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Abstract. The prescription of a simple and robust parameterization for calving is one of the most significant open problems
in ice sheet modelling. One common approach to modelling of crevasse propagation in cavling in ice shelves has been to
view crevasse growth as an example of linear elastic fracture mechanics. Prior work has however focused on highly idealized
crack geometries, with a single fracture incised into a parallel-sided slab of ice. In this paper, we study how fractures growing
from opposite sides of such an ice slab interact with each other, focusing on different simple crack arrangements: we consider
either perfectly aligned cracks, or periodic arrays of laterally offset cracks. We visualize the dynamics of crack growth using
simple tools from dyanmical systems theory, and find that aligned cracks tend to impede each other’s growth due to the torques
generated by normal stresses on the crack faces, while periodically offset facilitate simultaneous growth of bottom and top
cracks. For periodic cracks, the presence of multiple cracks on one side of the ice slab however also generates torques that slow

crack growth, with widely spaced cracks favouring calving at lower extensional stresses than closely spaced cracks.

1 Introduction

Iceberg calving is a key process in the dynamics of marine ice sheets, since it regulates the length of floating ice shelves and
consequently the rate at which ice is discharged across the grounding line (Schoof et al., 2017; Haseloff and Sergienko, 2018).
Although there are numerous distinct approaches to model calving (e.g. Bassis and Ma, 2015; Benn et al., 2017; Cook et al.,
2014; Fastook and Schmidt, 1982; Nick et al., 2010, 2013; Nye, 1955; Todd and Christoffersen, 2014), there is currently no
widely-accepted “universal calving law” that can be applied in large scale ice sheet and glacier flow models.

Calving generally happens as the result of cracks growing to occupy the full thickness and width of an ice shelf. One
common approach to model such cracks is to consider ice as elastic medium on the short time scales associated with fracture
propagation, and to employ either a classical linear elastic fracture mechanics approach (Weertman, 1973, 1980; van der Veen,
1998a,b; Lai et al., 2020; Zarrinderakht et al., 2022), or to treat crack propagation as the result of breaking discrete bonds
(Bassis, 2011; Astrom et al., 2013; Crawford et al., 2021). The former leads to continuum models that identify the strength of
stress singularities at crack tips as controlling whether a crack will propagate or not (Zehnder, 2012), and the computation of
these “stress intensity factors” can be quite elaborate. In practice, this has restricted the use of linear elastic fracture to simple

ice geometries with a single crack (Weertman, 1973, 1980; van der Veen, 1998a,b; Lai et al., 2020; Zarrinderakht et al., 2022),
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for which interpolated Green's functions can be used to predict fracture propagation (Tada et al., 2000). This approach allows
simple calving laws to be derived (Lai et al., 2020; Zarrinderakht et al., 2022) but leaves many open questions, such as whether
crevasses incised into the bottom and top of the ice will typically grow simultaneously and meet in the middle to cause calving
(as is implicitly assumed in some simpler calving models (e.g. Nick et al., 2010)), whether there is a preferred spacing between
crevasses, and how the presence of multiple crevasses affects the calving laws constructed in Lai et al. (2020) and Zarrinderakt
et al. (2022).

Discrete element models (Bassis, 2011; Astrom et al., 2013; Crawford et al., 2021) are better able to cope with multiple in-
teracting cracks, and with cracks of arbitrary geometry, but they are computationally expensive and therefore dif cult to apply
when exploring larger regions of parameter spéce-alsounclearexactlyhowtheirresulisdependbntheexactgeometryand

fracture mechanics models to take account of multiple interacting cracks. We use the boundary element method described ir
Zarrinderakht et al. (2022), which can in principle handle arbitrary domain and crack geometries, to solve for stress intensity
factors at crack tips and solve for their propagation.

