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Abstract. Despite being one of the most fundamental microstructural parameters of snow, the specific surface area (SSA)

dynamics during temperature gradient metamorphism (TGM) have so far been addressed only within empirical modeling. To

surpass this limitation, we propose a rigorous modeling of SSA dynamics using an exact equation for the temporal evolution

of the surface area, fed by pore-scale finite element simulations of the water vapor field coupled with the temperature field on

X-ray computed-tomography
::::::::
computed

::::::::::
tomography images. The proposed methodology derives from physics’ first principles5

and thus does not rely on any empirical parameter. Since the calculated evolution of the SSA is highly sensitive to fluctuations

in the experimental data, we quantify the impact of these fluctuations within a stochastic error model. In our simulations,

the only poorly constrained physical parameter is the condensation coefficient α. We address this problem by simulating the

SSA evolution for a wide range of α and estimate optimal values by minimizing the differences between simulations and

experiments. This methodology suggests that α lies in the intermediate range 10−3 < α < 10−1 and slightly varies between10

experiments. Also, our results suggest a transition of the value of α in one TGM experiment, which can be explained by a

transition in the underlying surface morphology. Overall, we are able to reproduce very subtle variations in the SSA evolution

with correlations ofR2 = 0.95 and 0.99, respectively, for the two considered TGM time series. Finally, our work highlights the

necessity of including kinetics effects and of using realistic microstructures to comprehend the evolution of SSA during TGM.

1 Introduction15

The specific surface area (SSA) of snow is the interface area between ice and air in the microstructure of porous snow, nor-

malized per volume. The SSA is a crucial parameter for the optical albedo of snow (Dumont et al., 2014), fluid permeability

(Zermatten et al., 2014), avalanche prediction (Schweizer et al., 2003), microwave remote sensing (Picard et al., 2022), or

chemical exchange with the atmosphere (Hanot and Dominé, 1999). The SSA evolution in time is one key to quantifying meta-

morphism (Legagneux et al., 2004; Domine et al., 2006; Pinzer et al., 2012; Wang and Baker, 2014; Harris Stuart et al., 2023)20

and needs to be faithfully parameterized in snow cover models to capture the evolution of physical properties. Temperature

gradient metamorphism (TGM) is by far the most important type of metamorphism in dry, natural snow covers (Schneebeli
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and Sokratov, 2004; Legagneux et al., 2004), since gradient-free (i.e., isothermal) conditions exist at most in deep polar �rn.

However, a detailed physical understanding of the SSA evolution under TGM is still lacking.

Detailed experimental data on TGM can be conveniently acquired nowadays through X-ray micro-computed tomography25

(� CT). Imaging of snow samples with� CT was developed over the last two decades (Coleou et al., 2001; Flin et al., 2004;

Schneebeli and Sokratov, 2004; Schleef and Loewe, 2013) and provides 3D insight into the microstructure that is otherwise

invisible to the naked eye. In contrast to many destructive snow measurement methods,� CT preserves the structure of the

snow. Since the entire snow microstructure is available, any parameter of interest, especially SSA, can be computed within

well characterized
:::::::::::::::
well-characterized

:
uncertainties due to reconstruction and image analysis (Hagenmuller et al., 2016). By30

using instrumented sample holders to constrain temperatures and temperature gradients, in-situ time-lapse observations of the

microstructure during TGM are obtained (Kaempfer et al., 2005; Pinzer et al., 2012; Calonne et al., 2014a; Hammonds et al.,

2015; Wiese and Schneebeli, 2017; Li and Baker, 2022). While many SSA evolution curves originated from these studies, none

of them has been convincingly reproduced from a physical model.

