meer et al., 2018) to the vigor of mantle convecPon. The simulaPons comprised 154 

dynamically self-consistent one-sided subducPon below freely moving, iniPally imposed, 155 

conPnents at the surface, culminaPng in slab detachment followed by sinking of slab 156 

remnants across the lower mantle (Fig. 1). The surface velocity in the model were generally 157 

between 1 and 4 cm/a, which may be compared to the reconstructed values of 4 cm/a of 158 

1000 Ma
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Zahirovic et al., (2015) and the obtained average slab sinking rates were in the range of 159 

those that were inferred from correlaPons between the locaPon of imaged lower mantle 160 

slabs and their geological age (van der Meer et al., 2018). This modelling qualitaPvely 161 

illustrated the degree of mixing in a modelled mantle and the potenPal preservaPon of an 162 

unmixed original mantle, advected slabs, or (partly) homogenized, mixed mantle shown by 163 

the distribuPon of parPcles.  164 

We quanPfy the degree of mantle mixing in the model by invesPgaPng the local and 165 

global mixing entropies (SecPon 2.1) for model R of van der Wiel et al. (2023) at different 166 

resoluPons. We also illustrate how mixing entropy quanPfies the mixing of a different model 167 

(model P) that showed significantly higher slab sinking rates than inferred for the lower 168 

mantle and that displayed a higher degree of mantle mixing (van der Wiel et al., 2023). For 169 

this purpose, we only used the passive parPcle distribuPon available from the models in van 170 

der Wiel et al., 2023. The cells used to calculate the configuraPonal entropy (see secPon 2.4) 171 

are independently substanPated and therefore not the same as used in the numerical 172 

model, for any addiPonal informaPon of these models we refer the reader to van der Wiel et 173 

al., 2023. 174 

 175 

2.3 Ini4al composi4on 176 

 To illustrate how we track composiPonal evoluPon with configuraPonal entropy, we 177 

assign a composiPonal distribuPon to our example models with two different approaches. In 178 

case A, we assign a composiPonal distribuPon in the iniPal model, and each tracer will keep 179 

its iniPal composiPon through Pme. We divide the annulus in two concentric parts at a 180 

radius of 5100 km and assign the inner and outer part a different composiPon (simply put: a 181 

different color). This creates a 50-50 raPo between the number of parPcles of each 182 
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composiPon. Case B uses dynamic composiPons, i.e., the composiPon of a parPcle may 183 

change over Pme. We use three composiPons whose relaPve raPos are allowed to change 184 

over Pme depending on the parPcle’s depth in the model. IniPally, we define parPcles as 185 

lower mantle when they start below 660 km depth in the model, upper mantle if they start 186 

between 100 and 660 km, and lithosphere if between 0 and 100 km depth. ParPcles keep 187 

their ‘lower mantle’ composiPon as long as they do not ascend above the 660 km during 188 

model evoluPon. Any parPcle that moves from a deeper reservoir into a shallower one will 189 

see its composiPon changed to the shallower reservoir and will maintain this composiPon 190 

for the remainder of model Pme. This approach is an example that may be used in a study to 191 

characterize the secular geochemical differenPaPon of the solid Earth.  192 

 193 

2.4 Cell distribu4on 194 

Entropy as calculated in this study also depends on the number and distribuPon of 195 

cells, which is independent of the mesh used in the numerical model itself. To ensure an 196 

approximately equal cell-area throughout our domain, we vary the number of cells per radial 197 

layer. The cell-area is determined by the product of the radial extent 𝛿𝑟 and lateral extent 𝛿𝜃 198 

that follows from the number of radial layers and the number of cells along the core-mantle-199 

boundary (CMB) circumference. Varying cell-area may be important to compare the 200 

outcome of a numerical model with datasets that have very different resoluPons (e.g., 201 

seismology versus geochemistry). We illustrate different cell resoluPons with our 2D 202 

example model, but a similar approach may be used for a 3D model albeit with a different 203 

tessellaPon (Thieulot, 2018). One should note that in this set-up our cells are chosen to be of 204 

equal area while in a 3D model this should be equal volume. 205 
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The lowest resoluPon (10x40) contains 40 cells along the CMB, increasing across the 206 