To keep the scope of our work tractable, we restrict ourselves to understanding simple interactions between basal and
surface crevasses. In particular, we seek to identify how the spacing and alignment of crevasses on opposite sides of an ict
shelf affect calvingNote that the study of interactingcrackshasa long history, often involving complicatedgeometriesn
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The paper is structured as follows: in sectibf-12, we sketch the model presented by Zarrinderakht et al. (2022) and extend
it to accommodate the concurrent growth of multiple cracks. We show that the simultaneous propagation of two cracks can be
cast as a two-dimensional semi-smooth dynamical system in terms of the two crack lengths and a minimal set of dimensionless
parameters. We adopt the same weakly inertial crack propagation criterion used in Zarrinderakht et al. (2022). We assume tha
the total stress eld is composed of an elastic stress induced by the newly introduced cracks, and a viscous pre-stress, ant
impose contact constraints that prevent opposite crack faces from penetrating into each other. I8-geiidnwe describe
how crack propagation and the eventual steady state con guration that is attained from given initial conditions can be visualized
using a phase plane. In sectiért-23.2, we explore how changes in parameters affect those steady state con gurations and
ultimately leads to calving. Having focus initially on two aligned cracks in a wide domain, we nd that such cracks naturally
inhibit each other's growth. We therefore explore a periodic con guration with laterally offset cracks in sgetiéh3, nding
qualitatively different behaviour in which calving due to growth of both crevasses is more prevalent. The results obtained from
a periodic domain are however sensitive to domain width, and we explore the effect of lateral crack spacing ig-gotion
We discuss implications of our results in section 3.5.

2 Model

The basic model is described in Zarrinderakht et al. (2022). In a Cartesian coordinate Gystesh= ( x;z) wherez =0 is

at sea level, we consider a parallel-sided slab of ice betwees andz = b, s being surface elevation atbasal elevation.

The ice slab is assumed to be part of a larger ice shelf a oat in the oceams@ = )H andb= ( ;= w)H, whereH

is the thickness of the ice, angand , are the densities of ice and water, respectively. We model only the portion of the slab
of ice betweerx =0 andx = W. The ice is subject to a viscous pre-stress of the form

\1/1: ig(s 2)+ Ry, gzz ig(s  2); Xzz leo; 1)

consider the short-term elastic response (on time scales much less than a single Maxwell time) to the introduction of cracks
into the lower and upper boundaries of the slab of ice. That elastic response takes the form of elastic stress that is added to th

As in Zarrinderakht et al. (2022), we prescribe a uid pressure on the domain boundary: any part of the lower boundary
below sea level is subject to hydrostatic water pressure in the ocean, while at the upper boundary, we prescribe a surface wate
level at

z=s hy: (2
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We apply the same contact-type boundary conditions on crack faces as described in Zarrinderakht et al. (2022), meaning tha
normal compressive stress either attains the prescribed water (or atmospheric) pressure and the crack faces have moved apa
or normal compressive stress is at or above that uid pressure, and the crack faces are touching. Other parts of the surface
simply experience normal stress equal to the external uid pressure, while shear stresses are assumed to vanish everywhere ¢
the external boundary.

At the lateral domain boundariesxat0 andx = W, we apply either the same conditions of vanishing elastic shear and
normal stress as in Zarrinderakht et al. (2022), or we apply periodic boundary conditions on elastic displacement and stress: in
the notation of Zarrinderakht et al. (2022), the latter corresponds to
ui(0;z;t) = ui(W;z;t); and 10;z;t) = 7 (W;z;t); (3)
whereu; is the displacement eld, ,'f is the elastic stress as de ned in Zarrinderakht et al. (2022)j ands ovelf 1; 2g.

We have previously considered only a single surface or basal crack in Zarrinderakht et al. (2022), in line with van der Veen
(1998a,b) and Lai et al. (2020). Our goal in the present paper is to understand better how cracks interact with each other,
focusing on the interaction between basal and surface cracks. To generalize our previous work but still retain enough simplicity
to allow for qualitative insight, we consider one basal and one surface crack in the domain, of tkregtdsl,, respectively,
and assume that both are oriented verticatijthe. Thesymmetry conditions we impose on their locations below makes that
choice of orientation self-consistent.

