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Abstract. Quantifying the link between microstructure and effective elastic properties of snow, firn, and bubbly ice is essential
for many applications in cryospheric sciences. The microstructure of snow and ice can be characterized by different types
of fabrics (crystallographic, geometrical)that-, which gives rise to macroscopically anisotropic elastic behavior. While the
impact of the crystallographic fabric has been extensively studied in deep firn, the present work investigates the influence
of the geometrical fabric over the entire range of possible volume fractions. To this end, we have computed the effective
elasticity tensor of snow, firn, and ice by finite element simulations based on 395391 X-ray tomography images comprising
samples from the laboratory, Alps, Greenland, and Antarctica. We employed a variant of the Eshelby tensor that has been
previously utilized for the parametrization of thermal and dielectric properties of snow and utilized Hashin-Shtrikman bounds to
capture the nonlinear interplay between density and geometrical anisotropy. From that we derive a closed-form parametrization
for all components of the (transverse isotropic) elastie-elasticity tensor for all volume fractions using 2 fit parameters per
tensor component. Finally, we used the Thomsen parameter to compare the geometrical anisotropy to the maximal theoretical
crystallographic anisotropy in bubbly ice. While the geometrical anisotropy is clearly dominating up to ice volume fractions
of ¢ = 0.7, a thorough understanding of elasticity in bubbly ice may require a coupled elastic theory that includes geometrical

and crystallographic anisotropy.

Copyright statement. TEXT

1 Introduction

The elastic modulus is-the-probably-the-mestfundamental-can be used to represent the mechanical property of snow, firn or
ice and the knowledge of the effective elasticity tensor plays a crucial role in a variety of applications throughout the field

of cryospheric sciences. Examples comprise micromechanical modeling of snow compaction (Wautier et al., 2016), fracture
propagation in weak layers for slab avalanche release (Gaume et al., 2013; Bobillier et al., 2020), or the interpretation of near-
surface (Chaput et al., 2022) or deep firn (Diez and Eisen, 2015; Diez et al., 2015; Schlegel et al., 2019) seismic signatures

through the link between wave velocities and elastic moduli.
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The work of Schlegel et al. (2019) emphasized the role
of elastic anisotropy:The-. Specifically, the retrieval of elasticity profiles of snow, firn, and ice through seismic waves usually re-

lies on the assumption of isotropy which constitutes an uncertainty in the inversion method. Snow and firn are however known to

be anisotropic son-one-hand-with-respeetto-due to both the ice matrix geometry
rand-onthe-otherhand-withrespecttoerystalographic-orientation(e.
»and the crystallographic orientations of the ice crystals (e.g., Diez et al., 2015; Petrenko and Whitworth, 1999b). The geometrical

is an inherent characteristic

redominantly orientated towards the vertical direction), while the crystallographic anisotro

of the ice crystals themselves. While the geometrical fabric in firn is high-strong (leading to a strong geometrical elastic
anisotropy) near the surface due to temperature gradient metamorphism (Montagnat et al., 2020) and decays with depth (Fujita

et al., 2014), the crystallographic fabric is tow-weak near the surface (thus yielding a weak crystallographic elastic anisotro

but increases with depth under densification and flow

. Recent work wav
MM&L@WWWQWWMMW effective
elastic (crystallographic) anisotropy of polycrystalline ice is already-affeeted-by-influenced by the geometrical effects of the

The estimation of the geometrical anisotropy usually relies on advanced microstructural characterization, such as the estimation
the US (Baker, 2019), Japan (Ishimoto et al., 2018), India (Srivastava et al., 2016). Norway (Salomon et al., 2022), Germany
methods, such as the characterization of anisotropy from radar (Leinss et al., 2016).