10 layers to 68 cells along the surface, for a global total of 539 cells (Fig. 2). The highest 207 

resoluPon that we illustrate (20x160) then gives a global total of 4430 cells (Fig. 2). The 208 

numerator 𝜌!,#  for the proporPon calculaPons (Eqs 2 & 3) for cells that do not contain a 209 

parPcle (∑ 𝜌!,# = 0-
!+, ) would cause a problem in its contribuPon to the entropy via the 210 

natural logarithm. Note that lim
.→	1

𝑥 ln 𝑥 = 0 and that therefore cells without a parPcle do not 211 

add to any of the entropies, these cells are skipped in pracPce in the summaPon of Eqs (4-6). 212 

 213 

3. Results 214 

 In this secPon, we describe the various obtained entropies. StarPng with the parPcle 215 

distribuPon Spd. Next, we underline the importance of resoluPon for the local entropy Sj in 216 

our example model at different resoluPons for the staPc composiPon distribuPon (case A) 217 

and show how the local entropy evolves over Pme. Finally, we show the temporal evoluPon 218 

of the global entropy S for this model, which is also influenced by resoluPon and 219 

composiPonal choices before we elaborate on the use of dynamic composiPons (case B, 220 

secPon 3.4). 221 
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 222 

Figure 2: RepresentaAon of the various tested resoluAons. Shown is the iniAal (t=0 Ma) parAcle distribuAon (inner annulus) 223 
and local entropy Sj (outer annulus) for the staAc 50/50 composiAon distribuAon (case A). The cells with a high Sj (pink) 224 
indicate that both composiAons are present, the unmixed cells (blue) contain only one composiAon. 225 

3.1 Global par4cle distribu4on (𝑺𝒑𝒅) 226 

A total of ~96,000 of parPcles are iniPally distributed in a regular parern (Fig. 2), 227 

equally spaced throughout the annulus. Over Pme, these parPcles are passively advected 228 

and their spaPal distribuPon thus changes. The large number of parPcles in the iniPal 229 

distribuPon provides a good coverage in all cells as quanPfied by the normalized global 230 

entropy of parPcle distribuPon 𝑆()  which is at the modelling start close to 1 for both cases A 231 

& B at the start (Fig. 3). As the iniPal composiPon raPos of case B are not equal (about 72% 232 

lower mantle, 25% upper mantle, and 3% lithosphere) 𝑆()  is not 1 as for case A, but ~0.95, 233 

sPll indicaPng that parPcles are distributed equally. 234 

10
 x 40 10 x 80

20 x 80
20 x 160



 13 

Over Pme, as parPcles are advected, the 𝑆()  does not change significantly for case A 235 

in which parPcles cannot change composiPon, but it does change for case B (Fig. 3). This is 236 

caused by the secular change in composiPon raPos in case B (Fig. 8 of van der Wiel et al., 237 

2023). 𝑆()  increases due to the increased percentage of lithosphere and upper mantle 238 

parPcles in the domain. We tested the effect of cell resoluPon on 𝑆()  for both cases, which 239 

does not show significant differences (Fig. 3). This indicates that the number of parPcles 240 

used in our calculaPons is sufficient, also for our highest resoluPon (20x160).  241 

 242 

Figure 3: Time evoluAon of Spd for the staAc (case A) and dynamic (case B) composiAon distribuAons of the four used 243 
resoluAons.  244 
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3.2 Local entropy (𝑺𝒋) 245 

 A local entropy of 1 means that the raPo of parPcle composiPons within a cell is 246 

equal to the global composiPon raPo, e.g. in the iniPal distribuPon for case A (Fig. 2). 𝑆# = 0 247 

indicates that all parPcles in a cell have the same composiPon, although it does not indicate 248 

which composiPon. We illustrate the temporal evoluPon of parPcle distribuPon in 250 Ma 249 

steps (Fig. 4) for which we use the staPc parPcle composiPon raPo of case A and a cell 250 

resoluPon of 10x80 at the CMB (Fig. 3). ATer 250 Ma of convecPon evoluPon the iniPal 251 

distribuPon is undisturbed in most parts of the domain. The two composiPons are only 252 

displaced since the onset of convecPon, but barely mixed. Mixing is concentrated around 253 

two major zones of downwelling where a narrow zone of single cells shows a local entropy 254 

