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Abstract. While well established energy-based methods of quantifying diapycnal mixing in process-study numerical models

are often used to provide information about when mixing occurs, and how much mixing has occurred, describing how and

where this mixing has taken place remains a challenge. Moreover, methods based on sorting the density field struggle with

under resolution and uncertainty as to the definition of the reference density when bathymetry is present. Here, an alternative

method of understanding mixing is proposed. Paired histograms of user selected variables (which we abbreviate USP) are5

employed to identify mixing fluid, and are then used to display regions of fluid in physical space that are undergoing mixing.

This paper presents two case studies showcasing this method: shoaling internal solitary waves and a shear instability in cold

water influenced by the nonlinearity of the equation of state. For the first case, the USP method identifies differences in the

mixing processes associated with different internal solitary wave breaking types, including differences in the horizontal extent

and advection of mixed fluid. For the second case, the method is used to identify how density, and passive tracers are mixed10

within the core of the asymmetric cold-water Kelvin-Helmholtz instability.

1 Introduction

At the largest scales, the ocean is stably stratified, typically with warmer, less dense water overlaying cold, and more dense

water (although in many locations, such as the polar regions the stratification is salinity dominated instead and warm water

can underlay cold). Similar density stratifications also exist across other geophysical settings, such as lakes, estuaries, and the15

atmosphere. Thus the process by which the layers mix is of great interest to a range of disciplines, from biological scientists

interested in the distribution of nutrients, plankton, and sediment, to physical oceanographers interested in the global (and

local) distribution of heat and buoyancy. Mixing primarily occurs due to flows that induce small scale motions that stir the fluid

and stretch density interfaces. Across the increased surface area, molecular diffusion is effectively sped up in the process of

diapycnal mixing (Salmon, 1998). Since they have small scales, mixing processes occur below the grid scale of many oceanic20

and atmospheric models. Process-scale numerical modelling is thus a useful tool to better understand the routes to mixing,

with a view to improving the way that climate-scale and regional models parameterise such processes through turbulent or

eddy diffusivity. Large scale models may use sophisticated parameterisations of eddy diffusivity, dependent on local velocity
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shear and buoyancy, and examples include the well-known k� � model for Reynolds-averaged Navier–Stokes (RANS) (Pope,

2000), and the Smagorinsky model for Large Eddy Simulations (LES) (Wyngaard, 2010).25

The mechanical process of stirring is a geometric deformation of fluids, and does not in itself imply irreversible mixing.

However, the presence of a diffusion term in the equations of motion (equation 5) allows mixing (where the concentration

of a tracer, or density, of a given fluid parcel is modified) to occur across density gradients that are stretched by stirring.

Commonly, mixing in numerical simulations is quantified according to the framework set out by Winters et al. (1995). Under

this framework, energy is partitioned into various components; Kinetic Energy (KE), Background Potential Energy (BPE),30

Available Potential Energy (APE) and Internal Energy (IE). APE is the potential energy available to be released to kinetic

energy, and is computed by first adiabatically redistributing the density field to find the lowest possible energy state (this state

in turn defines the BPE). The conversion between APE and BPE is considered the energy used to conduct irreversible diapycnal

mixing, and is therefore an important concept. Crucially, calculating APE involves sorting the density field in order to identify

the lowest energy state achievable by adiabatic redistribution (or under certain formulations, a far-field reference density profile35

(Lamb, 2008)). Other formulations for measuring mixing have been suggested, such as computing the Thorpe length scales

(Thorpe, 1977), which have been applied to both laboratory experiments and numerical simulations (e.g. Carr et al., 2017).

The most widely used APE framework is valuable due to its uses in comparisons to the field, and parameterisation in larger

scale models. However, the Winters et al. (1995) sorting process does little to inform us of interesting questions around where

and how this mixing is taking place, or what happens to the mixed fluid (Moum et al., 2003; Carr et al., 2017). Exploration of40

the spatial distribution BPE density, and APE density, or local APE can give us some further information about the flow (e.g.

Lamb, 2008; Scotti and White, 2014), but are rarely considered in comparison with the domain integrated, or bulk, values. This

is in part due to the complexity of calculating these local values.

