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Abstract. Rock avalanches reach considerably greater runout lengths than predicted by Coulomb friction. While it has been
known for a long time that runout length increases with volume, explaining the increase qualitatively is still a challenge. In
this study, the widely used Voellmy rheology is reinterpreted and modified. Instead of adding a Coulomb friction term and
a velocity-dependent term, the modified rheology assigns the two terms to different regimes of velocity. While assuming a
transition between Coulomb friction and flow at a given velocity is the simplest approach, a reinterpretation of an existing
model for the kinetic energy of random particle motion predicts a dependence of the crossover velocity on the thickness of the
rock avalanche. Analytical solutions for a lumped mass on a simple 1-D topography reveal the existence of a slope-dominated
and a height-dominated regime within the regime of flow. In the slope-dominated regime, the kinetic energy at the foot of
the slope depends mainly on the slope angle, while the absolute height relative to the valley floor has little effect, and vice
versa. Both regimes can be distinguished by the ratio of a length scale derived from the rheology and the length scale of the
topography. Long runout occurs in the height-dominated regime. In combination with empirical relations between volume,
thickness, and height, the approach based on the random kinetic energy model reproduces the scaling of runout length with

volume observed in nature very well.

1 Introduction

The long runout of rock avalanches has puzzled scientists for decades. Rapid mass movements with volumes V' 2 105 m?
achieve a considerably greater runout length than a solid block under Coulomb friction. Theoretically, a lumped mass slowly
sliding downward along a topographic profile comes to rest when the ratio of total height drop H and traveled horizontal
distance L equals the coefficient of friction p (e.g., de Blasio, 2011). This ratio is often referred to as Heim’s ratio. Huge rock
avalanches with volumes of some km? even reach ratios % < 0.1, while typical values of y for Coulomb friction are between
0.5 and 1. The biggest landslides of Olympus Mons on Mars even reach % ~ 0.02 (Crosta et al., 2018), which would even
correspond to the friction of steel on ice.

Although the lumped-mass model is oversimplified, the occurrence of ratios % much lower than p suggests a transition

from Coulomb friction to a more fluid-like behavior with a lower effective friction. Since L refers to a straight line, movement

along a curved track even increases % The same holds for the effect of centrifugal forces due to profile curvature. Practically,
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longitudinal spreading is the only process that may reduce % considerably. While the definition of % refers to the highest

point of the detachment area and the most distant point of the deposits, lumped-mass models rather describe the center of
mass. Davies (1982) proposed a relation between runout length and volume based on longitudinal spreading. However, this
relation becomes geometrically inconsistent if the runout length exceeds twice the respective length for the center of mass
and thus cannot predict a strong decrease in % compared to the lumped-mass model. Furthermore, data collected by Legros
(2002) reveal that the center-to-center % ratio may also be considerably smaller than typical values of u. So long runout and
longitudinal spreading of rock avalanches are probably facets of a fluid-like behavior, but longitudinal spreading cannot be
considered the primary reason for the long runout.

In turn, there is no consensus about the mechanism behind the fluid-like behavior of rock avalanches. It is even unclear
whether it can be attributed to a unique mechanism. Water is present in many rock avalanches and may play a part as well as
air. Frictional heating may also have a strong effect on the mechanical properties. Alternatively, the increase in runout length
with volume may be an inherent property of granular flow without any specific process beyond the interaction of particles.

Numerical simulations of discrete particles are able to reproduce the observed decrease in effective friction with volume
(Campbell et al., 1995; Johnson et al., 2016) at least qualitatively. However, discrete models involving a large number of
particles are numerically costly, in particular in 3D (e.g., Mead and Cleary, 2015). Therefore, depth-averaged continuum
models are still preferred for large-scale simulations and for hazard assessment. Such models are typically based on the theory
of granular flow proposed by Savage and Hutter (1989). As a major advantage over lumped-mass models, continuum models
are able to predict the morphology of the deposits, which allows for a better constraining of the parameter values. Similarly
to lumped-mass models, depth-averaged continuum models require only a model for the shear stress at the bed and no further
parameters. This parsimony is an advantage over 3D simulations beyond the lower numerical complexity and also over depth-
averaged multi-phase flow models (e.g., Pudasaini and Mergili, 2019).