Physical models of snow metamorphism must comply with the ice crystal growth dynamics at the pore scale (Krol and35

Löwe, 2016), which includes heat and mass diffusion, accommodated by attachment kinetics controlling the deposition and

sublimation of water molecules onto the ice lattice (Colbeck, 1983; Libbrecht, 2005). Secondary effects on the temporal

SSA evolution might be expected from other processes like mechanical deformation (Wang and Baker, 2013; Schleef et al.,

2014), advection of air in the porosity (Ebner et al., 2016; Jafari et al., 2022). In this picture, one key parameter driving

snow metamorphism is the condensation coef�cient� , also called attachment, kinetic or sticking coef�cient (Libbrecht, 2005;40

Kaempfer and Plapp, 2009; Krol and Löwe, 2016; Demange et al., 2017; Fourteau et al., 2021b; Bouvet et al., 2022) that

controls the kinetics of vapor deposition and sublimation. The condensation coef�cient is applicable at the micro-meter scale of

ambient diffusion processes and thereby subsumes the underlying nano-scale kinetics resulting from the molecular dynamics

on the surface of the ice crystal lattice (Saito, 1996). Many measurement and modeling attempts carefully characterize�

for ice crystals (Libbrecht, 2005; Hobbs, 2010; Barrett et al., 2012; Libbrecht and Rickerby, 2013; Pokrifka et al., 2020).45

Nevertheless,� is experimentally challenging to constrain even for isolated crystal growth. One reason is the fundamental,

experimental dif�culty of inverting growth data as soon as diffusion is involved (Libbrecht, 2005). The other reason is that�

depends on numerous effects such as temperature, supersaturation, and crystallographic orientation (Saito, 1996; Libbrecht,

2005). The large variations between basal and prismatic surface kinetics are, for example, the key to snow crystal morphology

(Barrett et al., 2012). The situation is even more complicated in the snow cover where many different surface orientations exist50

simultaneously (Granger et al., 2021). Therefore, the kinetics is more dif�cult to assess in snow, and only a few studies exist

constraining� from the comparison of� CT-based simulations with experiments (Bouvet et al., 2022; Fourteau et al., 2021a).

Thus,� constitutes the great unknown in snow metamorphism as commonly stressed in TGM models (Miller and Adams,

2009; Kaempfer and Plapp, 2009; Calonne et al., 2014b).

Model attempts characterizing TGM can be classi�ed by their treatment of attachment kinetics and whether the microstruc-55

ture is taken from� CT or geometrically idealized. Using� CT images, (Flin and Brzoska, 2008) calculated deposition �uxes

in the absence of kinetics under the assumption of local equilibrium at the interface (diffusion-limited growth). A similar
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approximation was used in (Krol and Löwe, 2016) to relate thetemperaturegradientdriven
:::::::::::::::::::::::
temperature-gradient-driven depo-

sition �uxes to measured, local interface velocities. The latter can be considered as a generalization of the (diffusion-limited)

air bubble migration under a temperature gradient in ice (Shreve, 1967) to complex geometries. However, the assumption60

of purely diffusion-limited growth was already questioned (Krol and Löwe, 2018) due to contradictions with the measured

SSA evolution. The� CT-based theoretical homogenization (Calonne et al., 2014b), in contrast, applies to the slow kinetics

(i.e., kinetics-limited) regime. The intermediate regime from diffusion to kinetics vapor transport under a temperature gradi-

ent was numerically analyzed in (Fourteau et al., 2021a), where the latter approach is physically similar to the phase �eld

model (Kaempfer and Plapp, 2009). Since the choice of� has a signi�cant impact on numerical effort, it is not surprising65

that the majority of modeling attempts exist for simpli�ed geometries (mostly spheres) (Adams and Brown, 1982; Colbeck,

1983; Albert and McGilvary, 1992; Miller and Adams, 2009), at the expense of microstructural realism. The most widely used

models for predicting the SSA evolution under TGM are those implemented in snow cover models e.g., (Flanner and Zender,

2006). Like other simpli�ed models, (Flanner and Zender, 2006) neglect kinetics and employ diffusion-limited growth for
:::
the

distribution of spherical particles. Due to the involved empirical parameters (mean sphere radius and spacing), which prevent70

an unambiguous mapping onto arbitrary microstructures, validating these models through� CT laboratory experiments would

remain inconclusive.

