Response to Reviewer #1

We would like to thank reviewer #1 for their thoughtful comments on the new revision of the manuscript. We begin by re-
sponding to the major comments given:

1. The first major comment discusses whether the outcome of the RTS smoother estimate truly restores conservation rules
that were violated by a Kalman filter estimate. The reference to Bryson and Ho (1975),and in particular Problem 3 on
page 395, was helpful. We outline below how this problem proves that the RTS estimate restores violations in conserva-
tion laws introduced by the KF.

Bryson & Ho (1975; in the following BH75) lay out the solution to the KS problem in three steps (sections 13.1-13.4),
showing that updates to the initial conditions and external forcings, obtained recursively, are then used as inputs to the
free-running model:

(1) Considering a single-state transition, BH75 show how a correction to the state at time ¢ = 0 (initial condition) and
external forcing are obtained using observations at time ¢ = 1.

(i) Extending this to a multi-stage process, the initial conditions subject to future observations and forcing updates at
times ¢t = ¢ are obtained recursively (eqns. 13.2.1-13.2.4), but requiring non-trivial computations in practice (rendering
an exact implementation of the KS difficult for complex applications).

(iii) The general smoothing process of a nonlinear dynamical system is sketched in BH75, section 13.4. Again, upon
computing smoother updates to the forcing and initial condition, the state evolution is obtained via the direct integration
of the forward model, thus fulfilling all conservation or invariance principles imposed by the underlying governing
equations.

The issue is briefly addressed in the manuscript in lines 302-307, and a reference to Bryson and Ho has been added.

2. The second major comment was in regards to labelling and outlining the different experiments described in the text. As
the reviewer notes, we made an effort towards this with Table 1, and do feel that this does a good job of describing the
parameters chosen for each experiment conducted with the mass-spring oscillator toy problem. Labelling the experiments
with designated names is useful is certain circumstances, but here the experiment discussions are largely self contained,
so references to them outside of their respective sections can be best done via a section reference itself.

Regarding adding a table for the Rossby wave experiments, this does not seem necessary as only one experiment setup
is actually considered. We attempted to clearly outline the setup for the truth and prediction in Section 4.1.1., before
beginning discussions on energy estimates and WBC estimates. Once the prediction setup is known, alongside the noise
that was added to the data points and the location of data, the KF and RTS assumptions follow. We run the KF to find the
prediction X(t), and subsequently the RTS smoother X(¢,+), both only once. From these modal estimates we compute
we find the energy and WBC estimates.

3. Major comment 3 was with regards to our choice of L = a where a is the radius of the Earth. We chose L = a because
the width of the Pacific is the same order of magnitude as the radius of the Earth. It is coincidental but in the spirit of a toy
model, it does eliminate one more non-essential parameter from the system. (It does not change the physical character
of the solution.)

4. Major comment 4 was in regards to Eq. (29), the approximate solution to the Stommel equation. Namely, it was suggested
to divide all terms on the RHS by ’. This solution is taken from Pedlosky (1965) (Eq. 5.11), and we think it is correct
as is.

5. The final major comment was in regards to the length of the discussion section, and that the manuscript lacks a conclusion
or summary section. We have relabelled the Discussion section to be Discussion and Conclusions, as we intended for
this section to conclude the manuscript. We have also expanded the end of the Conclusions section slightly in response
to comments by Reviewer #2.



With regards to the rigorous, “specific points” about typos and suggested rewrites, all have been reviewed and applied where
necessary in our effort improve the manuscript. These were very helpful and greatly appreciated. Below we respond to several
of them directly. We have reproduced the reviewer’s comments in italic:

L. 205: Please elaborate.

We have added the following sentence:
“The uncertainty in the predicted displacement is small once new data are inserted via the analysis increment, but it quickly
grows as the model is integrated beyond the time of analysis.”

«

Fig. 13, caption,
figure 13b.

... slow increase towards a higher value when no data are available.”: This is not apparent in

To clarify our statement, we have added the following sentence in the caption:
“(we note here that Q(¢,+) is computed from ¢t = T’y backwards to t = 0).”