The most widely used relation for the basal shear stress in depth-averaged models of granular flow dates back to work on

snow avalanches of Voellmy (1955) and assumes a shear stress of

T=NU+%U2. (1)

The first term describes Coulomb friction with a coefficient ;x where o is the normal stress. The second term was introduced
as an effective friction term for turbulent flow of snow, where p, g, and v are density, gravity, and vertically averaged velocity,
respectively. The parameter £ refers to the roughness of the bed.

As a central property of Voellmy’s rheology, the velocity-dependent contribution to friction does not increase with normal
stress. In the simplest case, the normal stress is o = pgh cos 3, where h is the thickness of the layer and [ the slope angle. Then
the effective coefficient of friction

2

Ehcosf

.
Pt = — = pu ot 2

decreases with increasing thickness and thus also with volume. So Voellmy’s approach predicts increase in runout length with

volume.
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Figure 1. Velocity-dependence of the effective coefficient of friction for Voellmy’s rheology and the rheology proposed by Jop et al. (2005).

Lower curves correspond to greater thickness.

While Voellmy’s approach started from observations of snow avalanches in combination with the analogy to turbulent flow,
an alternative concept based on theoretical scaling arguments and laboratory experiments also received great interest (Jop
et al., 2005, 2006). This approach does not predict the shear stress at a rough bed, but for each point of a granular medium. The

respective effective coefficient of friction

e = 1+ £ —Io,u (3)

depends on the so-called inertial number I, which is proportional to the shear rate and decreases with increasing normal stress.
Equation (3) predicts an increase of g from the Coulomb friction coefficient p towards a higher coefficient pi,, which is
approached in the limit I — oo. The parameter I defines the value of I at which g is the middle between p and oo

Both approaches are qualitatively similar in the sense that the effective friction increases with velocity and decreases with
thickness. As illustrated in Fig. 1, however, they differ fundamentally concerning the dependence on v. Voellmy’s rheology
predicts a rather weak increase at small velocities, but a strong increase in friction at high velocities. In turn, the rheology
proposed by Jop et al. (2005) predicts a rapid increase in friction at small velocities in combination with an upper limit (1to)
at high velocities.

Although the rheology proposed by Jop et al. (2005) was also applied to rock avalanches (Lucas et al., 2014), Voellmy’s
rheology is more widely used in the field of large-scale modeling and hazard assessment, e.g., in the model RAMMS (Christen
et al., 2010). For this reason, focus of this study is on Voellmy’s rheology.

Voellmy (1955) explicitly referred to turbulent flow of snow and adopted the respective relations for turbulent flow of water
in rough channels. In particular when transferred to rock avalanches, however, the idea of turbulent flow is questionable.
Turbulent flow causes a strong mixing of the particles and is thus incompatible with the preservation of the stratigraphy often
found in the deposits (Dufresne et al., 2016).

However, this apparent issue was already clarified by Salm (1993). The lowermost particles are deflected by collisions with
the rough bed. Assuming that the bed-parallel component of the velocity is reduced by a given factor f in each collision results

in a loss in kinetic energy of 0 ' = %m(l — f?)v?. If we further assume that collisions take place after traveling a given distance
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dx, the effective friction force is

_0E (17f2)m 2
P =3 " @

per particle of the lowermost layer. This simple argument explains the v2-dependence in Eq. (1). A part of the energy taken
from the bed-parallel velocity is transformed into vertical motion of particles in the body of the avalanche. Up to this point,
the mechanism is even the same as for turbulent flow of water, which explains the identical relation for the basal shear stress.
The difference arises from the way the energy transferred from the bed into the body is dissipated. Owing to its low viscosity,
water can only dissipate this energy by turbulent flow. In contrast, collisions between rock fragments are strongly inelastic and
consume kinetic energy easily without the need for a turbulent flow pattern. So the mechanism of energy conversion at the bed
and thus also the basal shear stress follows basically the same relation as for turbulent flow of water, but the way the energy
is finally dissipated in the body is different. In this sense, the occurrence of the same relation for the basal shear stress as for
turbulent flow is not coincidence, but does not imply that the flow must be turbulent.