In principle, no empiricism is required, and the SSA evolution for arbitrary 3D microstructure can be computed exactly

(Krol and Löwe, 2018), as long as the required parameters are supplied. The surface area equation is rigorously formulated

on the basis of a growth rate that can be computed from the interfacial curvature and the interface velocityvn after surface75

averaging. While the interfacial curvature is a purely geometrical quantity that can directly be computed from a� CT image,vn

is a physical quantity that further depends on the involved physical processes. In this framework, any model that predictsvn as

the result of 3D heat and mass diffusion with interface kinetics could be employed here, either phase �eld models (Kaempfer

and Plapp, 2009) or diffusion models (Fourteau et al., 2021b). Both are equivalent in view of the involved physics and only

differ in their representation of the interface. This route to the SSA evolution in TGM is rigorous (apart from numerical80

approximations) but has never been pursued before. Advancing on this route is the aim of the present work. To this end, we

combine a �nite element (FE) solution of the pore-scale heat and mass diffusion equations following (Fourteau et al., 2021b)

with the exact surface area equation from (Krol and Löwe, 2018) in order to reproduce the SSA evolution during TGM from

the four-dimensional (4D)� CT image data from (Pinzer et al., 2012).

The manuscript is organized as follows. The theoretical background for pore-scale diffusion and the SSA is presented in85

Sect. 2. In Sect. 3, we describe the numerical procedures (meshing, FE solution, image processing), a simple stochastic error

analysis, and the validation of our numerical work�ow against an analytical solution. The simulations for the TGM time series

are shown in Sect. 4 and discussed in Sect. 5.
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2 Theoretical background

2.1 Heat and vapor transfer at the pore scale90

For an arbitrary snow structure, morphological changes during metamorphism are predominantly driven by the coupled diffu-

sion of heat and mass together with ice-air interface evolution due to deposition and sublimation of vapor. In the following, we

closely follow the descriptions by (Kaempfer and Plapp, 2009; Calonne et al., 2014b; Krol and Löwe, 2016; Fourteau et al.,

2021a). We consider a representative snow volume at the micro-scale consisting of ice and air and denote the sub-domains

occupied by the ice and airphase
::::::
phases by
 i and
 a , respectively. In the following, subscriptsi anda denote quantities95

which are de�ned in the respective domains
 i and
 a . Due to the separation of time scales between heat and mass diffusion

in the pores and the evolution of the interface, we employ the common assumption of small particle Péclet number (Libbrecht,

2005) and consider stationary heat and mass diffusion equations (i.e., Laplace equations). Furthermore, we neglect the in�u-

ence of mechanical deformation, as usually done in pore-scale metamorphism models (e.g., (Calonne et al., 2014b; Krol and

Löwe, 2016)). We also neglect the potential presence of convection and air advection in the pore space. These assumptions are100

consistent with the experimental data used in this article, obtained under controlled laboratory conditions (Pinzer et al., 2012).

They are also good candidates in terms of minimum-required complexity to model SSA evolution from pore-scale physics.

The partial density of water vapor in air� v and the ice and air temperaturesTi andTa , respectively, are governed by

D v r 2� v = 0 in 
 a (1)

� ar 2Ta = 0 in 
 a (2)105

� i r 2Ti = 0 in 
 i (3)

whereD v is the vapor diffusion constant in air,� i and� a are the thermal diffusivities of ice and air, respectively.

The heat and mass diffusion equations are coupled via boundary conditions on the ice-air interface� . The mass conservation

at the ice-air interface is linked to the water vapor concentration by a Stefan-type condition

(� i � � v ) vn = D v n � r � v on� (4)110

where� i denotes the ice density andn the unit normal vector �eld on� which is oriented into the pore space
 a andvn is the

interface velocity on� in the direction ofn. The velocityvn is therefore positive for deposition and negative for sublimation.

The conservation of energy requires the continuity of temperature and heat �ux on the ice-air interface according to

Ti = Ta on� (5)

� i n � r Ti = � a n � r Ta on� (6)115

As by (Krol and Löwe, 2016), the latent heat during the sublimation and deposition is neglected for reduced model complexity.