For snow, the impact of the geometrical anisotropy has been studied (Srivastava et al., 2016) only in a limited range of

porosities. Thus, a parameterization of the elastic modulus, based on density and geometrical anisotropy for the entire possible
range of porosities would constitute a first step towards understanding this concurrent anisotropy prebemproblem. This could
have immediate applicationse-g—, e.g., for retrieving sub-surface density selastieity;-and anisotropy through seismics using

advanced inversion methods (Wu et al., 2022). Leinss et al. (2016) show that an electromagnetic inversion model could be
exploited to retrieve the geometrical anisotropy of snow, and this despite a sub-dominant impact of the geometrical anisotropy.
on the effective permittivity tensor. A better understanding of the link between geometrical and elastic anisotropy would thus
enable the use of a similar technigue to retrieve the geometrical anisotropy of snow from seismic surveys.

The effective elasticity tensor of snow, firn, or ice can be directly obtained through numerical homogenization on micro-
tomography images. Using the-Finite-Element (FE) method;-the-solution-of-the static-linear-elastic-equations-yield-the-methods
via volume averaging, a solution for static linear elasticity yields the material effective elastic propertiesvia-volume-averaging:

Here, Here, it is commonly assumed that the ice matrix is isotropic, polycrystalline ice with known bulk and shear modulus

., Lowe et al., 2013; Calonne et al., 2015; Leinss et al., 2016; Moser

., Montagnat et al., 2014; Saruya
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{see-Garbeezi-1998; Koehle-and-Sehneebel;2@)(¢ee Garboczi, 1998; Kéchle and Schneebeli, 2014; Wautier et al., 2015)
. It has been recently con rmed that the effective elastic properties obtained by microstructure based FE agree well with acous-
tic measurements (Gerling et al., 2017). Though straightforward, the microstructure-based FE approach is computationally
expensive and requires the microstructure to be known. Therefore, accurate parametrizations are still highly desirable and
presently no parametrization of the effective elastic modulus exist that can be consistently applied without making a restriction
to a limited range of volume fractions.

As an alternative to numerical simulations, it is often helpful to consider effective medium theories and rigorous approxi-
mations. Rigorous bounds such as Hashin-Shtrikman (HS) bounds (Hashin and Shtrikman, 1962) can be used to approximatt
the elastic properties of porous materials (Torquato, 1991). Although bounds are widely known to be inaccurate predictors

of the elastic properties in absolute value (Roberts and Garboczi, 2002), the HS bounds incorporate the non-linear interplay

for small and large volume fractions. These properties can be systematically exploited for constructing more sophisticated
parametrizations.

snow, rn, and bubbly ice based on volume fraction and structural anisoiogshat can be consistently applied to the entire
range of volume fractionSthiswitt-beachieveeWe achievethis by taking the anisotropic HS boundssfitainingre-without

anisotropy for the elastic modulus for snow, rn, and ice and conclude in Sect. 6.

2 Theoretical background

2.1 The effective elasticity tensor
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1963; Hashin, 1963; Nemat-Nasser and Hori, 1995; Torquato, 1997; Willis, 1981). The effective (fourth order) elasticity tensor

axis perpendicular to thesetropiexy-horizontalisotropicxy -

plane. The elasticity tensor of a Tl material can be described by 5 independent moduli. Using Voigt notation, it can be written

(Torquato, 2002a) as a symmetéic 6 matrixas

2 3
Ciu Cip C3 O

0

Ciz Cu C3 O O

Ciz Ci3 Ciz 0O O
0 0 0 Cu O
0 0 0 0 Cy

o 0 0 0 O %(Cll Ci2)

C = " 2

© O o o o

For an isotropic material the number of independent entries reduces tegtwe.g., the shear modulu& = Cy44 and the

P-wave modulu£;3. Wherever necessary, the common relations are employed (Torquato, 2002a) to connect to alternative

_Cun Cas,
: 2Cs3

of ice andair. We do not considerany underlyingtime-dependerprocesghatwould resultin the evolution

aboutthe position
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2.2 Isotropic parametrizations based on ice volume fraction
2.2.1 Snow: Power law models