L. 482, “... observations are not independent of the state vector...”: Please drop or rephrase.

We have rephrased as follows:
“... observations are derived quantities of the state vector...”

L. 501-502: I do not see the rationale for introducing the two distribution matrices, I and B. It seems to me that
T" and B are always the same matrix (e.g., Bryson and Ho 1975).

In general, B distributes the known part of forcing, whereas I' distributes the unknown part of the forcing or controls, as in the
Rossby wave example with u(t). In the mass-spring oscillator example the KF estimates were only forced by 0.5 - q(¢), and
there was no knowledge of the white noise component £(t). This is an example where there exists an unknown forcing that
would be distributed by I'. The reviewer is correct that here B =I', but we could have designed the experiment where only
mass three (for one example) was forced by a white noise component, which forces I' to be a different operator than B.

L. 523, “innovation equation”: Please identify or report this equation in the manuscript.
We identify eqn. (4) as the innovation equation.
L. 551-552, “... depend upon ... and with many observations including those ...”: Please rephrase.

We have changed the sentence as follows:
“The various time-scales embedded in L depend upon those in A, P (¢,—),P (¢), and upon the observations entering the KF,
including the observational sampling intervals and the structure in the observational noise.”
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Response to Reviewer #2

We thank reviewer #2 for providing thoughtful comments on the manuscript, all of which are greatly appreciated. We first ad-
dress the major comment suggested, and an enumerated list of responses to the minor comments follows. Reviewer’s comments
are reproduced in italic.

The major comment provided was to summarize and to move much of the content of the introduction to the appendix, and
instead to expand on the consequences:

The paper addresses an important topic that is often overlooked or ignored. The respective debate goes on for
quite some time and is definitely picked up and addressed in the paper by Bengtson et al. The paper is cited,
but primarily with respect to observational inhomogeneities. The paper itself makes a very clear statement in
the same direction as is being done here: that estimates of the past and future climate needs to be dynamically
consistent and preserve basic principles. Might be useful to stress this latter point more beyond the reference
to the Dee paper.

Having this said, I do like the paper on the one hand because of its message. However, similar to a pre-curser of
the paper, it has a very strong text-book or tutorial character and over large parts agrees with the text books
of Carl Wunsch. I do understand the rational for including the material. But I also think that the paper can
benefit substantially by moving much of this into the appendix and, instead expand on the messages that should
be conveyed (see also below). In a nutshell, they could be summarized as:

Changes in important functions such as total mass and energy, or volumetric current transports, usually are im-
pacted in non-physical ways by (sequential) data assimilation approached, hindering the process of inferring
climate change related trends from reanalyzes. This is because entry of data leads to violation of conservation
and other invariant rules. This holds for filter approaches, but even in finite interval smoothing method uncer-
tainties in all such estimation results remain. This message is important. However, I wish a bit more emphasis
would have been given on the cure so that the reader is not left with a hopeless feeling.

We thank the reviewer for their suggestion regarding the manuscript’s style and forward, but beg to disagree. The introduction
and much of the manuscript is already much shortened compared to the first version that this reviewer saw. The shorter version
of the introduction as is provides a useful — and necessary — self-contained formal framing of the problem. Furthermore,
changing the format of the manuscript to a Commentary would make it a different manuscript altogether.

We concur with the suggestion to expand more on how to remedy (“cure”) some of the underlying issues. In response, we
now provide an extensive final paragraph in the Conclusions section. We note that a sequel paper is in preparation, which
discusses some of these methods in detail. Adding them here would make this manuscript too long.

We now go over the minor comments provided.

1. “The papers is written in places in ways that I think are bit cryptic and definitely can be improved. As an example, the
first sentence of the abstract is sitting there and the reader wonders what is the connection to the rest of the abstract?
Same with the last sentence: here I wish the authors would make a clear statement about what can be done and what
cannot be done.”