Another issue of Voellmy’s rheology is, however, not resolved so easily. Since pis > p for any values of v and h, a long
runout can only be achieved by assuming values of 1« much lower than typical coefficients for Coulomb friction. As an example,
the best-fit values of all events analyzed by Aaron et al. (2022) are lower than 0.25 with some even lower than 0.1. Furthermore,
the individual values of y and ¢ are often not constrained well since different combinations yield similar results, in particular
with regard to the runout length. The rheology proposed by Jop et al. (2005) (Eq. 3) also predicts pes > p and thus also suffers
from the problem that p is not the same as for Coulomb friction.

The random kinetic energy (RKE) model (Buser and Bartelt, 2009; Bartelt and Buser, 2010) seems to be the only approach
to overcome this limitation that raised attention. This approach takes into account that the energy converted at the rough bed
causes a random movement of the particles in the body of the avalanche. It is assumed that the respective kinetic energy R is
transported with the depth-averaged velocity v and dissipated by particle collisions. Finally, the entire friction (both terms in
Eq. 1) are multiplied by a factor e~ R%, where Ry is considered an activation energy.

The RKE model is available as an option in the model RAMMS (Christen et al., 2010). While the RKE model was developed
for snow avalanches, it was also applied to rock avalanches (Preuth et al., 2010). In turn, Issler et al. (2018) pointed out
several shortcomings of the RKE model. Owing to the exponential factor, the RKE model even predicts a decrease in friction
with velocity at high velocities, so that the velocity increases more and more on a straight slope once a threshold velocity
is exceeded. Furthermore, the velocity-dependent reduction of the friction term is not consistent with Salm’s explanation of
Voellmy’s rheology in its spirit. Given that the v?-term describes the conversion of kinetic energy at the rough bed into RKE,
which is then dissipated in the avalanche body, there is no reason why the conversion should become weaker at high velocities.

Developing some kind of minimum Voellmy-type rheology that is able to explain the long runout at large volumes without

these inconsistencies is the subject of this paper.
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Figure 2. Comparison of a sharp transition (Eq. 5) to the sum typically used for Voellmy’s rheology (Eq. 1). Lower curves correspond to

greater thickness h.

2 A modified Voellmy rheology

The ideas of Voellmy (1955) and Salm (1993) focus to the v?-term in Eq. (1), which dominates the rheology at high velocities.
In turn, the Coulomb friction term describes the well-constrained behavior at low velocities. The v2-term alone would predict
avalanches that move and spread forever and would come to rest only in topographic depressions.

Adding the two terms in Eq. (1) is elegant since the correct term automatically becomes dominant in the respective regime
of velocities. However, this approach is not unique and does not necessarily describe the behavior at intermediate velocities
well. Given that the behavior at small and at large velocities is captured well, the inability to reproduce the long runout of rock
avalanches without reducing the coefficient p artificially must even arise from a wrong behavior at intermediate velocities.

In this paper, a complementary approach is proposed by assuming a sharp transition between two distinct regimes of move-

ment in the form

T= i for v . 5)
pg—gUQ v > e
For the moment, it is assumed that the transition takes place at a given crossover velocity v..

Figure 2 illustrates the difference of the sharp transition (Eq. 5) towards the sum (Eq. 1) in terms of pieff = ~. A fundamental
difference occurs if the moving layer is so thick that pg—gvf < po. Then peg decreases instantaneously if v exceeds v.. If the
decrease is sufficiently strong, Heim’s ratio may decrease below the coefficient of friction p, so that a long runout can occur
without decreasing . artificially.