Graphical methods of understanding stratified turbulent systems have long been used, for example in the study of fossil

turbulence (Caldwell, 1983; Gibson, 1999). Penney et al. (2020) considered the diapycnal mixing of passive tracers from45

a graphical point of view by using simple two-variable probability density histograms showing the statistical relationship

between a tracer and density. Penney et al referred to their primary tool as “weighted density-tracer scatter plots", since we

propose a methodology that is more general, we will adopt the acronym USP, for user-controlled scatter plot. The user specifies

the two variables chosen, and the manner in which their ranges are set in order to focus on dynamical phenomena of interest.

The pair of fields studied in detail in Penney et al. (2020) is a subset of our more general methodology.50

To demonstrate the efficacy of our methodology we choose two application areas, one in which the geometry is complex

(shoaling internal waves) and one in which the equation of state is nonlinear (in water below the 4 °C temperature of maximum

density). Grace et al. (2021) simulated the evolution of gravity currents in water below the 4 °C temperature of maximum

density. They demonstrated profound asymmetries between cold gravity currents intruding into warm water, and warm gravity

currents intruding into cold water. They labelled this temperature regime the “weak cabbeling" regime, because two water55

parcels mixed together yield a different density than the average density of the individual parcels. Grace et al found histograms

of a single fluid quantity (e.g. temperature) to be a useful analysis tool in characterising the gravity currents.
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Here, we bring the methods of Penney et al. (2020) and Grace et al. (2021) together, investigating the utility of selecting fluid

parcels based on the combination of two quantities, for example asking where the density is within one range, and the kinetic

energy (KE) exceeds a threshold value simultaneously. An interactive Matlab tool is developed, and applied to two example60

flows which have previously been studied extensively. Firstly shoaling nonlinear Internal Solitary Waves (ISWs), that result

from such waves propagating up-slope are studied, a process investigated in numerous process-studies for its role in transport

and mixing of heat, nutrients, and sediment (e.g. Michallet and Ivey, 1999; Aghsaee et al., 2010; Sutherland et al., 2013; Arthur

et al., 2017; Hartharn-Evans et al., 2022a). Secondly, the stratified shear flow and its Kelvin Helmholtz instability, a feature

explored in many studies relating to mixing due to its fundamental importance (e.g. Winters et al., 1995; Caulfield and Peltier,65

2000; Peltier and Caulfield, 2003; Caulfield, 2021), and here applied in three dimensions to a cold water setting, where the

nonlinear equation of state alters the dynamics. Such features have been observed in a range of environmental settings, from

enhancing mixing by ISWs on the Oregon Shelf (Moum et al., 2003), deepening the Arctic Ocean surface mixed layer (Lincoln

et al., 2016), and affecting the highly stratified Connecticut River estuary (Geyer et al., 2010).

The joint probability histograms, and specifically the change in their form over time, allows identification of fluid quantities70

that are interesting. Additionally, the method allows us to determine the physical region of fluid where these quantitatively

unambiguously identified “interesting things" are happening. Instead of the understanding of how much bulk mixing is taking

place (as provided by the sorting algorithm), we can understand where, when and perhaps how mixing is taking place. Using

this method of selecting regions based on user-selected paired histograms (USP) also has advantages over the Winters et al.

(1995) sorting algorithm in that it is unaffected by small perturbations inherent to numerical methods (e.g. due to uncertainties75

in bathymetry, or general under resolution), and as there is no assumption of mass (or energy) conservation inside the region

to be analysed, the spatial domain for analysis can be restricted to just the physical area we’re interested in.

This paper is organised as follows. In x2.1, the USP methodology is introduced. In x2.2 the numerical model SPINS is

introduced, with specific model setups for the fissioning ISW and cold shear flows are introduced in xx2.2.1, 2.2.2 respectively.

The method is then applied to identify the causes of different mixing regimes according to wave breaking types in x3.1, followed80

by application of the method to understand diapycnal mixing in the cold shear instability in x3.2. The results conclude with the

introduction of a passive, rather than active tracer to the cold shear instability x3.3, identifying the differences between active

and passive tracers with differing diffusivity.

2 Methods

2.1 Paired Histograms85

This study employs pseudocolour plots showing the characteristics of fluid parcels in a two-dimensional (2-D) space where

the two dimensions, instead of being spatial dimensions, are chosen to be fluid characteristics, similar to the weighted density-

tracer scatter plots in Penney et al. (2020). Each USP plot shows the characteristics of fluid parcels in terms of this redefined 2-D

space, with two fluid properties as their coordinates, and the colour showing the proportion of the fluid within each discretized

coordinate bin. The change of a scatter plot, reminiscent of temperature-salinity plots widely used to trace water masses in90
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