We thank the reviewer for these suggestions. In response, we have rewritten the abstract, and have attempted to better
clarify the connection from beginning to end. In particular, the first sentence has been altered to read:

“ In sequential estimation methods often used in oceanic and general climate calculations of the state and of forecasts,
observations act mathematically and statistically as source or sink terms in conservation equations for heat, salt, mass,
and momentum.”

Discussion — even abbreviated — of what can and cannot be done would vastly exceed the space for the abstract, but we
have added a brief sentence at the end as follows:

“Application of smoother-type methods that are designed for optimal reconstruction purposes alleviate some of the
issues.”



2. “While re-writing the abstract, I suggest deleting “equation” in line 5 and spell out what “many of the issues” are.”

We clarify what issues we mean by altering the abstract to now read:

“In sequential estimation methods often used in oceanic and general climate calculations of the state and
of forecasts, observations act mathematically and statistically as source or sink terms in conservation
equations for heat, salt, mass, and momentum. These artificial terms obscure the inference of the system’s
variability or secular changes. Furthermore, for purposes of calculating changes in important functions of
state variables such as total mass and energy, or volumetric current transports, results of both filter and
smoother-based estimates are sensitive to mis-representation of a large variety of parameters, including
initial conditions, prior uncertainty covariances, and systematic and random errors in observations. Here,
toy models of a coupled mass-spring oscillator system and of a barotropic Rossby-wave system are used
to demonstrate many of the issues that arise from such mis-representations.”

3. “The first sentence of the introduction is hard to read. I suggest to re-write. Same with the sentence starting line 27. In

fact, I suggest re-writing the entire paragraph.”

We have edited the first paragraph in an effort to make it easier to read. Identical steps were taken with the paragraph
that began on line 27 (line 30 in the edited manuscript).

. “Delete “specifically” on line 29 and identify what you mean by “system trends” on line 31.”

The word “specifically” has been removed, and we have expanded on what is meant by “trend”. The final sentence in the
paragraph starting around L. 30 now reads:

“In climate science particularly, violations undermine the ability to determine system trends in physical quantities such
as temperature, mass, as well as domain-integrated diagnostics (integrated heat and mass content) over months, decades,
and longer.”

. “Line 50: “what is meant by “system failure”? I suggest dropping system here too. Also, this paragraph could use a
re-write and definition of what is meant, e.g., by “long-duration forecasts with rigorous models”? Why are rigorous
models only “likely to preserve”? Aren’t rigorous models defines as preserving quantities (besides numerical effects)?”

We have now clarified the meaning of “system failure” by the following rewording:

“For some purposes, e.g., short-term weather or other prediction, the failure of the forecasting procedure (consisting of
cycles of producing analysis increments from data followed by model forecast) to conserve mass, energy or enstrophy
may be of no concern ...”

We also now clarify the difference between a rigorous model and its proper numerical implementation as follows:
“In long-duration forecasts with rigorous models, which by definition contain no observational data at all, conservation
laws and other invariants of the model are preserved, provided their numerical implementation is accurate.”

. “Around line 60 a reference to a textbook defining, e.g., a Kalman filter, would be useful.”

We have now added references to the textbooks by Bryson and Ho (1975) and Wunsch (2006).

. “In Section 2, several symbols are either used and only later defined (e.g., At on line 67). Or they are being shown with
the context coming later (the &(t,—) or Z(t,+) on line 78).”

An explanation of At has now been added. The justification of notation Z(¢, —) and Z(¢,+) is properly addressed when
these variable are first introduced (now around line 85): “As borrowed from control theory convention, the minus sign in
x(t,—) denotes a prediction of x(¢) not using any data at time ¢ ...”

. “Line 91 and following: why do you need to go to time step t + delta t before you merge a model and observations? 1
think you can do the entire argumentation here with x(t,-). If not, I would not understand why.”

The reviewer is correct in noting that the argument could be done with timestep ¢ (instead of ¢ + At), that is, we could
assume there exists data y(¢) and we proceed to describe how to compute the weighted average of y(¢) and X(t, —).



10.

11.

12.