In the following, the framework is reduced to the minimum that is necessary for investigating the new approach in the context
of velocity and runout. The movement of a point-like mass on a given topographic profile is considered, and it is assumed
that the thickness £ is constant. Since the normal stress only affects the shear stress at low velocities (v < v.), dynamic effects

(centrifugal forces) on the normal stress can be neglected. Then o = pg cos ( can be assumed, and the total acceleration parallel
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to the topography is
cos v <
o= gsing_ 4 IO ¢ 6)
5%1)2 v > U

As already pointed out by Perla et al. (1980), considering the velocity v as a function of the position s (arc length along the

profile) is simpler than considering s and v as functions of time. The governing equation becomes particularly simple if the

2

kinetic energy per unit mass, £ = %v , 1s considered, since

dE_ dv_dsdv_dv_

=2 T 7
ds ~ 'ds dtds dt " ™
Inserting Eq. (6) yields
dE cos v <
— =gsinf — Hgcosfi for ¢ ®)
ds £ v >
with

h
A= g_g ©)

The differential equation is linear in both regimes. It is easily recognized that the solution for a straight slope (constant [3) is
E(s) = (B(0) — Be)e™ + E, (10)
for v > v., where

E. = A\gsing. (11)

is the kinetic energy in equilibrium (% = 0). The kinetic energy approaches F, downslope, and X is the respective e-folding
distance.

So A has two different meanings beyond its definition in terms of the parameters £ and h (Eq. 9). First, it controls the equi-
librium velocity via the respective kinetic energy (Eq. 11). More important, however, it defines the length scale of adjustment
of the velocity to the slope. The combination of this length scale with the length scale of the topography will be the basis of
the scaling properties investigated in Sect. 4.

Voellmy (1955) estimated & ~ 500 ms~2 for snow avalanches on a rough bed. Typical best-fit values for rock avalanches are
slightly lower (£ = 300 ms—2, e.g., Aaron et al., 2022; Argentin et al., 2022), leading to an estimate \ ~ 15h.

In the following, a straight slope is combined with a horizontal plane, although other geometries such as the cycloidal or
parabolic profiles considered by Gauer (2018) may be more realistic. As a major advantage beyond the simple analytical
solution, the slope length [ defines a unique length scale here, and the ratio of the length scales A (rheology) and ! (topography)

will turn out to be the main control on the behavior.
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Figure 3. Phase space trajectories for 3 = 45°, 1 = 1000 m, y = 0.75, and v. = 15 ms ™. Solid lines start with Coulomb friction as long as
v < v.. Dashed lines correspond to a simplified scenario which immediately starts with flow instead of Coulomb friction. Thick line segments

describe the range where flow is less efficient than Coulomb friction.

The velocity at each point is easily composed from Eq. (10) for each of the two segments and the respective solution for
Coulomb friction. The latter is even independent of the specific topography and is readily obtained in terms of the horizontal

coordinate z instead of the arc length s,

dE dE ds dz

I = ds dp —dtanf—pg=—g —ug, (12)
where z(x) is the topography and the relations ‘;—i =cosf and tan§ = fg—fﬁ were used. Then,

E(x) = E(0) +9(2(0) — 2(x)) — pgz, (13)

which recovers the widely used energy-line approach.

Figure 3 shows phase space trajectories (v vs. s) for § =45°, 1 = 1000 m, 4 = 0.75, and v, = 15 m s~ L. The total height is
H =lsin 3 = 707 m. Pure Coulomb friction (v, — c0) is used as a reference scenario (black line).

For all considered scenarios except for A = 15 m, the transition to flow at v = v, reduces friction. However, this condition
does not guarantee an increase in runout length compared to Coulomb friction. Since the advantage is lost at high velocities
(See Fig. 2), flow is less efficient than Coulomb friction for a part of the track, except for the highest value A = 1200 m.