For applications, the elastic moduli must be related to accessible parameters of snow. The most common way are empirical

parameterizations based dansity,er-eguivalentlyice volume fraction —Bensitybasedparameterizatiomftenstate, that

Gerling et al., 2017) or exponential relationships (Kdchle and Schneebeli, 2014; Scapozza, 2004) to comply with the observed
drastic increase of elasticity of snow with increasing density. The different density based parametrizations for low density

snow have been compared in many publicatitmg-{kéchle-and-Sehneebel;2044)g., Kochle and Schneebeli, 2014). For

parametrization in the form
Ci()=a; ™; (4)

toazz =6 10 19 andbsz = 4:6 for snow with volume fractions in the ran@el < < 0:4.
2.2.2 Firn: Kohnen parametrization

A conceptually similar parametrization, however valid for an entirely different range of ice volume fractions, can be inferred
from the parametrization of acoustic wave velocities in rn. Kohnen (1972) has derived an empirical relationship between the S
and P wave velocities in (isotropic) rn and the density. By relating wave velocities to the respective elastic moduli via density,
the Kohnen relations can be cast istanice volume fraction based parametrization for the S and P wave modiBusi{l

rewrite the Kohnen empirical formula in the form

" #)
A 1 1=
CEM()= v 4 = 1 ; (%)

velocities are provided by Diez (2013)and appliesfor_ice volume fractions ranging from 0:43 to_0:98, Yet, the Kohnen
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2.2.3 Ice: Exact limit for dilute dispersions of spheres

effective elastic modulu€ PPS can be computed exactly (Torquato, 2002a) and, due to isotropy, determined from the effective
bulk modulusK PPS and shear modulus PPS given by
CPPS=3K PPS( 1)y +2GPPS( ¢)y;

3K ice 4 4G ice

KPPS= K1 =@ ) (6)
) Gice+ H ice

G DDS — G ICE(l o — (1 )),

where

H ice Gice( 3K ice:2+4Gice:3 . (7)

K ice + 2 Gice
Here  and ¢ are the hydrostatic and shear projection tensors, respectively, de ned in (Torquato, 2002a, Eq. 13.96 and
Eqg. 13.97) an€C2PS component is given b PPS +4 G PPS=3,

2.3 Anisotropic parametrizations based on ice volume fraction and geometrical fabric

To overcome the restrictive assumption of isotropic parametrizations it is necessary to extend the microstructural description.
Cowin (1985) showed that the elasticity tensor of porous materials can be estimated, based on symmetry arguments, from the
morphology and the elastic properties of the matrix phase (Moreno et al., 2016). According to Cowin (1985), the elasticity
tensor can be determined as a functior-afnél.ame constants of the porous materialand , volume fraction and the

fabric tensoM which captures the anisotropy of the material (Moreno et al., 2016). For shiswyas utilized by Srivastava

et al. (2016) who used the Zysset—Curnier formulation (Zysset and Curnier, 1995) to incorporate the fabric tensor. This led to

CZC(-M):)@( +2 ) *maM; M)
i ’ i 1 1
i=1

X ° "m!m! (M i M j)
i =1 ! (8)

+ 2 “mim{(M{"Mj):
i;j =1
i6]
Herem; denotes thé-th eigenvalues of the positive de nite fabric-tenddr andM ; is the projector on the corresponding

eigenspace. The dependence on the eigenvalues and the ice volume-fraat@oassumed to be of power-law type charac-
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therange0:109< < 0:59. The parametergbtainedby Srivastava et al. (201@re =5:33, =5:27, =9:54, k =469,

andl = 2:55.

