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Abstract. The prescription of a simple and robust parameterization for calving is one of the most significant open problems in

ice sheet modelling. One common approach to modelling of crevasse propagation in cavling
::::::
calving

:
in ice shelves has been to

view crevasse growth as an example of linear elastic fracture mechanics. Prior work has however focused on highly idealized

crack geometries, with a single fracture incised into a parallel-sided slab of ice. In this paper, we study how fractures growing

from opposite sides of such an ice slab interact with each other, focusing on different simple crack arrangements: we consider5

either perfectly aligned cracks, or periodic arrays of laterally offset cracks. We visualize the dynamics of crack growth using

simple tools from dyanmical
:::::::::
dynamical systems theory, and find that aligned cracks tend to impede each other’s growth due to

the torques generated by normal stresses on the crack faces, while periodically offset facilitate simultaneous growth of bottom

and top cracks. For periodic cracks, the presence of multiple cracks on one side of the ice slab however also generates torques

that slow crack growth, with widely spaced cracks favouring calving at lower extensional stresses than closely spaced cracks.10

1 Introduction

Iceberg calving is a key process in the dynamics of marine ice sheets, since it regulates the length of floating ice shelves and

consequently the rate at which ice is discharged across the grounding line (Schoof et al., 2017; Haseloff and Sergienko, 2018).

Although there are numerous distinct approaches to model calving (e.g. Bassis and Ma, 2015; Benn et al., 2017; Cook et al.,

2014; Fastook and Schmidt, 1982; Nick et al., 2010, 2013; Nye, 1955; Todd and Christoffersen, 2014), there is currently no15

widely-accepted “universal calving law” that can be applied in large scale ice sheet and glacier flow models.

Calving generally happens as the result of cracks growing to occupy the full thickness and width of an ice shelf. One

common approach to model such cracks is to consider ice as elastic medium on the short time scales associated with fracture

propagation, and to employ either a classical linear elastic fracture mechanics approach (Weertman, 1973, 1980; van der Veen,

1998a,b; Lai et al., 2020; Zarrinderakht et al., 2022), or to treat crack propagation as the result of breaking discrete bonds20

(Bassis, 2011; Åström et al., 2013; Crawford et al., 2021). The former leads to continuum models that identify the strength of

stress singularities at crack tips as controlling whether a crack will propagate or not (Zehnder, 2012), and the computation of

these “stress intensity factors” can be quite elaborate. In practice, this has restricted the use of linear elastic fracture to simple

ice geometries with a single crack (Weertman, 1973, 1980; van der Veen, 1998a,b; Lai et al., 2020; Zarrinderakht et al., 2022),
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for which interpolated Green's functions can be used to predict fracture propagation (Tada et al., 2000). This approach allows25

simple calving laws to be derived (Lai et al., 2020; Zarrinderakht et al., 2022) but leaves many open questions, such as whether

crevasses incised into the bottom and top of the ice will typically grow simultaneously and meet in the middle to cause calving

(as is implicitly assumed in some simpler calving models (e.g. Nick et al., 2010)), whether there is a preferred spacing between

crevasses, and how the presence of multiple crevasses affects the calving laws constructed in Lai et al. (2020) and Zarrinderakht

et al. (2022).30

Discrete element models (Bassis, 2011; Åström et al., 2013; Crawford et al., 2021) are better able to cope with multiple

interacting cracks, and with cracks of arbitrary geometry, but they are computationally expensive and therefore dif�cult to apply

when exploring larger regions of parameter space. More recently, phase-�eld models for fracture mechanics have been applied

to crevasse formation (e.g. Clayton et al., 2022; Sondershaus et al., 2023), which reproduce the predictions of linear elastic

fracture mechanics closely while also being able to handle phenomena such as crack splitting and viscoelastic relaxation of35

stresses (though, at present, seemingly only for small viscous strains). As with discrete elements, phase �eld models however

are also computationally more expensive than classical linear elastic fracture mechanics approaches., requiring additional

degrees of freedom to be solved for. Note that more general damage mechanics models (Duddu and Waisman, 2013b,a; Duddu

et al., 2020; Jimeénez et al., 2017; Keller and Hutter, 2014; Mobasher et al., 2016) aim in a similar direction, but unlike phase

�eld models are not ostensibly based on the energetics of creating new fracture surfaces, and introduces additional parameters40

that control not only a critical stress for damage production, but also the rate of damage production, which makes comparison

with models based on fracture mechanics more dif�cult.

Here we attempt to bridge the gap between idealized classical fracture mechanics models and more complicated (and com-

putationally much more expensive) discrete element as well as phase �eld models by extending prior work on linear elastic

fracture mechanics models to take account of multiple interacting cracks. We use the boundary element method described in45

Zarrinderakht et al. (2022), which can in principle handle arbitrary domain and crack geometries, to solve for stress intensity

factors at crack tips and solve for their propagation.