Nevertheless, the discussion would end up identical ours. Our choice to conduct data assimilation at timestep t + At
makes explicit the roles of the model operator A, the known forcing q, and the analysis increment, all within the same
equation. The equations as written are self-consistent (e.g., to see this, plug eqn. (4.50) into eqn. (4.52) in Wunsch
(2006)).

. “Section 3.1.1 and following: I don’t see where Ig was introduced and why the equation shown does imply that there is

no observational null space. In fact, “null space” was not introduced.”

We have now clarified that /g is the six dimensional identity matrix. With regards to the second half of the comment, if
E = I then E is full rank. Therefore, E has a vanishing nullspace and we conclude no observational nullspace exists. It
is correct that no formal definition of a nullspace has been given in the manuscript, but we opted to omit one as it is an
elementary definition from linear algebra.

“With reference to Fig 4 several statements are being made; but I am at lost which panel, which line statements refer
to and where I should see what is being said. I suggest to re-write and expand. Holds also for other figures. While you
re-write: I have trouble finding line patter (e.g., dahs-dotted) and reding lines.

We now refer to specific panels within figures in the text. For example, L. 208 now reads:

“Until the first data point (denoted with a vertical line in Fig. 4 in all three panels) ...”

to clarify where we mean the vertical line to exist. We have done our best to distinguish between lines by having both
different colors and line patterns. Where these lines coalesce (as they will under some circumstances, e.g., in the initial
phase of the KF), these lines will fall on top of each other (e.g, times 0-5000 in Panel b of Fig. 4). Once the their values
differ (¢ > 5000) they are well separated and discernable.

“Fig 11 shows in its middle panel a zoom of the top panel. But now you suddenly change line pattern. I suggest keeping
them to avoid confusion. Yellow lines are always hard to red. In the bottom panel of Fig 11, I suggest to use two solid
lines. You have different colors anyway.”

Figure 11 has been recreated so that the patterns in panels (a) and (b) match. Regarding the panel (c) we have opted to
stick to solid and dashed (also see previous comment about how to improve distinguishing between lines). This ensures
that in the portions where the differences are similar one can see that there are in fact two lines. If both are solid one
color overtakes the other and it appears as though there is only one line on the plot.

“In the discussion reference is being made to ECCO, stating that identical results would be obtain in a linear case. This
leaves the reader wondering: are all ECCO results equally impacted and corrupted as the once discussed here. The
paper would benefit significantly by closing the circle and providing a crips discussion of what the authors belief can be
accomplished at all and if in deed al results are the same or where in fact differences exist.”

We thank the reviewer for this valid point. We have now slightly restructured the Conclusions section and added an
extensive final paragraph that addresses this point.

The RTS algorithm is only one choice from several approaches to the finite interval estimation problem.
Alternatives include the least-squares/Lagrange multiplier approach of the ECCO project, which in the
linear case can be demonstrated to produce identical results. This approach guarantees exact dynamical
and kinematic consistency of the state estimate (Stammer et al. (2002), Stammer et al. (2016), Wun-
sch and Heimbach (2007)), a key requirement when seeking physical understanding of the results. Such
consistency is ensured by restricting observation-induced updates to those that are formally independent
inputs to the conservation laws, i.e., initial, surface, or — were relevant — lateral boundary conditions.
This ensures no artificial source or sink terms in the conservation equations. The ECCO project has con-
ducted this approach with considerable success over the past two decades, and demonstrated the merits
of accurate determination of heat, freshwater and momentum budgets and their constituents Heimbach
et al. (2019). The Lagrange multiplier framework provides a general inverse modeling framework, which
addresses several estimation problems, either separately, or jointly: (i) inference of optimal initial condi-
tions, such as produced by incremental 4-dimensional variational data assimilation practiced in NWP; (ii)



inference of updated (or corrected) boundary conditions, such as practiced in flux inversion methods; (iii)
inference of optimal model parameters, such as done in formal parameter calibration problems; or (iv)
any combination thereof. A detailed exposure of this more general framework in the context similar toy
models will be presented in sequel paper.
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