𝑆#  that is non-zero (Fig. 4a).  255 

 At 500 Ma, some of the sharp boundaries between the two composiPons have 256 

moved and a mixed boundary zone formed locally, reflected by the broader zone of non-zero 257 

local entropy (Fig. 4b). ATer 750 Ma, most of the upper mantle (top three cells) has 𝑆# > 0 258 

and zones in the lower mantle are mixed as well (Fig. 4c): the two starPng composiPons have 259 

been displaced and mixed through the mantle. At the end of the model, at 1000 Ma, the 260 

number of cells with non-zero Sj in the upper mantle has decreased further, the zones of 261 

fully (𝑆# ≈ 1) mixed lower mantle have increased in area. However, there are sPll zones of 262 

unmixed (𝑆# = 0) composiPon present. Unmixed iniPal ‘lower’ composiPon is preserved 263 

mainly in the mid-mantle while unmixed iniPal ‘upper’ composiPon is preserved near the 264 

CMB, i.e., this material sunk and was displaced, but did not mix (Fig. 4d). 265 
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 266 

Figure 4 - Local Entropy Sj (le?) and parAcle distribuAon (right) at 250 Ma intervals of the model (model R - van der Wiel et 267 
al., 2023) with a staAc 50/50 raAo parAcle composiAon (case A) at a resoluAon of 10x80 cells.  268 

269 
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 Even though cell resoluPon does not significantly impact 𝑆()  it does affect the local 270 

entropy 𝑆#  (and thus also the global entropy, see next secPon). A smaller-sized cell mesh will 271 

have fewer parPcles per cell, which increases the likelihood of sampling parPcles of only one 272 

composiPon in zones with limited mixing, leading to zero local entropy. Doubling the angular 273 

resoluPon from 10x40 to 10x80 shows on a global scale a similar trend aTer 1000 Ma of 274 

convecPon: three zones of unmixed (low 𝑆#) mantle separated by three zones of mixed 275 

mantle (high 𝑆#) (Fig. 5). However, it does show some increased detail in local entropy, 276 

mainly in the ‘mixed’ zones of the model (Fig. 5). The large unmixed zones are of similar size 277 

for these two resoluPons, although the raPo of cells with a low 𝑆#  compared to high 𝑆#  278 

changed. The larger unmixed zones are composed of iniPal ‘lower’ composiPon (Fig. 4d). 279 

 A radial increase in resoluPon, from 10 to 20 cells across the domain, refines the 280 

calculaPon of local entropy. The number of cells with 𝑆# = 0 becomes larger and increases 281 

the size of the three main unmixed zones. At this resoluPon, 𝑆#  resolves the ‘conPnents’: 282 

thicker porPons of lithosphere that were iniPally placed in the model (See Fig 2. of van der 283 

Wiel et al., 2023). The 20x80 resoluPon has unmixed cells in regions that had high 𝑆#  at 284 

lower resoluPons (Fig. 5). Finally, with the 20x160 mesh resoluPon, zones of iniPal upper and 285 

lower composiPon (Fig. 4d) show up as low 𝑆#  bounded by a single line of cells with high Sj 286 

(Fig. 5). At this resoluPon the local entropy calculaPon resolves mantle structures such as the 287 

boundaries between slabs and ambient mantle, showing mantle structure mapped into the 288 

local entropy of mixing. 289 
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 290 

Figure 5 - Local Entropy Sj a?er 1000 Ma of mantle convecAon for the Reference model (van der Wiel et al., 2023) at four 291 

different resoluAons of cells used to calculate the local entropy where b is idenAcal as figure 4d. 292 

3.3 Global entropy (𝑺) 293 

 The global entropy is a weighted average of the parPcle distribuPon proporPon 𝑃#  294 

over cells and the composiPonal distribuPon within the cells 𝑆#  (Eq. 6). Because the parPcle 295 

distribuPon irrespecPve of composiPon is almost equal to 1 in all tests	(Fig. 2, secPon 3.1), 296 

we may consider the entropy 𝑆 as proxy for global composiPonal mixing. For the iniPal 297 

b)   10 x 80a)   10 x 40
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distribuPon of composiPon based on depth, almost all cells have a local entropy 𝑆# = 0, 298 

apart from the cells that straddle the composiPonal boundary (Fig. 2). This distribuPon is an 299 

unmixed state of the mantle and has a low global entropy, 𝑆 = 0.1 for the resoluPons with 300 