2.4 Anisotropic Hashin-Shtrikman bounds

bounds over Voigt and Reuss bounds, which are just based on the volume fraction of the material. As the air phase of the snow
microstructure has zero elasticity, only the upper bojind C < C Y] is meaningful (Roberts and Garboczi, 2002) and it is
given by (Torquato, 2002a)

CU:Cice (1 ) Cice:Pice:Cice:[|+ Pice: Cice] 1; (9)

whereC Y represents Hashin-Shtrikman upper bound on effective elastic mo@ultse components of the fourth-order
identity tensor is given asl pgrs =( pr gs* ps qr)=2, is the volume fractions of ice. The bound involves the elasticity
tensorC '°® of ice as the host material, which needs to be isotropic for the derivation of Eq. (9). Such an assumption is
consistent with our focus on the geometrical, rather than crystallographic, anisotropy and the use of an isotropic material in our
FE simulations (see Sec. 3). The bound thus involves the bulk moHuf§sind shear modulus @ of ice. The tensoP ¢ is

the polarization tensor, which incorporates the structural anisotropy through aspectaétiwe correlation lengths (Torquato,

1997). The tensadP @ is related to the Eshelby tens®f°® (Eshelby and Peierls, 1957) of the matrix phase via the relation

p ice = gice. [C ice] 1. (10)

The Eshelby tensor (see Se&B) in the Hashin-Shtrikman bounds accounts for the anisotropic "shape" of the microstructure

through the geometrical anisotropy ratioand is the equivalent of the fabric tenddr in the anisotropic ZC model (see

Eq. (8)). A geometrical anisotropy ratie 1 corresponds to predominant vertical orientation of ice matrix (prolate inclusions),
< 1 corresponds to predominant horizontal orientation of ice matrix (oblate inclusions), ahdorresponds to isotropic
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2.5 Requirements for a consistent elasticity tensor parameterization

The parametrizations and model presented above are all designed for a speci ¢ range of validity. To demonstrate the require-
ments for a consistent parametrization valid for snow, rn, and ice we provide an overview of all models presented above evalu-
ated by using their free parameters as originally published. Figure 1 sho@sgltemponent as a function of volume fraction
evaluated and the corresponding spread in elastic properties is shown as shaded area for these models.

Due to its simple power law dependence on density, the G parametrization (Gerling et al., 2017) exceeds even the mod-
ulus of ice (black square for =1). A very similar behavior is found for the isotropic ZC (Srivastava et al., 2016) variant,

demonstrating the consistency of G and ZC for low volume fractions but the failure for high volume fraction. In addtion

the in uence of geometrical anisotropy tends to zero. In addition, the U formulation agrees also in the vicinitylotvith

the prediction of dilute dispersion of spherical (DDS) cavities. In contrast, the agreement of U and DDS €8 with the
isotropic Kohnen formulation demonstrates the validity of this asymptotic behavior for ice, while in turn KOH naturally fails
for low volume fractions (snow) lying outside its range of applicability.
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Figure 1. Hlustratien-Evolution of the elastic modulu€ss as a function of volume fraction for all discussed models: density based

a function of the volume fraction { with continuous lines. The black square represents the maximum value of the elastic modiykis in
direction for ice volume fraction = 1. The shaded area for the anisotropic models represents the range of values between the two aspect
ratios =1:7and =0:6.

2.6 The remedy: Matching asymptotics

The best of all existing models can be combined in a single model by constructing an empirical transition model that i)
increases as a power law for low volume fraction ii) includes anisotropy but with vanishing in uence when approaching ice
iii) approaches the limiting behavior of dilute air bubbles for low porosity. Due to the properties of the HS bounds (correct
limiting behavior of the bounds for low and high volume fraction, rational function for intermediate volume fractions) this

!
U

A cl
CPW= cloet Cillcjze : (12)

i
with an empirical transition functiofy; : [0;1]! [0;1] for each component of the elasticity tensor. Given that the HS bound
approaches the dilute dispersion limiting behaviorXdr 1 (Hashin and Shtrikman (1962)), the transition functions must

obeyfj (x) xforx! 1. Given further, that the modulus increases as a power law for lower volume fractions, the scaling
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function must behave dg (x) x forx! 0. These two asymptotics can be matched in the following empirical form

8

X Zx:; forx! O

L (I R

(12)
X; forx! 1;

constitutes our empirical model that depends on density and anisotropy in a physically consistent way. The corresponding
tensor components are henceforth referred tdi%‘g which will be analyzed and parametrized in the following from snow,
rn, and ice tomography samples and nite element simulations of the elastic modulus.