Since mass and energy conservation involves the unknown interface velocityvn , the internal boundary conditions must be com-

pleted by a constitutive law that characterizesvn during crystal growth. Here, we employ the Hertz-Knudsen law (Libbrecht,
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2005; Kaempfer and Plapp, 2009; Fourteau et al., 2021a), which includes the impact of interfacial curvature on the equilibrium

vapor concentration (Gibbs-Thomson effect) according to120

� v = � v;s (T)(1 + d0 H ) +
� i

� v kin
vn on� (7)

The equilibrium (or saturation) vapor concentration on a �at surface at temperatureT is denoted by� v;s (T), the capillary

length byd0, the mean curvature byH , the condensation coef�cient by� and the kinetic velocity byvkin . The capillary

length is related tod0 = 
 a 3=(kB T), where
 is the interfacial free energy,a is the mean intermolecular spacing of water

molecules in ice andkB is the Boltzmann constant. The kinetic velocity is de�ned here asvkin =
p

kB T=(2� m ) with the125

mass of water moleculem. This de�nition follows (Fourteau et al., 2021a) and thus differs from the de�nition in (Libbrecht,

2005). In the Hertz-Knudsen equation, the condensation coef�cient� is de�ned as the probability of a water molecule sticking

to a surface after impinging on it. Therefore, values in the range[0;1] are commonly desired, where� �! 0 corresponds to

slow surface kinetics and for� � 1 the diffusion dominated
::::::::::::::::
diffusion-dominated

:
regime will be attained (Libbrecht, 2005;

Fourteau et al., 2021a). Mathematically the equation remains well-de�ned also for� > 1, which may be physically interpreted130

as deviations from the local constitutive behavior (Eq. (7)) due to non-local surface processes (Libbrecht, 2005). Although

� is known to depend on temperature, supersaturation, crystallographic orientation and vary on different parts of the ice-air

interface (Libbrecht, 2005), we rely on the simplifying assumption of a single and constant� value. It should thus rather be

understood as aneffectivecondensation coef�cient.

2.2 Evolution of SSA135

In this article, we useof two SSA de�nitions: speci�c surface area per unit volumes and speci�c surface area per ice volume

SSAV . They are closely related through the ice volume fraction� i :

SSAV =
s
� i

(8)

We mainly work with the quantitys for the rest of the article. However, we note that the quantitySSAV is more commonly

used in the snow community (e.g., Matzl and Schneebeli, 2006), since it directly corresponds to the optical diameter.140

The solution of the heat and mass diffusion equations (Eq. (1)-(3)) with boundary conditions (Eq. (4)-(7)) yields the spatially

varying interface velocityvn at any point on the ice-air interface� . As shown by (Drew, 1990; Krol and Löwe, 2018), this

information, together with information about surface curvature, is suf�cient to calculate the evolution of the SSA rigorously

via surface averaging. As a result, for single grains or statistically homogeneous microstructures, the surface area evolution

equation can be expressed as follows:145

_s = 2 svn H (9)

Here the termvn H , referred to as the growth rate in this article, is the product of the local interface velocityvn and the local

mean curvatureH averaged over the ice-air interface area (the surface average being indicated by an overline over the product).
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Equation (9) is a linear homogeneous �rst-order ordinary differential equation and can be formally solved in closed form by

separation of variables yielding150

s(t) = s(0) exp

0

@2

tZ

0

vn H (� )d�

1

A (10)

Equation (10) allows us to compute the SSA evolution from the growth ratevn H which must be computed from the solution

of the 3D diffusion problem. This link between the SSA evolution and heat and mass diffusion equations is rigorous.