The elastostatic problem of Zarrinderakht et al. (2022) allows us to compute a stress intensiti facodK |, at the
tip of the surface and basal cracks, respectively, given the current domain geometry as well as material properties and forcing
parameters. As in Zarrinderakht et al. (2022), we assume that each crack propagates at a rate related to how much the stre:
intensity factor exceeds fracture toughnkss by Freund-(1990)

Kb Ki . . Ki K .

= max _ ; =max  ——n—, ;
db : KICJK 0(0)] dt_ ’ KICJKO(O)J

4

wavevelocities so. 1=K Q) 2vpVR=(2vp, VR).Asdiscussed in Zarrinderakht et al. (2022), there are alternative hydrofracture-

the qualitative insights it provides.
For a given position of the cracks along the domain, the domain geometry is fully speci ed by ice thitkndssnain
width W, and the crack lengthd andd,. In other words, we can treat the right-hand sides in equations (4) as being functions
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of d; anddp, and we obtain a set of two coupled rst-order differential equations. All that the complicated elastostatic problem
described in Zarrinderakht et al. (2022) really does is to provide a means of comiuimgdK ;; as functions of the dynamic
variablesd; anddy.

In that vein, we will treat equations (4) as a two-dimensional dynamical systefofak, ). As in Zarrinderakht et al. (2022),
our interest will be in steady state crack con gurations, in identifying which sets of initial conditions lead to which nal crack
con gurations, and in the effect of changing forcing and geometrical parameters on steady states and their basins of attraction.
In particular, we want to identify what changes in parameter values lead to the disappearance of steady states in which the ice
slab is only partially fractured so that cracks are either forced to propagate all the way across the ice or meet inside the ice. In
either case, we will interpret the result as calving: the detachment of one side of the domain from the other.

To simplify the set of geometrical and forcing parameters, we non-dimensionalize the model using the same set of scales as

Rxx . _ hw, _ Ky W w

r=—: (6)

w

Above, is a dimensionless extensional stresa,dimensionless depth to the surface water table, amdimensionless frac-

stress.The water leve

matterbovv_far it is incised.A value of

ratio ). Consequently, the dimensionless stress intensity fastpreandK , depend only on the scaled crack lengths and on

(; ;W ;r). Equation (4) can therefore be written in tienensionles$orm

dy =max (K, (dy;d;; ;W ;1) 0); d- =max (K (dy;d;; ; ;W 5r) ;5 0); ©)

where the asterisk decorations on the crack length variables and stress intensity factors denote their dimensionless counterpart
scaled with ice thicknedd and with with the stress intensitygH 32, respectively.

Note that, for simplicity, we immediately omit the asterisk decorations, in the understanding that all variables and param-
eters used below are dimensionless. Any changes in forcing paramegessumedo occur much more slowly than cracks
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propagate, so the dimensionless forcing and geometry parameters, andW are constant during crack propagation. The
problem at hand is therefore an autonomous two-dimensional dynamical system, and we rely primarily on phase planes to
visualize the behavior of the system: in fu ; d;)-plane, we plot curves traced out by(t) againstdy (t) astimet increases

usetheboundaryelemenimethoddescribedn Zarrinderakht et al. (2022p solvefor theright-handsidesof equationg7) and

Plotting orbits on a phase plane provides a simple graphical way of identifying the behavior of the system for a given set of

parameters, for all possible initial conditioAs-practice weusetheboundarelementmeth sfteserbadnLordnd e dhi e 0000

values)therange0.. d 1isdividedinto

The ability to visualizegvolutionfrom arbitrary initial conditionsusinga phaseplanealsoallows us to addresshow the

3 Results
3.1 Phase planes for aligned cracks

First, we generalize the geometry considered in Zarrinderakht et al. (2022) by introducing aligned surface and basal cracks
at the mid-way poink = W=2 as in Figure 1. Note that the intention here is to mimic the in nitely wide domain of van der

conditions of vanishing elastic traction as Zarrinderakht et al. (2022).
Figure 2 shows an example of(d,;d;)-phase plane for this geometry. There are several non-standard qualitative features
in this phase plane that turn out to be generic for the dynamical system (7), in each case related to the maxiidym over
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Figure 1. Geometry of the problem: the nite domain shown in panel (b) is intended to represent part of a oating ice shelf, with two aligned
crevasses, one each at the upper and lower surfaces.