So the value of )\ at which the runout length exceeds that of Coulomb friction is considerably higher than that where flow is
more efficient than Coulomb friction at v = v.. This value of )\ is, however, less important than the occurrence of two different
regimes. For small values of \ (here A < 150 m), v approaches the equilibrium velocity 2v/E, (Eq. 11) along the slope, and
the runout length is finally not much larger than for Coulomb friction. In turn, the mass is still accelerated considerably at the
foot of the slope for large values of A (here A > 400 m). The runout length increases rapidly with A in this regime, resulting in

low values of Heim’s ratio. The runout reaches almost 5.5 km for A = 1200 m in terms of arc length, corresponding to almost
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L = 5.2 km horizontal distance and to % = 0.14. This value of Heim’s ratio is more than five times smaller than the coefficient
of friction . = 0.75 assumed here. The two different regimes will be investigated in detail in Sect. 4.

The dashed lines in Fig. 3 describe a simplified scenario which neglects the initial Coulomb friction phase. Here it is assumed
that the movement already starts with the flow rheology, although v < v in the beginning. As a consequence, friction is low
during the initial phase, which results in higher velocities. For low values of )\, however, v approaches the equilibrium velocity
rapidly. Then the additional kinetic energy is consumed before the mass reaches the foot of the slope, so that its effect on the
runout length is negligible.

In turn, a part of the additional kinetic energy is preserved for large values of A\, which leads to a longer runout. However,
the effect is in an order of magnitude of only 1 % for A = 1200 m and thus still negligible. The same holds for the phase of
2129
transition to Coulomb friction if the velocity drops below v, is important, but the coefficient of friction y is irrelevant compared

deceleration after falling back to Coulomb friction. The respective length is

= 16 m here, which is also negligible. So the

to the parameters A\ and v..

3 The relation to the RKE model

The transition between Coulomb friction and flow at a given velocity v, was an ad-hoc assumption in Sect. 2. Let us now find
out whether this assumption can be substantiated by the RKE model. For simplicity, the lumped-mass model is considered
here.

The energy per area and time dissipated at the bed is 7v. Following the idea of the RKE model, a fraction ¢ of this energy is
converted into RKE and then dissipated according to a linear decay model with a decay constant k. Accordingly, the average

RKE per unit mass R follows the differential equation

ohSE _ oo kphR (14)
dt

and thus

dR  ¢g 3 ¢ 3

_— = — — = — — 1

m fhv kR 2)\1) kR (15)

for v > v, with 7 from Eq. (5) and A from Eq. (9). At constant velocity, R approaches an equilibrium value

¢ 3

R:mﬂ .

(16)

Assuming that this adjustment is much faster than changes in velocity as already proposed by Issler et al. (2018), it can be
assumed that R always follows Eq. (16).

The above considerations are just a simplification of the original RKE model. Introducing a dependence of friction on R
would be the next step. This step is, however, questionable as discussed in Sect. 1. Instead, assuming that 2 controls the
transition between the two regimes of friction is almost straightforward. This means that a given minimum amount of RKE per

mass R, is required for maintaining flow and a fallback to Coulomb friction occurs as soon as R < R.. In combination with
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Figure 4. Phase space trajectories for 3 = 45°, [l = 1000 m, x = 0.75. Solid lines correspond to a given minimum RKE per mass (Eq. 17),

while dashed lines describe the respective trajectories for v, = 15 ms™* already shown in Fig. 3.

Eq. (16), this concept predicts a crossover velocity of

ve = (211?“)3. (17)

Similarly to the friction term itself, v. does not depend on h and ¢ individually, but only on their product via the length scale

A. For the lumped-mass model, this implies that the entire solution only depends on the product £h and not on the individual
values, which will simplify the analysis of the scaling properties in Sect. 4.

Figure 4 compares the phase space trajectories from Fig. 3 to those obtained with a given minimum RKE per mass. The
respective relation v, VA (Eq. 17) was implemented in the form v, = {"’E 15 ms~!. As discussed in Sect. 2, the initial
phase has no big effect, so that the trajectories mainly differ at the end when the flowing medium falls back to Coulomb
friction. The crossover velocity v, is greater than in Fig. 3 for A > [ and vice versa. Accordingly, the runout length is reduced
for A > [ and vice versa. The increase in runout length with increasing A persists, but becomes weaker. This effect will be

investigated further in the following.