3 Material and computational methods
3.1 Tomography samples

For the parametrization of snow elastic properties we G8&@91 microstructure images of snow, rn, and bubbly ice obtained
with the help of-ray-temeographyf CT). Samples are taken from previous work and comprise laboratory, Alpine, Arctic, and
Antarctic snow and ice. A brief description is given in Table 1. We considered the full range of porosities ranging from 0.06 -

y, andz directions.

10



Table 1. CT samples used for the parameterization of the elasticity tensor.

Description(Location) range obtained from
Sample—name Anisetropy- Dimension
(No.—of. range [mm]
sampleblame
(Count)
TS-TGM2 (45) Temperature gradient time serie8.21 - 0.25 0.76 -1.18
(Lab) 24
TS-TGM17 (49)  Temperature gradient time serie8.30 - 0.32 0.90-1.15
(Lab) £
TS-DH1 (6) Metamorphism box time series 0.175-0.31 0.74-1.45
10.69 Lowe et al. (2013)
FS-bH2 (Lab) Metamerphism 646 1575 Lowe-etal—(2013)
box—time
series
TS-1SO1 (10) 0.16 - 0.26 0.69 - 1.00
isethtermal——time———series 5.11
Isothermal_time _series_(Lab)
TS-ISO5 (10) 0.16-0.24 0.65-1.04
isethtermal——time———series 5.11
Isothermal_time _series_(Lab)
Alp-DIV (41) Various Alpine samplegDavos, 0.06 -0.39 0.56-1.67
Switzerland 6.86
Arc-EGRIP Snow corg(Greenland) 0.24-0.66 0.45-1.87 Montagnat et al. (2020)
(187184) 108
Ant-B34 (4) Firn corg/Antartica) 0.43-0.93 1.07-1.11 Schlegel et al. (2019)
12.0
Ant-B54 (32) Firn corgAntartica) 0.60 - 0.80 1.00-1.17
18.0
Ant-Lock-In (10) Ice corgAntartica) 0.85-0.93 1.05-1.12 Fourteau et al. (2019)
15.0

11
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3.2 Correlation functions

We use tomography images of snow to compute the correlation functions of snow microstructures to calculate the anisotropy.
As dry snow is a two-phase composite material consisting of air and ice phase, the indicator fu(x}i@tcounts for the

spatial distribution of ice and air and is denoted by
8

21 ifx 2ice
()= (13)
“0 ifx2air
The two-point correlation function(r) (Torquato, 2002b) entails information about the phase correlation of the end points of

vectorr and is de ned by
(r)=hi(x+ )l (x)i 2: (14)

We assume a statistically homogeneous material, whegeindependent of the reference poin2 R3. (r) is computed
from 3D images via Fast Fourier transformation (Krol and Loewe, 2016; Léwe et al., 2013). Correlation lengthand
'y are obtained by tting 4(r) along thecartesianCartesiancoordinate axes|= x;y; andz to an exponential function

q(r)= qoexp( r="q). From this the geometrical anisotropy parameter is de ned by , =y .
3.3 Geometrical fabric tensor

Srivastava et al. (2016) showed that the choice of the fabric tdis@omputed either by mean intercept lengths (MIL), star
length distributions (SLD), and star volume distribution(SVD) methods did not play a signi cant role in the computation of the
effective elasticity tensor of snow. Therefovee use the depolarization tenddr given by Torquato (2002a), which is based

on two-point correlation lengths to estimate the structural anisotropy of the microstructure MUsiadjows us to connect to
previous work (Léwe et al., 2013; Montagnat et al., 2020; Calonne et al., 2015; Leinss et al., 2016) where this orientation tensor
was employed to determine the anisotropic effective thermal conductivity and permittivity of snow. Analogous td Mik,

the symmetric depolarization tensor of a 3-dimensional ellipsoid with the eigenvalues in principle axes frame given by elliptical
integrals, and its trace is unity (Torquato, 2002a). In the case of transverse isotropy arozHactithehe depolarization tensor

computed from two-point correlation functior{r ) reduces to

2 3
Qt) © 0

M =§0 o) o L 13)
0 0 1 20()