and zero taken on the right-hand side of equations (7). First, by construction, crack lengths can never shrink, so all orbits are
either horizontal, vertical or angled upwards to the right: if a stress intensity factor is less than the fracture toughness, the
corresponding crack tip simply does not move.

orK,, = ,evenifk, andK are smooth functions &t €r(dp; di) (wherethelatterseemdikely unlessanewcontactarea

we will refer to the sets of points for whidk, = orK, = as marginaby- andd;-nullclines, respectively: these are the
curves along which one of the elastostatic stress intensity factors is equal to the fracture tougmessis awkward termi-
nology is necessary here because a nulicline is simply a set of points foréghic@ or d: = 0; for smooth dynamical systems,
these sets are generally one-dimensional curves, which is not the case here as we descrifévbelanvdifferentiability

manifestsitself-visually-in-Figure 2throughtheIn a phaseplanelike Figure 2, partsof the marginalnuliclines arethenthe

Third, equilibria of the dynamical system are generally not isolated but occupy regions of nite size, rendered with black

dots in Figure 2. These regions again bounded by parts of the marginal nuliclines de ned above (where stress intensity

intensity factors are less than the fracture toughness.
In addition, the phase plane here is bounded: crack lengths must be positive, and for aligned cracks, their sum must be les:
than the ice thickness. When using dimensionless crack lengths scaldd vifie crack tips meet when

dp +d =1; (8)
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Figure 2. Phase plane diagram for two aligned cracks fer0:02, =0:04, =0:001, W =10 andr =0:89. The inset shows an en-
largement of the region marked as a black box arourd :28. Blue curves are orbits of the dynamical system (7), the direction in which

(dv;dt) evolves in time is indicated by blue arrowheads. The region of black dots indicates steady-state solutions for which both stress inten-

which we take to correspond to calving as marked in Figure 2.
The usual notions of phase plane analysis, like identifying isolated xed points and their stability, do not apply without
modi cation due to the non-differentiability of the dynamical system, and due to the fact that equilibria occupy extended

s unstablegherearegrbitsthatpoint awayfrom

severalequilibria that occupy a special rélere, namely those where two marginal nuliclines intersect. We will

Thereare e

refer to these equilibria as marginal xed points below. Theretaree ve such equilibria in Figure 2, although one is only
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One, marked with a red dot, is analogous to a stable node in standard phase plane analysis, and we will therefore refer tc
it as a “stable node” in a slight abuse of terminology. If we start the system with small surface and basal cracks of length

values of relevant to typical ice shelves, there is a small region around the origin in the phase plane (not visible in Figure 2
due to its small size) in which neither crack will grow. When we state that orbits started near the origin will evolve towards
the node, we have to add that they need to start outside that small region. The existence of short steady-state crack length
has been discussed previously (van der Veen, 1998a; Lai et al., 2020), and is associated with low-stress intensity factors

scaling agl'=2 for the surface crack, ardt=2( 1+ r 1) for the basal cracksee-appendix-of C1 Zarrinderakht et-al2022)

An analogous region of very short steady-state cracks can be seen for instance in Figures 4 and 7 in Zarrinderakht et al. (2022)
Even though the stable node is not an attractor in the strict sense (there are other equilibria arbitrarily close to the stable

computing the phase portrait. Close to the stable node is a marginal xed point that is analogous to a saddle in standard phase

plane analysis, marked with a yellow dot in the inset. For this marginal xed point, a single orbit ends at the saddle, while a