4 Scaling regimes

The findings from Sect. 2 suggest to consider a simplified model neglecting the two phases of Coulomb friction. So let us
assume that the movement immediately starts with flow and stops suddenly when the velocity drops below v.. Then the kinetic

energy at the foot of the slope is obtained from Eqs. (10) and (11):
E(l) = E (1—6—%) :Agsinﬁ(pe—%) (18)

gH% (1 —e*%) (19)
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with the total height H = [sin 3. For any position s > [, the kinetic energy is
s— )\ S
E(s)= E(l)e™ 5 = gH (e% - 1) e % (20)

The runout (arc) length S is then defined by the condition

E(S)= %1}2

c?

ey

which yields

S=Aln (% (e% —1)) (22)

with the energy ratio

gH
€= "——.
1.2
20

(23)

The energy ratio is the ratio of the total available potential energy and the minimum kinetic energy required to maintain flow.
If we consider scenarios with different values of A\ on the same topography (as in Figs. 3 and 4), it makes sense to divide

Eq. (22) by [. Then the runout length S relative to the slope length [ is a function of the ratio % and e. For the simplest model

with a constant threshold velocity v, the energy ratio € is even constant (e ~ 60 for the scenario from Fig. 3). In turn, the RKE

concept introduces a dependence of € on A. Using the same scaling as in Sect. 2, this dependence can be written in the form

€Ol = e(L1) (?)_ (24)

Figure 5(a) shows the dependence of % on % Since both S and [ refer to arc length, these properties were converted to the

height H = [sin§ and the horizontal distance L = .S — [ + [ cos 3 in Fig. 5(b). This plot is not as universal as the original plot

since it depends on the slope angle (3 = 45° here). However, the plot of the inverse of Heim’s ratio, % is in principle similar
to that of %

The existence of two different scaling regimes is immediately recognized. If % is small, the runout length increases only
weakly with A, while the increase apparently approaches a power law for greater ratios % The fundamental difference between

the two regimes is already recognized in the kinetic energy at the foot of the slope. For A <[, Eq. (18) yields
E(l) ~ E. = A\gsinf3, (25)

which depends only on A and on the slope angle 3, but not on the absolute slope length [ and height H individually. In turn,
Eq. (18) yields

B() ~ gH (26)

for A > [, which means that the initial potential energy is converted almost completely into kinetic energy. Then the kinetic

energy at the foot of the slope depends on the height, but not on the slope angle S3.

10
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a) Along-track runout length S b) Inverse of Heim's ratio for g = 45°
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Figure 5. Runout length as a function of A\ on the same topography (constant [ and (3 for each curve). Dashed lines refer to the model with
constant v (constant € along each curve). Solid lines refer to the RKE model, where ¢ is the energy ratio for A =1 (¢(l,1) in Eq. 24). The

dotted lines reflect the power law with an exponent v = 0.55 expected from real rock avalanches.

These results suggest a subdivision of the parameter space into a slope-dominated regime (E(!) depends mainly on (3) and
height-dominated regime (F(l) depends mainly on H). In the form A > [, however, the height-dominated regime is just a
mathematical limit. Using the estimate A ~ 154, % = 15 would already require h = [, which is geometrically unrealistic. This
is also the reason why Fig. 3 is limited to % <15.

The two regimes can be defined beyond the mathematical limits by comparing the dependence of E(l) on [ at constant 3

(making the slope longer) and at constant H (making the slope less steep). Equation (18) yields

S ‘ = gsnge @7
di [B=const.

dE(I) L VD L
di ‘H—const. B gSIHﬂ <e - 7 <1 e >> (28)

It is found easily graphically or numerically that %| B=const. > —%| H—const. fOr % > 0.8. In this sense, the regime with

% > (.8 is height-dominated and the regime with % < 0.8 slope-dominated.