To keep the scope of our work tractable, we restrict ourselves to understanding simple interactions between basal and surface

crevasses. In particular, we seek to identify how the spacing and alignment of crevasses on opposite sides of an ice shelf affect

calving. Note that the study of interacting cracks has a long history, often involving complicated geometries inwich
:::::
which50

the direction of crack propagation must be determined as part of the solution of the linear elastic fracture mechanics problem

(e.g. Segall and Pollard, 1980; Baud and ReuschlÃ©, 1997). Here we use the fact that two-dimensional ice shelves �ow in

pure shear at leading order (Morland, 1987) to restrict ourselves to simple crack geometries in which the stress �eld remains

symmetric about each crack and the assumption of vertical crack propagation remains self-consistent with a maximum hoop

stress criterion (Zehnder, 2012).
::::::::::
Importantly,

:::
this

:::::
does

:::
not

:::::
imply

::::
that

:::::::::::
spontaneous

::::::::
symmetry

::::::::
breaking

::::::
cannot

:::::
occur

:::
in

:::
the55

::::::::
geometry

:::::::::
considered

:::
(for

::::::::
instance,

::
if

::
the

::::::::
direction

::
of

:::::
crack

::::::::::
propagation

::
is

:::::::::
determined

:::
by

:
a
:::::::::
maximum

::::::
energy

::::::
release

::::::::
criterion,

:::
see

:::
also

:::::::::::::
Zehnder (2012)

:
);

::::
our

::::::::::
formulation

::::::
simply

::::
does

:::
not

:::::::
consider

:::
this

::::::::::
possibility;

The paper is structured as follows: in section 2, we sketch the model presented by Zarrinderakht et al. (2022) and extend it

to accommodate the concurrent growth of multiple cracks. We show that the simultaneous propagation of two cracks can be
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cast as a two-dimensional semi-smooth dynamical system in terms of the two crack lengths and a minimal set of dimensionless60

parameters. We adopt the same weakly inertial crack propagation criterion used in Zarrinderakht et al. (2022). We assume that

the total stress �eld is composed of an elastic stress induced by the newly introduced cracks, and a viscous pre-stress, and

impose contact constraints that prevent opposite crack faces from penetrating into each other. In section 3.1, we describe how

crack propagation and the eventual steady state con�guration that is attained from given initial conditions can be visualized

using a phase plane. In section 3.2, we explore how changes in parameters affect those steady state con�gurations and ultimately65

leads to calving. Having focus initially on two aligned cracks in a wide domain, we �nd that such cracks naturally inhibit each

other's growth. We therefore explore a periodic con�guration with laterally offset cracks in section 3.3, �nding qualitatively

different behaviour in which calving due to growth of both crevasses is more prevalent. The results obtained from a periodic

domain are however sensitive to domain width, and we explore the effect of lateral crack spacing in section 3.4. We discuss

implications of our results in section 3.5.70

2 Model

The basic model is described in Zarrinderakht et al. (2022). In a Cartesian coordinate system(x1;x2) = ( x;z) wherez = 0 is

at sea level, we consider a parallel-sided slab of ice betweenz = s andz = b, s being surface elevation andb basal elevation.

The ice slab is assumed to be part of a larger ice shelf a�oat in the ocean, sos = (1 � � i =� w )H andb= � (� i =� w )H , whereH

is the thickness of the ice, and� i and� w are the densities of ice and water, respectively. We model only the portion of the slab75

of ice betweenx = 0 andx = W . The ice is subject to a viscous pre-stress of the form

� v
11 = � i g(s � z) + Rxx ; � v

22 = � i g(s � z); � v
12 = � v

21 = 0 ; (1)

whereg is the acceleration due to gravity, andRxx is related to the far-�eld velocity �eldU throughRxx = 4 �@U=@x, �

being ice viscosity (van der Veen, 1983; Muszynski and Birch�eld, 1987; Morland, 1987; MacAyeal and Barcilon, 1988). We

consider the short-term elastic response (on time scales much less than a single Maxwell time) to the introduction of cracks80

into the lower and upper boundaries of the slab of ice. That elastic response takes the form of elastic stress that is added to the

viscous pre-stress, and the high stress concentrations at the tip of the cracks can cause the cracks to propagate.

As in Zarrinderakht et al. (2022), we prescribe a �uid pressure on the domain boundary: any part of the lower boundary

below sea level is subject to hydrostatic water pressure in the ocean, while at the upper boundary, we prescribe a surface water

level at85

z = s � hw : (2)

Any part of the upper surface below that elevation is also subject to a hydrostatically increasing water pressure, with the water

level remaining unchanged as surface cracks propagate (see also�gure
::::::
Figure 1). Implicit here is the presence of a near-surface

aquifer that can supply suf�cient water to �ll the crack while maintaining that constant water level. As in Zarrinderakht et al.