3 Numerical modeling

The end-goal of our numerical modeling is to simulate the SSA decrease of snow samples over time based on the pore-scale155

physics, and to compare this decrease to experimental observations. For that, we rely on time-resolved� CT images that were

obtained under TGM conditions (Pinzer et al., 2012). These� CT scans provide (i) experimental data of the evolution of the

SSA over time and (ii) snow-microstructures that can be used for our physical modeling. The computation of a vapor �eld

usinga
::
an

:
FE simulation, combined with the local curvature of the snow sample, allows us to estimatevn H over a given snow

microstructure. With Eq. 9, this yields the evolution of the SSA during a given time interval.160

As we want to reproduce the SSA evolution of entire time series, our general work�ow is as follows. For a given experimental

time series, we initialize the �rst terms1 of the simulated SSA values using the SSA deduced from the �rst� CT image of the

experimental time series. Then, the second simulated SSA values2 is computed by applying the growth rate deduced froma

::
an FE simulation performed on the �rst� CT image. The procedure is then repeated to compute thenth term of the simulated

SSAsn using the already known valuesn � 1 anda
::
an FE simulation performed on then � 1th � CT image.This

:::
The work�ow165

and its different steps are detailed in theSectionsbelow.
::::::
sections

::::::
below

:::
and

:::::::::
illustrated

::
in

:::
Fig.

::
1.

:

3.1 � CT time lapse experiments

The numerical simulations were conducted on 4D image data of two TGM experiments (Series 1 and 2), which were previously

acquired and already analyzed in (Pinzer et al., 2012) and (Krol and Löwe, 2016). In the experiments, a constant temperature

gradient was applied by adjusting a snowsamples
:::::
sample's bottom and top temperature in an instrumented tomography sample170

holder, known as Snowbreeder (Pinzer and Schneebeli, 2009a). Series 1 lasted 384h, while Series 2 lasted 665h. The mean

temperatureT of the sample and the temperature gradientr T are similar fortheboth series:T = -8.1 � C, r T = 47 Km � 1

for Series 1 andT = -7.6 � C, r T = 55 Km � 1 for Series 2. Both time series start from rounded grains with slightly different

initial values of SSA and volumetric density, namelySSAV (t = 0) = 20 mm � 1, � i (t = 0) = 0 :31for Series 1 andSSAV (t =

0) = 24 mm � 1, � i (t = 0) = 0 :28 for Series 2. For further experimental details, we refer to (Pinzer et al., 2012).175
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Figure 1.
:::::::
Schematic

:::::::::
illustration

::
of

::
the

::::::::
work�ow

::::
used

::
in

:::
this

:::::
study

::
in

::::
order

::
to

:::::::
compute

:::
the

:::::::
modeled

:::
SSA

::::::
values

:::::::::::::::::
sn ; n = 2 ; : : : ;N + 1 .

::
For

::::
each

:::
3D

:::::
image

::
of

:
a
::::
� CT

::::::::
time-lapse

:::::
series,

::
a

::::::::
tetrahedral

::::
mesh

::
is

:::::::
produced

:::
and

:
a
::::
heat

:::
and

::::
mass

:::::::
diffusion

::::::::
simulation

::
is

::::::::
conducted.

::::
The

:::::::
simulated

:::::::
interface

:::::
growth

:::::::
velocity

::
vn ::

is
:::::::
displayed

::
in

::::
color

::
in

:::
the

:::::
Figure

::::
(blue

:::::::::::
corresponding

::
to

::
a

::::::
receding

:::::::
interface

:::
and

:::
red

::
to

:
a
:::::::
growing

:::::::
interface).

::
In

:::
the

::::::::::::
post-processing

:::
step,

:::
the

::::::
growth

:::
rates

::::::::
vn H (tn )

::
are

:::::::
extracted

:::
and

::::
used

::
to

:::::
model

:::
the

:::
SSA

:::::::
evolution

::::::::
according

::
to

:::
Eq.

::
18.

The � CT image data were taken from the snow sample every eight hours in time-lapse mode and segmented into binary

images as described previously (Pinzer et al., 2012). These binary images are denoted by

I (tn ); n = 1 ;2; : : : ;49 for Series 1 (11)

~I (tm ); m = 1 ;2; : : : ;84 for Series 2 (12)

at different time steps and are300� 300� 196voxel images with voxel size length of25� 10� 6 m in Series 1 and of18� 10� 6180

m in Series 2. This corresponds to samples of7:5� 7:5� 4:9mm3 for series
:::::
Series

:
1 and5:4� 5:4� 3:5mm3 for series

:::::
Series

2. Both series show the commonly observed decay of SSA (Taillandier et al., 2007; Pinzer and Schneebeli, 2009b; Calonne

et al., 2014a).