10 radial levels and 𝑆 = 0.06 for those with 20 radial levels (Fig. 6). The lateral resoluPon 301 

does not marer for the iniPal distribuPon as the raPo of non-zero to zero 𝑆#  cells is the 302 

same.  303 

 While the mantle flow model evolves, composiPons become more mixed and the 304 

global entropy increases depending on mesh resoluPon, whereby smaller cells have a higher 305 

chance to sample only one composiPon. Therefore, a higher resoluPon (smaller cells) yields 306 

a lower global entropy aTer 1000 Ma of mantle convecPon: the 20x160 resoluPon yields 𝑆 =307 

0.32 while the 10x40 resoluPon yields 𝑆 = 0.51 (Fig. 6).  308 

 309 

Figure 6 - Global Entropy S of the model through Ame for different cell resoluAons. Top: Case A (staAc composiAons, boZom: 310 
case B (dynamic composiAons).  311 
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3.4 Case study: entropy with dynamic composi4ons 312 

 Case B, which has dynamic composiPons that depend on composiPonal evoluPon in 313 

the model, presents a pracPcal applicaPon of the configuraPonal Entropy. We track the 314 

entropy as the composiPonal raPos evolve and mix over Pme. The total number of parPcles 315 

that have been part of the lithosphere and subducted increases over Pme as new 316 

lithosphere and slab is being created while the volume of material that stays in the lower 317 

mantle decreases. In our example model, aTer 1000 Ma, the iniPal volumes of 3% 318 

lithosphere, 25% upper mantle, and 72% lower mantle have changed to 25% with 319 

lithosphere ‘composiPon’, 50% upper mantle and 25% lower mantle. In this example, the 320 

dynamic composiPon implies that no lower mantle composiPon exists above the 660 km-321 

disconPnuity and therefore the upper mantle cannot have a local entropy of 1. However, in 322 

parts of the lower mantle the three composiPons are mixed where high local entropy is 323 

present. The parts of the domain containing subducted lithosphere are berer mixed, 324 

indicaPve of the convecPve mixing behavior of our model. With the highest mesh resoluPon 325 

we can resolve the upper- to lower-mantle boundary in the local entropy as well as acPve 326 

and past locaPons of subducPon (Fig. 7a). 327 

The unmixed zones are of parPcular interest since they may provide direct 328 

informaPon about composiPons aTer 1000 Ma of convecPon. For all composiPons there are 329 

cells with an unmixed signal, revealing the state of preservaPon of these composiPons over 330 

Pme and over the whole domain. The entropy figures illustrate for instance the survival of 331 

unmixed original lower mantle material in the model, the fate of subducted lithosphere, and 332 

how upper mantle material is entrained downward during subducPon (Fig. 7a).  333 

 This case has an enPrely different local entropy than the staPc composiPon 334 

distribuPon of case A (Fig. 5). The dynamic case mainly focusses on the fate of subducted 335 
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lithosphere rather than global mixing of the upper and lower part of the domain. As in the 336 

example with a staPc composiPon (case A), the global entropy S for dynamic composiPons is 337 

also cell-size-dependent. The iniPal global entropy is higher than for staPc composiPons as 338 

there are now two composiPonal boundaries and over Pme the entropy only increases up to 339 

𝑆 = 0.25 for the 20x160 resoluPon. For the 10x40 resoluPon, 𝑆 = 0.48 aTer 1000 Ma which 340 

is in the same range as the staPc two-composiPon example (Fig. 6).  341 

  Finally, we use the dynamic composiPon to illustrate how changing the vigor of 342 

mantle convecPon changes the entropy. To this end, we compute the entropy aTer 1000 Ma 343 

using a model in which much higher sinking rates of subducted slabs occurred than inferred 344 

(model P - van der Wiel et al., 2023) and that consequently has faster mantle flow. Fig. 7b 345 

illustrates that this model is much more mixed aTer 1000 Ma of convecPon than in model R 346 

(Fig. 7a). It has cells with a local entropy close to 1 throughout much of the domain, unmixed 347 

zones are smaller and located only in the top of lower mantle. Most of the local entropies 348 

are in the mid-mixed range. This is because only 10% of the original ‘lower mantle’ 349 

composiPon remains. Global entropy S equals 0.42 for this model at the 20x160 resoluPon, 350 

and even 0.60 for the 10x40 resoluPon, significantly higher than the reference model with 351 

dynamic composiPon (Fig. 6). This example illustrates that the configuraPonal entropy is 352 

able to quanPfy mixing states in mantle convecPon models and is sensiPve to overall 353 

changes in model behavior. 354 
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 355 