(2022), we ignore the effect of elastic displacements on the �uid pressure at the boundary, thereby omitting buoyancy effects.90
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This is a potentially signi�cant omission that affects large-scale �exure effects discussed further in section 4.2 below (see also

sections 2.1 and 6.3 of Zarrinderakht et al. (2022)).

We apply the same contact-type boundary conditions on crack faces as described in Zarrinderakht et al. (2022), meaning that

normal compressive stress either attains the prescribed water (or atmospheric) pressure and the crack faces have moved apart,

or normal compressive stress is at or above that �uid pressure, and the crack faces are touching. Other parts of the surface95

simply experience normal stress equal to the external �uid pressure, while shear stresses are assumed to vanish everywhere on

the external boundary.

At the lateral domain boundaries atx = 0 andx = W , we apply either the same conditions of vanishing elastic shear and

normal stress as in Zarrinderakht et al. (2022), or we apply periodic boundary conditions on elastic displacement and stress: in

the notation of Zarrinderakht et al. (2022), the latter corresponds to100

ui (0;z; t) = ui (W;z; t); and � e
i 1(0;z; t) = � e

i 1(W;z; t); (3)

whereui is the displacement �eld,� e
ij is the elastic stress as de�ned in Zarrinderakht et al. (2022), andi runs overf 1;2g.

We have previously considered only a single surface or basal crack in Zarrinderakht et al. (2022), in line with van der Veen

(1998a,b) and Lai et al. (2020). Our goal in the present paper is to understand better how cracks interact with each other,

focusing on the interaction between basal and surface cracks. To generalize our previous work but still retain enough simplicity105

to allow for qualitative insight, we consider one basal and one surface crack in the domain, of lengthsdt anddb , respectively,

and assume that both are oriented vertically. The symmetry conditions we impose on their locations below makes that choice

of orientation self-consistent.

The elastostatic problem of Zarrinderakht et al. (2022) allows us to compute a stress intensity factorK It andK Ib at the

tip of the surface and basal cracks, respectively, given the current domain geometry as well as material properties and forcing110

parameters. As in Zarrinderakht et al. (2022), we assume that each crack propagates at a rate related to how much the stress

intensity factor exceeds fracture toughnessK Ic by

_db = max
�

�
K Ib � K Ic

K Ic jK 0(0)j
;0

�
; _dt = max

�
�

K It � K Ic

K Ic jK 0(0)j
;0

�
; (4)

where the overdot indicates differentiation with respect to time, andjK 0(0)j is the derivative of Freund's (1990) universal

functionK (given by equation (6.4.26) in Freund's book), evaluated at zero crack propagation velocity. An approximate form115

of the universal function isK ( _d) � (1 � _d=vR )=
q

1� _d=vp , with vR andvp being Rayleigh and primary wave velocities, so

� 1=K 0(0) � 2vpvR =(2vp � vR ). As discussed in Zarrinderakht et al. (2022), there are alternative hydrofracture-based models

for crack tip propagation that could replace this description. We pursue the latter here due to the qualitative insights it provides.

For a given position of the cracks along the domain, the domain geometry is fully speci�ed by ice thicknessH , domain

width W , and the crack lengthsdt anddb . In other words, we can treat the right-hand sides in equations (4) as being functions120

of dt anddb , and we obtain a set of two coupled �rst-order differential equations. All that the complicated elastostatic problem

described in Zarrinderakht et al. (2022) really does is to provide a means of computingK Ib andK It as functions of the dynamic

variablesdt anddb .
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In that vein, we will treat equations (4) as a two-dimensional dynamical system for(dt ;db ). As in Zarrinderakht et al. (2022),

our interest will be in steady state crack con�gurations, in identifying which sets of initial conditions lead to which �nal crack125

con�gurations, and in the effect of changing forcing and geometrical parameters on steady states and their basins of attraction.

In particular, we want to identify what changes in parameter values lead to the disappearance of steady states in which the ice

slab is only partially fractured so that cracks are either forced to propagate all the way across the ice or meet inside the ice. In

either case, we will interpret the result as calving: the detachment of one side of the domain from the other.