3.2 Changesin-erack-con-guration—dueto-alteredforeing

N O f
PHasgoa DSV cicl o oAV 1oto C cl cl O Cigiv

te-for-instancetoFigure 10-of van-der-Veen{1998aprFigures4- The cyan-colouredin

saddlepoint markedin magentehatis alsolocatedalmoston the d; axis (“almost” becausghereis in fact animperceptible

cyan-colouredinstablenodepointis pairedwith athird
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Suppose the system is started with only small seed cracks to initiate crevasse growth (where these seed cracks need to be lar
enough in order to start outside the region of steady states around the origin discussed above). Calving will then occur if there
is an orbit connecting the near-origin initial conditions in the phase plane to the calving boundgry dt = 1. In Figure 2,
that is not the case: instead, cracks will evolve to the con guration represented by the red dot, or one very close to it.

As in Zarrinderakht et al. (2022), we ask how the marginal xed point at the red dot evolves under changes in forcing
parameters, and how such changes can themselves lead to calving. The same caveat applies here as in our earlier work (s
section 4.5 of Zarrinderakht et al. (2022)): in asking how the dynamical system changes under changes in parameters, anc
how an existing crack con guration is affected, we are ignoring the fact that the viscous pre-stress will generally not remain
the of the same form as assumed in our model even over relatively short time scales (comparable with the Maxwell time of
ice), and changes in domain geometry will occur as the result of viscous ow over long time scales so that results based on
the rectangular geometry assumed here will eventually become misleading. We address these issues in the companion pap
Zarrinderakht et al. (2023).

In Figure 3, we plot phase planes analogous to Figure 2 for a range of valuemndf as indicated for each column and
row of the grid. Figure 2 is reproduced in panel c2. If we track the position ofrétg stable node-type marginal xed point
in Figure 2, we nd that it moves upwards and to the right (that is, in the direction of ow of the dynamical system) under
increases in extensional stresswhile it remains unchanged under an increase {that is, an increase in the depth of the
water table). In other words, ifis increased(dy; d;) will track the position of the node, but conversely, remain stranded in the
region of steady states indicated by black dots under a subsequent reductidiisis analogous to becoming stranded in the
grey region of steady states in Figure 6 of Zarrinderakht et al. (2022). The insensitivitptaontrast is easy to understand
in terms of the shallow depth of the top cragikat the node: the tip of the surface crack is above the water level in columns
2-4 of Figure 3.

Calving under increases in eventually occurs for each of columns 2—4 through the node meeting the diagonal calving
boundary in row a, with the surface crack lengttremaining very shallow: calving occurs almost entirely by the propagation
of the basal crack. The critical value ofn each case lies somewhere between0:03and = 0:04, which is consistent with
the critical value of =0:039for calving by basal crevasse propagation determined numerically in Zarrinderakht et al. (2022).

The saddle-type marginal xed poimbarkedin green moves downwards and to the right under increasesand moves

downwards under decreases inAn alternative calving mechanism, starting with a stable steady state con guration like the

node in panel c2, is to raise the surface water level (that is, to decrpasdil the two marginal xed points annihilate each
other: this is analogous to the saddle-node bifurcations of Figures 6a and 6b of Zarrinderakht et al. (2022) (for instance, by

going from panel c2 to panel c1 in Figure 3 here). When that annihilation occurs due to a reductitireitength of the basal

10



Figure 3. Gridded phase plane diagrams for two aligned cracks(0 (column 1),0:04 (column 2),0:08 (column 3),0:1 (column 4) and
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crack remains almost unchanged during the subsequent evolutial ;aof ): the asymptoteorbit emerging from the saddle
towardsthe calvingboundary(shownin greenin Figure2 is nearly vertical, and hence the motion in the phase plane from the

equivalent of a saddle-node bifurcation is also nearly vertical. Calving driven by changes in water level occurs almost entirely
by the propagation of the surface crack.