Figure 7 - Local Entropy Sj with a 20x160 resoluAon (outer annulus) and parAcle distribuAon (inner annulus) for dynamic 356 
composiAons a?er 1000 Ma of simulated convecAon. Lower mantle (black), upper mantle (red) and lithosphere (yellow) 357 
composiAons can change over Ame as funcAon of depth. a) model R and b) model P with more vigorous convecAon of van 358 
der Wiel et al., (2023) as described in secAon 3.4. 359 

(b)

(a)
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4. Outlook and conclusion 360 

 In this paper, we explore how configuraPonal entropy may be applied to mantle 361 

convecPon models to quanPfy the degree of mechanical mixing, both on a local and global 362 

scale. Our results illustrate that entropy provides a way to track or map composiPonal 363 

heterogeneity over Pme using tracers or parPcles, which are commonly available in 364 

geodynamical models. Depending on the complexity of numerical models, any informaPon 365 

that is stored on these tracers can be used to differenPate between ‘composiPons’ used in 366 

the entropy calculaPons. The mantle convecPon models that we used to illustrate the use of 367 

configuraPonal entropy were designed as numerical experiments to evaluate whether slab 368 

sinking rates scale with the vigor of mantle convecPon and mixing and did not aim to make a 369 

direct comparison between model and the real Earth. A direct comparison between 370 

configuraPonal entropy and other measures used to quanPfy mixing, like the Lyapunov 371 

exponents (or Pme), is beyond the scope of this work. We see two arguments in favor of 372 

configuraPonal entropy for specific uses: 1) its measurement does not require an integraPon 373 

over Pme thereby providing instant values for local and global entropy and 2) its flexibility, 374 

since the spaPal distribuPon of any field carried by the parPcles, passive or acPve, such as 375 

chemical composiPon, water-content, reached depth or temperature, can be quanPfied. 376 

For models that do make comparisons with the Earth, i.e. kinemaPcally constrained 377 

by reconstructed plate moPons and aiming to resemble Earth-like features (e.g., (Bull et al., 378 

2014; ColPce & Shephard, 2018; Faccenna et al., 2013; Flament et al., 2022; Li et al., 2023; 379 

Lin et al., 2022) configuraPonal entropy may serve as a means to quanPfy and map the 380 

degree of mixing of varying composiPons, and hence to determine average cell composiPon, 381 

on a local, regional or a global scale. In such models the Lyapunov Pme would be useful to 382 
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quanPfy the deformaPon, or stretching, in the overall mantle (e.g., (ColPce, 2005; van Keken 383 

& Zhong, 1999) or quanPfying uncertainPes in twin-experiments (e.g., (Bello et al., 2014; 384 

Bocher et al., 2016). 385 

On a global scale, such models (if run for 2-4 Ga) would for instance be able to track 386 

volumes of material that have remained in the lower mantle during the evoluPon of Earth 387 

(Fig. 7). These volumes are of interest, because they could explain the geochemical 388 

detecPon of enigmaPc primordial mantle, and feature in numerical models as the proposed 389 

bridgmanite-enriched ancient mantle structures (BEAMS) of (Ballmer et al., 2017), or 390 

surviving in the slab graveyard (Jones et al., 2021), or perhaps in LLSVPs or ULVZs 391 

(Deschamps et al., 2012; Flament et al., 2022; McNamara, 2019; Vilella et al., 2021). In 392 

addiPon, the use of entropy calculaPons may show how subducted lithosphere may become 393 

stored in the mantle and to what degree original depleted and enriched crust, and slab 394 

material mix with upper and lower mantle rock. ParPcularly, dynamically changing 395 

composiPons would benefit such studies, and in more sophisPcated models that include 396 

geochemical evoluPon (e.g., (Dannberg & Gassmöller, 2018; Gülcher et al., 2021), 397 

geochemical reservoirs can be quanPfied with configuraPonal entropy. 398 

At smaller scales, entropy in mantle modeling is useful to track mixing at the scale of 399 

a single subducPng plate interacPng with a mantle wedge, or a plume rising from the CMB. 400 