The de nition of the functionQ( ) in terms of anisotropy ratio is given inTerguate(2002a;-Ee-17-30-and-17-56ct.C.
3.4 FEM-FE simulations

FE

12



265 termine the elasticity tensor of the snow microstructuremployingperiodichoundaryconditions. For these simulatignse

270 %ve load stateglerivedfrom

ve |oadstatesaretakenfrom.thesetf g€11;."0€22,; "0€33; "o(€13 + €23); "0€120,.With." 9. = 0:01 andwith.e;1.t0.€1, being

unit vectorsin the deformationspace Note thatwe combinedoadstatesl 3 and23 for the fourth deformationstate.

275 of load statesnaturally implies different weightsfor the elasticity componentgiuring the leastsquaregptimization,as, for

transversgsotropicandincompressiblelt alsoensureghatthecomponentgreconsistentlyestimatedhroughthe severaload

280 , which s basedon correlationfunctions.RVE convergencés deemedo be satis ed whenthe ratio of linear samplesize L

e .......... Lo .

3.5 Reparametrization of existing models

From the simulations we also reparametrize existing models from Sec. 2. The unknown parameters in the Gerlirgg model (
285 andb; ), Zysset-Curnier model;( ° ik andl) and the present model @nd ) are obtained by performing least squares
regression on the simulated elasticity tensor components against the models from Sect. 2.2. The free parameters of all model

4 Results
290 4.1 Present study parameterization

Figure 2 shows an overview of all results by plotting the simulated elasticity compoﬁéﬁ”t’b(different rows) against ice
volume fraction (column 1), the HS upper bound (column 2) and the normalized representation from Echiglib)the rst

13
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We also stress that the data collapse for all tensor components in the normalized plot indicates that only two parameters are

suf cient to obtain a decent picture of elasticity from Eg1)(12).

14



Figure 2. Simulated elasticity componem}fEM (different rows) are shown as a function of volume fractiofteft column), as a function of
HS upper boun(tijLJ (middle column) and in the normalized versi@fﬁ :C{fe (right column). The black curve represents the parameterization

study,presentedh Table 1.
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4.2 Comparison to previous parameterizations

To examine the performance of the parameterization derived by tting either individual components (see Fig. 3 top row) or
tting all the components of elastic modulus simultaneously (see Fig. 3 bottom row), we show a scatter pld£f toenpo-
nent of the elastic modulus evaluated from numerical simulations vs. the three parameterizations: density-based from Gerling

regression is given in Table 2. Note that these parameters differ from the values obtained in the original publication as the

models were re-adjusted to t our FEM simulations as explained in Sec. 3.5.

Figure 3. Comparison of simulated elastic modul@Ef™) to the Gerling et al. (2017) (G) density-based power law model given by Eq. (4),

study,presentedh Table Jrevidesdetailedde-nitions-, In the bottomrow, the color schemeepresentthecomponents ofampleramethe

16
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Table 2. Parameters and regression coef cient obtained from least-square regression of the simulated elastic modulus employing different

models on the entire data set.