To simplify the set of geometrical and forcing parameters, we non-dimensionalize the model using the same set of scales as130

in Zarrinderakht et al. (2022) and Lai et al. (2020). This leaves only the following dimensionless parameters,

� =
Rxx

� i gH
; � =

hw

H
; � =

K Ic

� i gH3=2
; W � =

W
H

; (5)

in addition to the dimensionless material constants given by Poisson's ration� , and

r =
� i

� w
: (6)

Above, � is a dimensionless extensional stress,� a dimensionless depth to the surface water table, and� a dimensionless135

fracture toughness. We will primarily focus on dimensionless extensional stress� and water level� as forcing parameters,

since� is likely small: with a dimesional fracture toughnessK Ic = 0 ;4 MPa m� 1=2 (Rist et al., 1996) and an ice thickness

of H = 500 m, � � 0:004. To understand better how to map the dimensionless parameters to dimensional ones, recall that the

extensional stress in an uncon�ned, one-dimensional ice shelf is� i (1 � r )gH=2 (van der Veen, 1983; MacAyeal and Barcilon,

1988). With a density ratio ofr = 0 :89, this corresponds to� = 0 :055, which provides a reference value for the dimensionless140

extensional stress. The water level parameter is somewhat simpler:� = 0 corresponds to completely full surface cracks with

the water level at the upper surface.� = 1 corresponds to a surface crack that remains dry no matter how far it is incised. A

value of� = 1 � r = 0 :11 represents a surface crack for which any portion below sea level is �lled with water.

Using the Green's function formulation in Crouch and Star�eld (1983), it can be shown that the solution for stress in the

model in Zarrinderakht et al. (2022) is independent of Poisson's ratio� (while displacements do depend on� ). Consequently,145

the dimensionless stress intensity factorsK �
Ib andK �

It depend only on the scaled crack lengths and on(�; �;W � ; r ). Equation

(4) can therefore be written in the dimensionless form

_d�
b = max( K �

Ib (d�
b ;d�

t ; �; �;W � ; r ) � �; 0) ; _d�
t = max( K �

It (d�
b ;d�

t ; �; �;W � ; r ) � �; 0) ; (7)

where the asterisk decorations on the crack length variables and stress intensity factors denote their dimensionless counterparts,

scaled with ice thicknessH and with with the stress intensity� i gH3=2, respectively.150

Note that, for simplicity, we immediately omit the asterisk decorations, in the understanding that all variables and param-

eters used below are dimensionless. Any changes in forcing parameters are assumed to occur much more slowly than cracks

propagate, so the dimensionless forcing and geometry parameters� , � , � , andW are constant during crack propagation. The

problem at hand is therefore an autonomous two-dimensional dynamical system, and we rely primarily on phase planes to

visualize the behavior of the system: in the(db ;dt )-plane, we plot curves traced out bydt (t) againstdb (t) as timet increases155
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for a solution to the dynamical system; these are theorbits of the dynamical system (7) (e.g. Strogatz, 1994). In practice, we

use the boundary element method described in Zarrinderakht et al. (2022) to solve for the right-hand sides of equations (7) and

use the MATLAB routinestreamsliceto generate phase planes.

Plotting orbits on a phase plane provides a simple graphical way of identifying the behavior of the system for a given set of

parameters, for all possible initial conditions and a given set of parameter values. In that way, a phase plane is analogous to for160

instanceto Figure 10 of van der Veen (1998a), or Figures 4 and 7 in Zarrinderakht et al. (2022) for the single-crack systems

considered in these papers. There, the evolution of the single crack length variabled is determined graphically by plotting

K I (d): from this, one can read off whether a crack lengthens or not depending on whether or not stress intensity factor exceeds

fracture toughness (K I > � ) or not. A perhaps even more direct analogue to a phase plane is shown in Figures 6 and 8b of

Zarrinderakht et al. (2022), where (for a given set of parameter values), the range0 � d � 1 is divided into intervals for which165

_d = 0 and _d > 0, and hence indicates what stated evolves. A phase plane generalizes this by not only indicating where_db and
_dt are positive and zero, respectively, but by showing the relative size of the rates of change, which determines the angle of the

orbit and ultimately the state that the cracks evolve towards.

The ability to visualize evolution from arbitrary initial conditions using a phase plane also allows us to address how the

dynamical system evolves under slow changes in forcing parameters (see also Zarrinderakht et al., 2022, sections 4-4–4.5): if170

started with a combination of forcing parameters that does not cause calving (generally with� being too small or� too large),

partially incised crevasse will still typically result. A subsequent change in parameters may then lead to full crack penetration

starting with initial conditions dictated by the previous formation of a partially incised crack (as opposed to short seed cracks

only), subject to the caveat that we do not re-compute the full visocus pre-stress in this paper when doing so (but see also

Zarrinderakht et al., 2023).175

3 Results

3.1 Phase planes for aligned cracks

First, we generalize the geometry considered in Zarrinderakht et al. (2022) by introducing aligned surface and basal cracks at

the mid-way pointx = W=2 as in�gure
:::::
Figure

:
1. Note that the intention here is to mimic the in�nitely wide domain of van der

Veen (1998a,b) and Lai et al. (2020), and we use a large domain widthW = 10, applying the same boundary conditions of180

vanishing elastic traction as Zarrinderakht et al. (2022).