3.2 FE solution of temperature and vapor �elds

3.2.1 Meshing185

The production of an appropriate mesh that discretizes the air and ice domains, preserves the ice-air interface, and is �ne

enough to get accurate numerical solution (without overloading computational resources) is a key requirement for our problem.
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To this end, we employ the open-source Computational Geometry Algorithms Library (CGAL) (The CGAL Project, 2022).

Speci�cally, we use the classPolyhedral_mesh_domain_with_features_3 that implements a tetrahedral meshing

of a domain bounded by polyhedral surfaces, which are preserved during the meshing process. The provided surfaces need190

to be closed and free of self-intersections. To obtain such surfaces, we extract the ice-air interface from the binary� CT data

(Eq. (11) and (12)) following the procedure from (Krol and Löwe, 2018), namely by applying a Gaussian smoothing and the

contour �lter from the Visualization Toolkit (VTK) (Schroeder et al., 2006). However, by default
:
, this procedure applied to� CT

images yields a surface that is open at the boundaries of the domain. In order to obtain closed surfaces, we added a small air-

padding (three voxel-thick) around the image. This allowed us to properly de�ne a closed outer boundary suitable for meshing.195

As detailed below, we provided special care to ensure that the introduction of this arti�cial air-padding does not perturb the

simulation within the snow microstructure itself.MeshCriteria parameters control the meshing algorithm in CGAL: Mesh

tetrahedra are regulated by the radius-edge ratio upper bound of 1.5 and circumradius upper bound of 3 voxels, and triangles in

the boundary surface mesh by the lower angular bound of 25� and radius upper bound of 0.75 voxels. These mesh parameters

were manually �ne-tuned through visual inspection. We have estimated the sensitivity of our results to the mesh parameters.200

We found that doubling the number of elements in the mesh impacted the simulated growth rate by about10%. This is small

in light of the dependence of the SSA values on the condensation coef�cient� investigated in this study. Moreover, the very

good agreement betweena
::
an FE simulation and the analytical solution for a spherical problem (see Sect. 3.5) suggests that our

meshing criteria yield an appropriate mesh. We save the mesh in four �les listing the nodes, bulk elements, boundary elements,

and header information, de�ning a mesh in the format of the FE software Elmer (Malinen and Råback, 2013). In addition, we205

computed the boundary weight on each mesh nodek of the triangulated ice-air interface� h

! k =
Z

� h

 k d� h (13)

where k is the basis function assigned to the nodek, so that the sum of all boundary weights! k gives the area of the whole

boundary surface. Saving boundary weights is substantial for the computation of the interface velocities as surface integrals

over the solution of heat and mass diffusion equations. For consistency and accuracy, employing the same integration scheme210

that underlies the FE solution is advantageous.

The FE meshes of this article are based on the whole available� CT images. We veri�ed that these selected volumes were

large enough to yield representative results. By varying sub-volumes extracted from the center of� CT images at the start

and the end of both series (I (t1), I (t49), ~I (t1) and ~I (t83)
:::::
~I (t83)), we found that the simulated growth rate corresponds to a215

representative value for the sample sizes used in this study. This is consistent with the results of (Calonne et al., 2011) for

thermal conductivity, that report representativeness for sample side-lengths between2:5 and5mm.

3.2.2 FE solution

On the tetrahedral FE mesh with preserved surface, we solve heat and mass diffusion equations (Eq. (1) - (3)) employing open-

source FE software Elmer (Malinen and Råback, 2013). For the simulation, we need to apply a given temperature gradient220
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across the snow microstructure. However, due to the presence of arti�cial air-padding, directly applying the required tem-

perature gradient across the whole FE mesh (snow plus air-padding around the image) would result in a smaller temperature

gradient within the snow itself (as the air is less conducting than the snow and thus concentrates the temperature gradient).