Approximating the term ex by 1+ % for A > [ in Eq. (22) yields
S~ Alne. (29)

The dashed lines in Fig. 5 show that this linear increase in runout length holds reasonably well for the model with constant
v over the height-limited range. After transforming the arc length .S to the horizontal distance L, the curves follow the linear

increase even slightly better.
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For the model based on RKE (solid lines in Fig. 5), however, the decrease in € with A causes a weaker increase in runout
length. Theoretically, the runout length would even decrease for A >> [ since €(\,l) — 0 then (Eq. 24). While this effect is
visible for the lowest energy ratio e = 10, the other curves can be described reasonably well by a power law with an exponent
lower than 1 in the height-limited regime.

The exponent «y of the power-law relation

L A\
£+(3)

is the most important criterion for testing the approach against real-world data. Fifty years ago, Scheidegger (1973) found a
power-law relation in terms of volume,

% x V016, 31)

although referring to the original definition of H and L and not to the center of mass. This relation was confirmed later
by Legros (2002). Larsen et al. (2010) found the relation V oc A4 between volume and area for the deposits of bedrock

landslides. This leads to the relation

heVoscyi-i = V-2, (32)
A
so that the exponent in Eq. (30) should be
0.16
= =0.55. 33
7= 029 =000 (33)

The dotted lines in Fig. 5(b) illustrate the expected power-law relation. In particular, the linear increase (y = 1) of % found for
constant v, is way too strong. The results based on RKE are closer to the expected power law, in particular for small energy
ratios. For larger values of €, however, the increase is still too strong, e.g., v~ 0.75 for ¢ = 50. These findings lead to the
conclusion that considering different volumes on the same topography overestimate the increase in runout length with volume.
Figure 6 shows the complementary scenario of the same volume on different topographies. Here A defines the characteristic
length scale. Assuming a constant slope angle, the energy ratio depends on [ according to the relation
1) = e(m)é (34)
for both models of v, then. As expected, the runout length increases with increasing slope length (Fig. 6a). However, the
increase is weaker than linear except for small values of § in combination with small energy ratios. As a consequence, the ratio
% mostly decreases with § (Fig. 6b). So the ratio % decreases with increasing slope length if the volume is constant.
These findings suggest that the power-law increase of % with volume observed in nature may arise from a combination
of the rheology and a positive correlation of volume and slope length (or height). Legros (2002) found a power-law relation

H oc V099 for the maximum height. Assuming that this relation also holds for the center of mass, combining it with the above

scaling relation between volume and thickness yields

loc H oxc AX (35)
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30 (a) Along-track runout length S (b) Inverse of Heim's ratio for 8= 45° 100

¢ = 200
——— =100
———¢=50
———e¢=20 | |30
e=10

10

L/H

17\ /D)

Figure 6. Runout length as a function of the slope length [ for the same volume (constant \) and the same slope angle (3. Since A is constant
here, there is no difference between the version based on RKE and the version with constant v.. The parameter € is the energy ratio for [ = A

(e(A, A\) in Eq. 34). The dotted line illustrates runout to the foot of the slope (S = 1).

: 0.09
with x = §r55 = 0.31 for constant slope angle.
Since A and [ are no longer independent here, we cannot use either of them as a characteristic length scale. Instead, it is

convenient to define the slope length [y at which A = [ as a characteristic length scale, so

l A\
()"

Then the energy ratio (Eq. 23) scales like

A\
6()\,1) :G(lo,lo) (lo) 5 (37)
where the term f% in the exponent occurs only in the version based on RKE. The runout length is then obtained by inserting e

into Eq. (22), which leads to

7% A) XD
%:%ln (6(10,10) (l)(\))l <e<(l°) > —1>> . (38)

Figure 7 reveals that the increase in runout length is still way too strong for the version with constant v.. For the version based
on RKE, however, the increase reproduces that of natural rock avalanches strikingly well for 50 < ¢(l,lp) < 200.