Figure 2 shows an example of a(db ;dt )-phase plane for this geometry. There are several non-standard qualitative features

in this phase plane that turn out to be generic for the dynamical system (7), in each case related to the maximum overK I � �

and zero taken on the right-hand side of equations (7). First, by construction, crack lengths can never shrink, so all orbits are

either horizontal, vertical or angled upwards to the right: if a stress intensity factor is less than the fracture toughness, the185

corresponding crack tip simply does not move.

Second, the dynamical system is non-smooth: the maximum function on the right-hand sides of equations (7) not only

ensures that cracks cannot shrink, it generally renders those right-hand sides non-differentiable whereK �
Ib = � or K �

Ib = � ,
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Figure 1. Geometry of the problem: the �nite domain shown in panel (b) is intended to represent part of a �oating ice shelf, with two aligned

crevasses, one each at the upper and lower surfaces.

Figure 2. Phase plane diagram for two aligned cracks for� = 0 :02, � = 0 :04, � = 0 :001, W = 10 andr = 0 :89. The inset shows an enlarge-

ment of the region marked as a black box aroundx = 0 :28
::::::::
db = 0 :28. Blue curves are orbits of the dynamical system (7), the direction in

which(db ;dt ) evolves in time is indicated by blue arrowheads. The region of black dots indicates steady-state solutions for which both stress

intensity factors are less than fracture toughness� . The coloured dots indicate saddle-type (green
:::
cyan, yellow andmagenta

::
red

:::::::
triangles) and

node-type (red
::::
circle and cyan

:::::
square) marginal �xed points as de�ned in the main text. Thegreen

::::
cyan curves are the orbits into and out of

thegreen
::::
cyan saddle point, while the red and yellow curves are the orbits that delimit the basin of attraction of the red node point. A small

region of steady states near the origin is not visible due to its small size, as is a thin strip of non-steady states close to thedb -axis extending

to the right ofdb = 0 :28, discernible only in the inset.
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even ifK Ib andK It are smooth functions of(db ;dt ) (where the latter seems likely unless a new contact area is formed, or a

section of open crack fully disappears at that point, see�gure
:::::
Figure 4a of Zarrinderakht et al. (2022)). For simplicity, we will190

refer to the sets of points for whichK �
Ib = � or K �

Ib = � as marginaldb - anddt -nullclines, respectively: these are the curves

along which one of the elastostatic stress intensity factors is equal to the fracture toughness. This awkward terminology is

necessary here because a nullcline is simply a set of points for which_db = 0 or _dt = 0 ; for smooth dynamical systems, these

sets are generally one-dimensional curves, which is not the case here as we describe below. In a phase plane like�gure
:::::
Figure

2, parts of the marginal nullclines are then the boundary between regions in which the orbits are purely horizontal or vertical195

(soK �
It < � or K �

Ib < � , respectively), and “curved” orbits, along with both crack lengths change simultaneously. The change

from curved to straight vertical orhorzintal
::::::::
horizontal

:
orbits is a graphical manifestation of the non-differentiability of the

dynamical system.

Third, equilibria of the dynamical system are generally not isolated but occupy regions of �nite size, rendered with black

dots in Figure 2. These regions are again bounded by parts of the marginal nullclines de�ned above (where stress intensity200

factors are equal to the fracture toughness). Here, the marginal nullclines separate regions in which orbits areeiher
:::::
either

vertical or horizontal from regions of steady states in which all orbits are �xed points. Inside the regions of steady states, both

stress intensity factors are less than the fracture toughness.

In addition, the phase plane here is bounded: crack lengths must be positive, and for aligned cracks, their sum must be less

than the ice thickness. When using dimensionless crack lengths scaled withH , the crack tips meet when205

db + dt = 1 ; (8)

which we take to correspond to calving as marked in Figure 2.

The usual notions of phase plane analysis, like identifying isolated �xed points and their stability, do not apply without

modi�cation due to the non-differentiability of the dynamical system, and due to the fact that equilibria occupy extended

regions of the phase plane. Equilibria inside these extended regions are stable in the sense of Lyapunov but not asymptotically210

stable (Strogatz, 1994): if perturbed, the state variable(db ;dt ) stays nearby because it does not evolve. For equilibria on the

boundary of a region of steady states (that is, equilibria on one of the marginal nullclines), we can distinguish between unstable

and stable. The boundary is unstable there are orbits that point away from it, which is the case for boundaries at the top or to

the right of a region of steady states, and stable (again in the sense of Lyapunov) otherwise.

There are several equilibria that occupy a special role, namely those where two marginal nullclines intersect. We will refer215

to these equilibria as marginal �xed points below. There are �ve such equilibria in Figure 2, although one is only clearly visible

in the enlargement in the inset.