This may be done based on locaPon solely (Spd), to track the dispersal of an iniPal cloud of 401 

tracers in a slab or at the base of a plume (Naliboff & Kellogg, 2007), but also with the use of 402 

composiPon through Sj and S. For instance, it may quanPfy how different composiPons of 403 

material from the lowermost mantle are entrained by a plume and how material entrained 404 

by that plume is mixed during its upward moPon (e.g., (Dannberg & Gassmöller, 2018). For 405 

instance, how material is mixed in the parPally melPng plume head, or in the parPally 406 



 24 

melPng upper mantle below a ridge, mixing on the scale of a magma chamber may also be 407 

mapped using configuraPonal entropy, see (Perugini et al., 2015). 408 

However, it may not yet be possible to numerically represent 3D mixing and moPon 409 

processes on all the scales illustrated above. In the end, the dynamics driving mantle 410 

convecPon may force slow consumpPon and mixing away of primordial mantle by producing 411 

lithosphere and plumes and mixing the geochemically segregated remains of these back into 412 

the mantle. These processes lie at the basis for the widely recognized but sPll enigmaPc 413 

geochemical reservoirs that are thought to reside in the lower mantle such as those of 414 

recycled conPnental crust (EM1, EM2), recycled oceanic crust (HIMU) (Yan et al., 2020), 415 

recycled depleted lithospheric mantle (Stracke et al., 2019), and remaining primordial 416 

mantle (Ballmer et al., 2017; Gülcher et al., 2020; Jackson et al., 2017). These processes also 417 

culminate in the seismologically imaged mantle volumes of higher and lower seismic 418 

velocity, or seismic arenuaPon, but the widely different scales at which geochemical and 419 

seismological observaPons are made poses a problem to link such observaPons. Numerical 420 

models may bridge these scales and eventually use our planets plate tectonic evoluPon to 421 

predict the geochemical reservoirs as tapped by volcanoes, and mantle structure as imaged 422 

by seismology. The configuraPonal entropy in this paper may be helpful to quanPtaPvely 423 

determine where numerical models may successfully predict these seismological and 424 

geochemical features.  425 



 25 

Appendix A 426 
We here recall the equa,ons of the manuscript and show the equa,ons for normaliza,on. Where 427 

𝑛!,#  is the number of parPcles per composiPon c in a cell j and 𝑁!  is the total number of c-428 

parPcles divided by the number of cells M. C represents the number of composiPons used.  429 

𝜌!,# =
$!,#
%!

          (1) 430 

𝑃#,! =
&!,#

∑ &!,#$
!%&

          (2) 431 

𝑃# =
∑ &!,#$
!%&

∑ ∑ &!,#$
!%&

'
#%&

         (3) 432 

𝑆() = −∑ 𝑃# ln 𝑃#*
#+,          (4) 433 

𝑆# = −∑ 𝑃#,! ln 𝑃#,!-
!+,         (5) 434 

𝑆 = ∑ 𝑃#𝑆#*
#+,           (6) 435 

𝑆()	$56789:;<) =
=()
>?*

         (7) 436 

𝑆#	$56789:;<) =
=#
>? -

         (8) 437 

𝑆$56789:;<) =
=
>? -

         (9) 438 
 439 
 440 
Four examples are given below, each with different distribuPons of parPcles and 441 
composiPons in a small rectangular grid of 4 cells. We use these four examples to illustrate 442 
how the configuraPonal entropy is affected by certain distribuPons. The background of the 443 
cells is colored according to Sj in grayscale, from 0 (black) to 1 (white) and the tracers shown 444 
are randomly given a posiPon in the cell appointed to them.   445 
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Example 1 – equal distribu4on, fully mixed 446 
We start with a uniform distribuPon of parPcles with completely mixed composiPons in each 447 
cell. The number of expected parPcles per composiPon per cell (Nc) is equal to the sum of 448 
the number of parPcles in that cell, this also reflected in vector Pj which is equal for all cells – 449 
and therefore Spd is equal to 1 (aTer normalizaPon) indicaPng a uniform distribuPon. The 450 
local entropy Sj per cell is defined through Pj,c which is equally distributed and equal to the 451 
normalizaPon. Therefore, it indicates perfect mixing for all four cells. The global entropy 452 
combines Pj and Sj and is therefore equal to the endmember, which is 1. 453 