In fact, if we suppose that a step from one panel in Figure 3 to a neighboring panel corresponds to calving (for instance,
starting from the node in ¢2 and changing parameter values to those in c1, or starting from the node in panel b2 and changing
parameter values to those in bl), then we can identify which crack will propagate to cause calving purely by looking at
orbits that emerge near the origin in the panel in which calving occurs: in panel c1, orbits emerging near the origin evolve
predominantly upward. More signi cantly still, if we start an orbit near the origin vdgh= 0, that orbit will evolve to the
calving boundary atl; =1 while maintaining zero basal crack length. Similarly, orbits emerging near the origin in panel bl
evolve predominantly to the right, and an orbit started near the origindyithO will evolve to calving atd, =1 with zero
surface crack length.

In other words, in order to predict parameter combinations that lead to calving with aligned cracks, we can actually look at
the dynamics of surface and basal cracks in isolation: our admittedly coarse sampling of parameter space strongly suggests the
calving occurs from near the origin (a nearly unfractured initial domain) as from the node con guration (with a short surface
and larger basal crack). One crack is always dominant, and the propagation of one crack does not signi cantly reinforce the
propagation of the other.

A plausible physical explanation of this behavior is provided by the torques generated on each crack face (see also Zarrinder-
akht et al., 2022, appendix C2): the torque generated by extensional stress on and uid pressure in the bottom crack induces
a rotation on both sides of the crack (see also Figure 10 of Zarrinderakht et al. (2022)) that tends to compress the ice surface
and vice versa for the torque generated on a surface crack.

3.3 Offset crevasses in a periodic domain

Motivated by our conjecture that torques generated by a crack on one side of the domain affect the propagation of a crack incisec
into the opposite side of the ice, we consider whether the dynamics of misaligned (or laterally offset) cracks differ qualitatively
from those of aligned cracks: presumably, if a basal crack causes compression at the upper surface, that compression is stronge
above the basal crack and decreases with horizontal distance.

To maintain the requisite symmetry for laterally offset cracks to act as mode | crack and propagate vertically, we assume
that they are located at= W=4 andx = 3W=4, and switch to laterally periodic boundary conditions as in equations (3):
as a result, the model describes a periodic array of surface and bottom cracks, in which the surface and bottom cracks are

Figure 5 shows a grid of phase planes analogous to Figure 3. One obvious difference is that the “calving boundary” now

consists of the lined, =1 andd; =1: offset cracks will no longer meet part-way through the ice. We nd similar behavior

12
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Figure 4. A periodic domain with offset cracks at= W=4 andx = 3W=4.

in Figure 5 as in Figure 3 for cases where crack evolution away from the origin does not lead to immediate calving, with a
node-type marginal xed point evident in panels d2—e2, c3-e3 and b4—e4. The corresponding saddle-type xed point does not
always exist, being absent in panels b4 and c4 (which is also the case in Figure 3, panels b4 and c4).

A subtle but signi cant qualitative difference withigure3 is the size of the surface crack at the node point: while basal

to panel 5¢3, or panel 5d3 to panel $d2

This has a knock-on effect on the style of calving under increases in extensional stress: in the aligned crack case of Figure
3, an increase in extensional stress invariably leads to calving by basal crack propagation (see the discussion in section 3.2
and columns 2—4 of Figure 3). In the offset crack case of Figure 5, increasebyircontrast lead to calving by top crack
propagation through the annihilation of saddle and node points (panels d2—c2, c3—-b3) more frequently than by the node point
reaching the right-hand calving boundary (panels b4—a4), while the annihilation of saddle and node points in a saddle-node

bifurcation only occurs as the result of a decreaseimFigure 3.
3.4 The effect of periodicity

The results in the previous section suggest that the presence of offset instead of aligned cracks may promote the simultaneou
growth of both cracks: speci cally, the motion of the node-type marginal xed point under changes in parameter values involves
signi cantly greater growth of the surface crack.

A second notable feature of Figure 5 as compared with Figure 3 is however that the values of extensionalasgess
phase planes (with a node and saddle type marginal xed point in some of them, and therefore with parameter combinations
that lead to nite crack growth but not to calving if starting near the origin). The fact that larger extensional stresses are required
to produce a qualitatively similar result is not the result of having laterally offset versus aligned cracks, but of using a periodic
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