One, marked with a red dot, is analogous to a stable node in standard phase plane analysis, and we will therefore refer to it

as a “stable node” in a slight abuse of terminology. If we start the system with small surface and basal cracks of lengthdt (0)

anddb (0), they will evolve towards this equilibrium solution provided the ratiodt (0)=db (0) is large enough anddt (0) as well220

asdb (0) are not too small. The last caveat arises because, for the small values of� relevant to typical ice shelves, there is a

small region around the origin in the phase plane (not visible in Figure 2 due to its small size) in which neither crack will grow.
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When we state that orbits started near the origin will evolve towards the node, we have to add that they need to start outside that

small region. The existence of short steady-state crack lengths has been discussed previously (van der Veen, 1998a; Lai et al.,

2020), and is associated with low-stress intensity factors, scaling asd1=2� for the surface crack, andd1=2(� � 1 + r � 1) for the225

basal crack (see appendix C1 of Zarrinderakht et al., 2022): for small enoughd, these are guaranteed to be less than fracture

toughness� . An analogous region of very short steady-state cracks can be seen for instance in Figures 4 and 7 in Zarrinderakht

et al. (2022).

Even though the stable node is not an attractor in the strict sense (there are other equilibria arbitrarily close to the stable

node), it does have a �nite basin of attraction demarcated by the red and yellow orbits into the stable node. Note that he size of230

that basin of attraction is easy to overestimate visually due to the �nite resolution used in computing the phase portrait. Close

to the stable node is a marginal �xed point that is analogous to a saddle in standard phase plane analysis, marked with a yellow

dot
::::::
triangle

:
in the inset. For this marginal �xed point, a single orbit ends at the saddle, while a second orbit connects saddle

and node (both shown in yellow in the inset). Below the orbit leading up to the saddle, there are additional orbits starting with

lower values ofdt (0)=db (0) that terminate at the boundary of a region of steady states as shown in the inset.235

The third marginal �xed point is marked with agreendot
::::
cyan

:::::::
triangle in Figure 2 and again plays the role of a saddle in

a standard phase plane. Here, one orbit (amrkedin green
::::::
marked

::
in

:::::
cyan) emerges from the saddle point towards the calving

boundary,
:
while a second orbit (also marked ingreen

:::
cyan) connects a fourth (cyan

:::::
square) marginal �xed point that is almost

on thedt -axis to thegreen
:::
cyan

:::::::
triangle

:
saddle point; this orbit is analogous to a separatrix in a standard phase plane, and

divides initial conditions that lead to immediate calving from initial conditions that lead to stable, steady cracks of �nite length240

that leave the ice slab intact.

Thecyan-colouredunstable node point
::::::
marked

:::
by

:
a
:::::
cyan

:::::
square

:
is paired with a third saddle point markedin magenta

::
as

:
a

:::
red

:::::::
triangle

:
that is also located almost on thedt axis (“almost” because there is in fact an imperceptible region near the

dt -axis in whichdb does not grow, as discussed above). For the dynamics of a single top crack, themagentaandcyan
:::
red

::::::
triangle

::::
and

::::
cyan

::::::
square

:
points were previously identi�ed elsewhere (see e.g.,�gures

::::::
Figures 2a and 6a,b of Zarrinderakht245

et al. (2022)) as stable and unstable equilibria,
:
.

::::
That

::
is,

::
if

:::
we

:::
set

:::::::
db = 0 ,

::::
then evolution of short cracks towards the smaller

(magenta
:::
red

:::::::
triangle) of the two being physically explained by the effect of the imposed tensile stress� in opening the short

crack eventually being overcome by cryostatic pressure as the crack lengthens. In fact, in all of the phase planes shown in the

paper, the dynamics along each of the coordinate axes reduces to the dynamics of a single
::::
crack

:
as previously discussed in Lai

et al. (2020) and Zarrinderakht et al. (2022). As�gure
:::::
Figure

:
2 shows, the simple rationale regarding the stability of single250

cracks developed previously in these papers however falters when coupling the surface crack with a basal crack: for instance,

both themagentaandcyanequilibriaarein fact
::
red

:::::::
triangle

:::
and

::::
cyan

::::::
square

::::::::
equilibria

:::
are

:::::::
actually unstable to the growth of a

basal crack.

3.2 Changes in crack con�guration due to altered forcing

Suppose the system is started with only small seed cracks to initiate crevasse growth (where these seed cracks need to be large255

enough in order to start outside the region of steady states around the origin discussed above). Calving will then occur if there

9



is an orbit connecting the near-origin initial conditions in the phase plane to the calving boundary atdb + dt = 1 . In Figure 2,

that is not the case: instead, cracks will evolve to the con�guration represented by the red dot, or one very close to it.