In order to obtain the proper temperature gradient across the snow microstructure, the simulations are performed in two con-

secutive steps. First, the heat diffusion equation is solved over the whole FE mesh (snow plus air-padding around the image),225

and its result is used to estimate how a temperature gradient applied across the whole FE mesh translates into a temperature

gradient within the snow microstructure itself. This allows us to determine a corrected temperature gradient to be applied

across the whole FE mesh, in order to obtain the desired temperature gradient in the snow. Then, this corrected temperature

gradient is used to solve the heat and mass diffusion equations with the appropriate temperature gradient across the snow mi-

crostructure. For the computation of heat and mass diffusion equations, we use the standard Elmer solversHeatSolver and230

AdvectionDiffusionSolver , following Fourteau et al. (2021a). The equations are solved with the iterative biconjugate

gradient stabilized method (BiCGSTAB; Van der Vorst, 1992) with anILU preconditioner, meant to facilitate the numerical

solving by performing an incomplete LU factorization (Saad, 2003). The maximum number of iterations is set to 2000, and

the convergence tolerance to10� 10 for the heat diffusion equation and10� 12 for the mass diffusion equation. The correct

temperature gradient across the domain is applied by setting top and bottom temperatures to235

Ttop = T �
h � r T

2
; Tbottom = T +

h � r T
2

; (14)

whereT andr T are the experimental temperatures and temperature gradient andh is the total height of the sample.

For the vapor boundary condition, we combine the Stefan condition (Eq. (4)) by neglecting the� v vn term due to� v � � i ,

and the Gibbs-Thomson equation (Eq. (7)) to obtain a Robin boundary condition at the ice-air interface

D v n � r � v = �v kin [� v � � v;s (1 + d0H )]; vkin � 140 ms� 1; d0 � 10� 9 m (15)240

Here, the equilibrium water vapor concentration is given by the Clausius-Clapeyron relation, corrected for the Gibbs-Thomson

effect: (Fourteau et al., 2021a)

� v;s =
M
RT

P0 exp(
L
R

(
1
T0

�
1
T

(1 + d0H ))) ;
mP0

R
� 1:32 kgKm� 3;

L
R

� 6140 K; T0 � 273 K (16)

whereM is the molar mass of water,R is the ideal gas constant,L is the latent heat of sublimation of ice,T0 is the reference

temperature andP0 is the saturation pressure atT0. In contrast to (Calonne et al., 2014b; Fourteau et al., 2021a), the curvature245

termd0H is not neglected. The mean curvatureH on the surface mesh is obtained following (Krol and Löwe, 2018) involving

the shape operator computed with the normal vector �eld. We compute the �eld of normal vectorsn using the dedicated routine

of Elmer. It was found to be more reliable than VTK computations performed on the CGAL mesh, as the latter sometimes

produces areas with reversed normal vectors.

Finally, the required local interface velocityvn is computed using the vapor �ux deduced from the FE simulation. For250

this, we use theCalculate Loads option of Elmer that provides the vapor �uxf k (expressed in kg s� 1) at each nodek

of the ice-air interface. Dividing by the associated boundary weight! k yields the corresponding deposition/sublimation �ux

9



(expressed in kg m� 2 s� 1) over the ice-air interface. Thus, the interface velocity at nodek is recovered from the simulation as

(vn )k = �
f k

! k � i
(17)

3.3 Post-processing and derived SSA evolution255

For a given time sequencet1; t2; : : : tN = t with tN = N � of available� CT images (Eqs. (11), (12)) and available FE solu-

tions of the vapor �eld, the SSA is inferred from the discretized solution of Eq. (9) obtained with
::
the