Isotropic parameterization tted for all components Gerling et al. (201q.{4) aj by R?
CP 7016.73  4:134.08 0.76
Isotropic parameterization tted for each component (Gerling et al., 20[Ed) (4) aj by R?
c§ 8:619.51  3:823.93 0:993).992
Cc% 2:862.13 4-223.85 6:9970.994
C% 5:325.31 4.46 0.997
C$ 27:4727.33 4.26 0.980
c$, 1:344.70 3.88 0.978
Zysset-Curnier parameterization (Srivastava et al., 20E6) (8) °
C ﬁc 0-660.56 6:210.19 0.16

k I R?
Cic 4:084.02 -1:18-1.23  6:953),950
the present study parameterization tted for all componeiiq. (12) R ?
C E’W 3:072.99 0:4050.466  06:9910.990
the present study parameterization tted for individual componehis. (12) R 2
chw 3:673.21 0:490.39  06:988.991
chw 3.652.69 6:450.90  ©6:9880,976
chy 3423.11 0.30 0.996
Chy 3.32 0.18 0.998
chPw 3.15 0-460.47  6:9920,991

4.3 Comparison at high ice volume fractions

The improvement of the prediction of the elastic modulus using the present work paramete@Zgtiabhigh-volume fraction

comparison is depicted in Fig. 4. We see 64" based on the elastic modulus of ice used in this work exactly approaches

the correct limit, and is in line with our parameterizatiérjy’ and the limit of elastic modulus for bubbly i&@59S. This

17



320 validity of theC £Y’, CX9H, andC 5PS parametrization at high density is also con rmed by their agreement with the simulated

CEEM values.

Figure 4. Comparison of present work parameterizat®gy’ with elastic modulu€ §5 determined by Kohnen (1972) empirical formula

based on P-wave velocity and density (P-wave velocity is determined from structural elastic modulus of ice), elastictiy @§gitilus
obtained by taking P-wave velocity as 3900 rﬁKehﬂeH{%le_) and with upper bound of elastic modulus for dilute dispersi®g5f).
The black square represents the elastic modulus ofd&§) The black dots correspond to simulations in this density reg®rig'().
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340 While elasticity of snow, rn, and ice is predominantly controlled by density, we can now quantify the additional controls of
geometrical anisotropy. To assess the distribution of geometrical anisotropy of the entire data set, we plot structural anisotropy
parameter = ";=y for all 395mierestrueuture891 microstructuress a function of ice volume fraction in Fig. 5(a). The

highest anisotropy parameter € 1:87; =0:39) is registered byanArc-EGRIP sample.
The potential error induced by assuming isotropy=(1) in determining parameterization of elastic modulus is shown in
345 an error plotin Fig. 5 (b). Herehe error C53Y(; ) CEY(; 1)=CEYY(; 1) is shown as a two-dimensional contour plot as a

function of ice volume fraction and the anisotropy parameterhe relative error gives the percentage error induced between

the elastic modulus computed as a function of anisotropy and as a function of isotropy, with zero relatig-femrtgotropic

19
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Figure 5. (a): Structural anisotropy of the microstructure$ is plotted as a function of volume fraction Isotropy is represented by dashed
line for = 1. Threesquarghoxesrepresenthethreedifferentgeometricabnisotropigratios. > 1 (prolateinclusions),. =1 (isotropic),

showingCHY(; ) CM(; 1)=C&¥(; 1) as a function of anisotropy and volume fraction. The two black squares represents the relative

error at the maximum and minimum anisotropy ratiec 1:87 and = 0:45 which occur in the present data set in (a). Haecolor-bar

measuremen?l?o

and21:7% for the Arc-EGRIPand

20



55" to presentwork parameterizatio 53" for (a) Arc-EGRIP

4.5 Comparison of geometrical and crystallographic anisotropy

To assess the geometrical anisotropy in reference to the crystallographic anisotropy when determining the elastic properties o
snow, rn, and ice for given ice volume fraction, ve&evplot the geometrical Thomsen parametginfsee, obtainedfrom

370 EQ.{3))3,against inFig. 7. For comparisgrwe also show the maximum crystallographic anisotropy that can be theoretically

obtained, which is the known value of mono-crystalline ice at zero porosityl() given by ¢yst= 0:0356 (Petrenko and

Whitworth, 1999a). The expected (but unknown) decay.gf:for < 1is shown as a schematic (cf. discussion).
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