As in Zarrinderakht et al. (2022), we ask how the marginal �xed point at the red dot evolves under changes in forcing

parameters, and how such changes can themselves lead to calving. The same caveat applies here as in our earlier work (see260

section 4.5 of Zarrinderakht et al. (2022)): in asking how the dynamical system changes under changes in parameters, and

how an existing crack con�guration is affected, we are ignoring the fact that the viscous pre-stress will generally not remain

the of the same form as assumed in our model even over relatively short time scales (comparable with the Maxwell time of

ice), and changes in domain geometry will occur as the result of viscous �ow over long time scales so that results based on

the rectangular geometry assumed here will eventually become misleading. We address these issues in the companion paper265

Zarrinderakht et al. (2023).

In Figure 3, we plot phase planes analogous to Figure 2 for a range of values of� and� as indicated for each column and

row of the grid. Figure 2 is reproduced in panel c2. If we track the position of the (red) stable node-type marginal �xed point in

�gure
:::::
Figure

:
2, we �nd that it moves upwards and to the right (that is, in the direction of �ow of the dynamical system) under

increases in extensional stress� , while it remains unchanged under an increase in� (that is, an increase in the depth of the270

water table). In other words, if� is increased,(db ;dt ) will track the position of the node, but conversely, remain stranded in the

region of steady states indicated by black dots under a subsequent reduction in� . This is analogous to becoming stranded in the

grey region of steady states in Figure 6 of Zarrinderakht et al. (2022). The insensitivity to� by contrast is easy to understand

in terms of the shallow depth of the top crackdt at the node: the tip of the surface crack is above the water level in columns

2–4 of Figure 3.275

Calving under increases in� eventually occurs for each of columns 2–4 through the node meeting the diagonal calving

boundary in row a, with the surface crack lengthdt remaining very shallow: calving occurs almost entirely by the propagation

of the basal crack. The critical value of� in each case lies somewhere between� = 0 :03and� = 0 :04, which is consistent with

the critical value of� = 0 :039for calving by basal crevasse propagation determined numerically in Zarrinderakht et al. (2022).

The saddle-type marginal �xed point markedin green
::
by

:
a

::::
cyan

:::::::
triangle moves downwards and to the right under increases280

in � , and moves downwards under decreases in� . An alternative calving mechanism, starting with a stable steady state con�g-

uration like the node in panel c2, is to raise the surface water level (that is, to decrease� ) until the two marginal �xed points

annihilate each other: this is analogous to the saddle-node bifurcations of Figures 6a and 6b of Zarrinderakht et al. (2022) (for

instance, by going from panel c2 to panel c1 in Figure 3 here). When that annihilation occurs due to a reduction in� , the length

of the basal crack remains almost unchanged during the subsequent evolution of(db ;dt ): the orbit emerging from the saddle285

towards the calving boundary (shown ingreenin �gure
::::
cyan

::
in

::::::
Figure 2 is nearly vertical, and hence the motion in the phase

plane from the equivalent of a saddle-node bifurcation is also nearly vertical. Calving driven by changes in water level occurs

almost entirely by the propagation of the surface crack.

In fact, if we suppose that a step from one panel in Figure 3 to a neighboring panel corresponds to calving (for instance,

starting from the node in c2 and changing parameter values to those in c1, or starting from the node in panel b2 and changing290

parameter values to those in b1), then we can identify which crack will propagate to cause calving purely by looking at

10



Figure 3. Gridded phase plane diagrams for two aligned cracks.� = (0 (column 1),0:04 (column 2),0:08 (column 3),0:1 (column 4) and

� = 0 :04 (row a),0:03 (row b),0:02 (row c),0:01 (row d),0 (row e). The remaining parameters are those used in�gure
:::::
Figure 2.
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orbits that emerge near the origin in the panel in which calving occurs: in panel c1, orbits emerging near the origin evolve

predominantly upward. More signi�cantly still, if we start an orbit near the origin withdb = 0 , that orbit will evolve to the

calving boundary atdt = 1 while maintaining zero basal crack length. Similarly, orbits emerging near the origin in panel b1

evolve predominantly to the right, and an orbit started near the origin withdt = 0 will evolve to calving atdb = 1 with zero295

surface crack length.

In other words, in order to predict parameter combinations that lead to calving with aligned cracks, we can actually look at

the dynamics of surface and basal cracks in isolation: our admittedly coarse sampling of parameter space strongly suggests that

calving occurs from near the origin (a nearly unfractured initial domain) as from the node con�guration (with a short surface

and larger basal crack). One crack is always dominant, and the propagation of one crack does not signi�cantly reinforce the300

propagation of the other.