:
forward Euler method

sn +1 = sn + 2� sn vn H (tn )) (18)

wheresn := s(tn ). The ratesvn H (tn ) are calculated for each time steptn as surface integrals from the 3D FE solution. For that,260

we use the VTK package and �rst cut off the small air padding on the sides usingvtkClipDataSet . Then, the triangulated

ice-air interface is extracted. The local interface velocityvn is directly taken from the FE simulation using Eq. (17). For the

local curvatureH , we employ the image analysis derived in Krol and Löwe (2018), which is based on the shape operator, as

explained in Section 3.2.2. Finally, the surface integration for the average invn H (tn ) takes into account the variable element

size of the triangular mesh of the ice-air interface.265

3.4 Stochastic model for the discretization error

While the combination of the theoretical solution of the diffusion equation and the SSA evolution is, in principle, exact, the

4D image data processing and the derived SSA are subject to experimental and processing errors. These errors could be of

various origins, for instance due to uncertainties related to the estimation of the ice-air interface from the� CT scans or to

errors related to the numerical FE discretization. When simulating on the temporal evolution of SSA over time, these errors270

will accumulate and be propagated into the modeled decrease ofs(t). To analyze how these errorstranslates
:::::::
translate to the

overall SSA decrease, and how this depends on the temporal resolution, we resort to a simple stochastic error treatment. To

this end, we write the rigorous representation of the SSA evolution from above as

strue (t) = s(0) exp

0

@2

tZ

0

d� r true (� )

1

A (19)

and indicate that the true decay rater true (� ) = vn H is in general unknown and concealed by errors. In the simplest setting,275

one would expect that the predicted SSA can, therefore, be written as

s(t) = s(0)exp

0

@2

tZ

0

d� r (� )

1

A (20)

where the measured rater (� ) differs from the true rate by a noise term via

r (� ) = r true (� ) + �r (� ) (21)
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Here,�r is an additive noise, representing uncorrelated errors (for now of unspeci�ed origin), which affects the computations280

at each time step. This implies that, on average, the computed SSA estimates are not equal to the true valuestrue but rather to

s(t) = strue (t)

*

exp

0

@2

tZ

0

d� �r (� )

1

A

+

(22)

whereh�i denotes the average with respect to the additive noise. For a �nite time step� , the discrete solution can now be

written as

s� (t) = strue (t)

*

exp

 

2�
NX

i =1

�r (t i )

!+

(23)285

where the dependence on the time step� has been made explicit in the notation. For uncorrelated measurement errors, we

assume�r i := �r (t i ) to be i.i.d. Gaussian random variables with zero mean and variance


�r 2

i

�
= � 2. Since the averaged

exponential in Eq. (23) is nothing but the characteristic function of�r i , the average can be readily calculated and written as

s� (t) = strue (t)exp(2� � 2t) (24)

Since the truth in Eq. (24) is unknown,absoluteerrors are a priori not accessible. However, we can exploit Eq. (24) to de�ne a290

relativeerror metric that quanti�es the differences due to different temporal resolutions when integrating Eq. (19). To this end,

we de�ne

"(� ; � 0; t) :=
(s� (t) � s� 0(t))2

s� (t)2 (25)

which allows us to assess the in�uence of using different time steps in the SSA evolution. By simplifying Eq. (25) we infer

" (� ; � 0; t) = [1 � exp(2j� � � 0j� 2t)]2 (26)295

which relates simulated SSA differences at timet to the temporal resolution of the model and the variance of the measurement

error� .

3.5 Work�ow validation: Growth of a spherical shell

We set up a complex numerical work�ow that starts from a voxel image, computes the interface velocityvn from a
::
an FE

simulation, and eventually yields the growth ratevn H after surface integration. In order to validate the entire work�ow, we300

consider a test case that can be compared to an analytical solution. To this end, we employ the classical situation of the Laplace

equation in a spherical shell for the vapor concentration� v (r ) with radial coordinater around a spherical particle with radiusR

with �xed vapor concentration� 1 applied at the outer shell at distanceR1 . A Robin boundary condition (Eq. (15)) is applied

at the inner surface of the sphere, under the formD v n � r � v = �v kin [� v � � v;s ], with � v;s a constant value smaller than� 1 .

Note that this problem is temperature-independent and is fully determined by the radius of the shells, and the values of� 1 and305
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