These findings strongly support the idea of two distinct regimes of friction with a transition controlled by the amount of
RKE per mass. Furthermore, it becomes clear that the relation % oc V016 is considerably affected by the correlation. Given
that the results including this correlation (Fig. 7) fit the real-world relation well for €(ly,ly) > 50, the respective exponent in
the scenario without this correlation (Fig. 5) is not lower than 0.75. Calculated back to the volume, the exponent in the power

law would be 0.22 or even larger instead of 0.16.
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(a) Along-track runout length S (b) Inverse of Heim's ratio for 8 = 45°

30 100
€ =200 € =200
€ =100 € =100
10 e =50 | € =50 e
€=20 _,.;‘/30
e=10

L/H

0.03 0.1 0.3 1 3 10 0.03 0. 0.3 1 3 10

Figure 7. Runout length as a function of A for slope length and height increasing with volume (Eq. 36 with x = 0.31). Dashed lines refer to
the model with constant ve and solid lines to the RKE model. The energy ratio in the legend refers to A =1 =y (¢(lo,lo) in Eq. 37). The

dotted lines reflect the power law with an exponent v = 0.55 expected from real rock avalanches.

5 Conclusions and outlook

In this study, the widely used Voellmy rheology was reinterpreted and modified. Instead of adding a Coulomb friction term
to the v2-term that describes the processes at a rough bed, both terms were assigned to different regimes. It was assumed that
the Coulomb friction applies to low flow velocities and the v2-term to high velocities. The effective friction at high velocities
can be parameterized by a single length scale A\, which is proportional to the thickness and to the the parameter & of Voellmy’s
rheology.

Two different model versions were tested. The simplest form assumes a transition at a given threshold velocity v.. The
alternative approach adopts some ideas from the RKE model. While the original RKE model assumes that the kinetic energy
of random particle motion reduces the effective friction, it is assumed here that it controls the transition from Coulomb friction
to flow (so v.) without affecting friction itself. In a simplified form, the RKE model predicts an increase in v, with the cube
root of the length scale A.

Using a lumped-mass model on a straight slope combined with a horizontal plane, two different scaling regimes were found.
The transition is controlled by the ratio of A and the slope length [. For % < 0.8, the slope angle is more important than the
height since the mass approaches a constant velocity along the slope. In turn, Heim’s ratios much lower than typical Coulomb
friction coefficients occur in the height-dominated regime, where the mass is still accelerated at the foot of the slope.

The decrease of Heim’s ratio of height and runout length with volume observed in nature was used for testing the two versions
of the model. While the simple version with a constant threshold velocity v, overestimates this decrease under all conditions,

the version based on RKE turned out to be much better. However, the predicted decrease in Heim’s ratio is still stronger than
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observed in nature if different volumes are considered on the same topography. If we take into account the correlation that large
volumes are typically released from larger slopes than small volumes, the observed dependence of Heim’s ratio on volume is
reproduced strikingly well.

These findings strongly support the modified version of Voellmy’s rheology in combination with a threshold velocity v,
derived from the concept of RKE. Furthermore, the results suggest the observed decrease in Heim’s ratio with volume arises
from a combination of rheology and the positive correlation between height and volume.

As a limitation, the lumped-mass considerations neither take into account the increase in runout length by longitudinal
spreading nor the respective reduction in thickness and its effect on friction. It has to be tested with continuum model whether
the relations found here hold. Larsen et al. (2010) found that the scaling relations between thickness and volume are the same
for the detached volume and for the deposits. This would mean that longitudinal spreading reduces Heim’s ratio systematically,
but would not affect its dependence on volume fundamentally. Following this argument, it can be expected that the lumped-
mass approach already captures the fundamental behavior quite well.

The new approach should be able to improve numerical continuum simulations. As a technical aspect, the strong correlation
between the parameters of the original Voellmy rheology may be reduced. This may allow for a better constraining of the
parameters and make estimates more consistent across different simulations. Scientifically, the sudden fallback from flow to

Coulomb friction may improve our understanding of the occurrence of hummocky deposit morphologies.
Code availability. All figures and further results were obtained by evaluating the respective formulas without using any numerical methods.

Competing interests. The authors declare that there is no conflict of interest.
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