A plausible physical explanation of this behavior is provided by the torques generated on each crack face (see also Zarrinder-

akht et al., 2022, appendix C2): the torque generated by extensional stress on and �uid pressure in the bottom crack induces

a rotation on both sides of the crack (see also Figure 10 of Zarrinderakht et al. (2022)) that tends to compress the ice surface,

and vice versa for the torque generated on a surface crack.305

3.3 Offset crevasses in a periodic domain

Motivated by our conjecture that torques generated by a crack on one side of the domain affect the propagation of a crack incised

into the opposite side of the ice, we consider whether the dynamics of misaligned (or laterally offset) cracks differ qualitatively

from those of aligned cracks: presumably, if a basal crack causes compression at the upper surface, that compression is strongest

above the basal crack and decreases with horizontal distance.310

To maintain the requisite symmetry for laterally offset cracks to act as mode I crack and propagate vertically, we assume

that they are located atx = W=4 andx = 3W=4, and switch to laterally periodic boundary conditions as in equations (3):

as a result, the model describes a periodic array of surface and bottom cracks, in which the surface and bottom cracks are

spaced a half-wavelengthW=2 apart (Figure 4). Note that the assumption of vertical crack propagation is then consistent with

a maximum hoop stress criterion (Zehnder, 2012, section 4.4.1), but we do not address the question of crack path stability315

(Cotterell and Rice, 1980), namely that a perturbed crack could evolve progressively away from a vertical orientation.

Figure 5 shows a grid of phase planes analogous to Figure 3. One obvious difference is that the “calving boundary” now

consists of the linesdb = 1 anddt = 1 : offset cracks will no longer meet part-way through the ice. We �nd similar behavior

in Figure 5 as in Figure 3 for cases where crack evolution away from the origin does not lead to immediate calving, with a

node-type marginal �xed point evident in panels d2–e2, c3–e3 and b4–e4. The corresponding saddle-type �xed point does not320

always exist, being absent in panels b4 and c4 (which is also the case in Figure 3, panels b4 and c4).

A subtle but signi�cant qualitative difference with�gure
:::::
Figure 3 is the size of the surface crack at the node point: while

basal crack lengthdb is signi�cantly larger than surface crack lengthdt , the latter is much bigger than in�gure
:::::
Figure 3. As

a consequence, the tip of the surface crack corresponding to the node point equilibrium is below the water level and the stress

�eld is actually affected by surface water pressure in several of the examples in Figure 5. As a result the node point moves325
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Figure 4. A periodic domain with offset cracks atx = W=4 andx = 3 W=4.

upwards as� is decreased (the crack lengthens as water level rises) in several examples (for instance, in going from panel 5c4

to panel 5c3, or panel 5d3 to panel 5d2).

This has a knock-on effect on the style of calving under increases in extensional stress: in the aligned crack case of Figure 3,

an increase in extensional stress invariably leads to calving by basal crack propagation (see the discussion in section 3.2, and

columns 2–4 of Figure 3). In the offset crack case of�gure
:::::
Figure

:
5, increases in� by contrast lead to calving by top crack330

propagation through the annihilation of saddle and node points (panels d2–c2, c3–b3) more frequently than by the node point

reaching the right-hand calving boundary (panels b4–a4), while the annihilation of saddle and node points in a saddle-node

bifurcation only occurs as the result of a decrease in� in Figure 3.

3.4 The effect of periodicity

The results in the previous section suggest that the presence of offset instead of aligned cracks may promote the simultaneous335

growth of both cracks: speci�cally, the motion of the node-type marginal �xed point under changes in parameter values involves

signi�cantly greater growth of the surface crack.

A second notable feature of Figure 5 as compared with Figure 3 is however that the values of extensional stress� are

signi�cantly larger in the former than the latter, even though we obtain qualitatively similar phase planes (with a node and

saddle type marginal �xed point in some of them, and therefore with parameter combinations that lead to �nite crack growth340

but not to calving if starting near the origin). The fact that larger extensional stresses are required to produce a qualitatively

similar result is not the result of having laterally offset versus aligned cracks, but of using a periodic domain with a relatively

short (W = 1 ) length: in addition to surface and basal cracks interacting, neighboring cracks on each of the surfaces also

interact.

Here we analyze the interaction between neighboring cracks, restricting ourselves to a periodic array of basal cracks for345

simplicity. The second equation in (7) then becomes redundant, and the dynamical system can be visualized simply by plotting

K Ib againstdb , identifying whereK Ib > � . We show results in Figure 6. Panel a shows howK Ib depends on crack lengthdb

for �xed a value ofW = 2 as� is varied, analogously to Figure 7b in Zarrinderakht et al. (2022). For a given set of parameters,

the crack will grow ifK Ib > � (the latter being the broken straight line), and remain static otherwise. Calving occurs if, as in
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