𝑛!,# = @33		
3
3		
3
3		
3
3A  454 

𝑁! = @33A 455 

𝜌!,# = @11		
1
1		
1
1		
1
1A 456 

𝑃#,! = B
1
2C

1
2C
		
1
2C

1
2C
		
1
2C

1
2C
		
1
2C

1
2C
D 457 

𝑃# = (1 4C 	1 4C 	1 4C 	1 4C )  458 
𝑆() = 1.38629	 	459 
𝑆# = (0.693		0.693		0.693			0.693) 460 
𝑆 = 0.69314 461 
𝑆()	$56789:;<) =

,.ABCDE
>? F

= 1  462 
𝑆#	$56789:;<) = (1	1	1	1) 463 
𝑆$56789:;<) =

1.CEA,F
>? D

= 1  464 
 465 
Example 2 – equal distribu4on, no mixing 466 
The spaPal distribuPon of parPcles is the same as in example 1 but composiPons are not 467 
mixed, so Spd is sPll 1. Pj,c is either one or zero per composiPon which both will lead to a zero 468 
for the local entropy which is therefore 0 for all four cells. As this local entropy feeds into the 469 
global entropy S, that is also 0. 470 
 471 

𝑛!,# = @04		
0
4		
4
0		
4
0A  472 

𝑁! = @22A 473 
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0
2		
2
0		
2
0A 474 

𝑃#,! = @01		
0
1		
1
0		
1
0A 475 

𝑃# = (1 4C 	1 4C 	1 4C 	1 4C )  476 
𝑆() = 1.38629	 	477 
𝑆# = (0	0	0	0) 478 
𝑆 = 0 479 
𝑆()	$56789:;<) =

,.ABCDE
>? F

= 1  480 
𝑆#	$56789:;<) = (0	0	0	0) 481 
𝑆$56789:;<) =

1
>? D

= 0  482 
  483 
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Example 3 – random example with 3 composi4ons 484 
The distribuPon is ideally mixed as the expected number of parPcles in each cell is 3.5. Pj is 485 
therefore not the same in each cell, but close to that. Spd is therefore close to 1 in this 486 
example. The composiPons are not equally distributed, the top leT cell is close to the 487 
expected distribuPon (Nc) and therefore has a local entropy close to 1 (aTer normalizaPon 488 
by ln(3)). The borom cells are equally far off expected values (1.5 off for purple, and 1 for 489 
the other colors) and have therefore the same Sj. As three cells have local entropy of about 490 
0.5, but distribuPons are somewhat equal, the global normalized entropy is 0.678 – this 491 
reflects the weighted average of Sj which is the global entropy. 492 
 493 
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𝑃# = @1 4C 	1 4C 	5 18C 	2 9C A 498 
𝑆() = 1.3832	 	499 
𝑆# = (0.6365		0.6365			1.0888		0.5623) 500 
𝑆 = 0.74569 501 
𝑆()	$56789:;<) =

,.ABCDE
>? F

= 0.99777  502 
𝑆#	$56789:;<) = (0.5794		0.5794		0.9912		0.5119)  503 
𝑆$56789:;<) =

1.GFHCE
>? A

= 0.67876   504 



 28 

Example 4 – no equal distribu4on 505 
This last case showcases an uneven parPcle distribuPon, with an expected number of 506 
parPcles of 16.75 (sum Nc) that is not recovered in any cell. The vector Pj is therefore not 507 
balanced and Spd normalized is 0.689, indicaPng an imperfect parPcle distribuPon. The top leT is 508 
obviously unmixed with Sj = 0. The borom cells have the same raPo of composiPons and 509 
therefore a similar high Sj. as the 50/50 composiPonal raPo is not too far off the ideal raPo. 510 
The borom cells contribute significantly to the global entropy S and the top leT cell has a 511 
sizable weighing factor (P3 = 0.238) but as its Sj = 0 it does therefore not contribute to the 512 
total entropy. 513 
 514 
 515 
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Code availability 531 

The code that is used to create the appendix which calculates all the appropriate values can be found 532 

online at: 533 

h=ps://github.com/cedrict/fieldstone/blob/master/python_codes/fieldstone_137/ministone.py  534 
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