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Abstract.

Simulation tools are important to investigate and predict mobility and the destructive potential of gravitational mass flows
(e.g. snow avalanches). AvaFrame - the open avalanche framework - offers well established computational modeling ap-
proaches, tools for data handling and analysis as well as ready-to-use modules for evaluation and testing. This paper presents
the theoretical background, derivation and model verification for one of AvaFrame’s core modules, the thickness-integrated
computational model for avalanches with flow or mixed form of movement, named com1DFA. Particular emphasis within the
description of the utilized numerical particle-grid method is given to the computation of spatial gradients and the accurate im-
plementation of driving and resisting forces. The implemented method allows to provide a time-space criterion connecting the
numerical particles, grid and time discretization. The convergence and robustness of the numerical implementation is checked
with respect to the spatio-temporal evolution of the flow variables using tests with a known analytical solution. In addition
we present a new test for verifying the accuracy of the numerical simulation in terms of runout (angle and distance). This
test is derived from the total energy balance along the center-of-mass path of the avalanche. This manuscript, particularly in
combination with the code availability (open-source code repository) and detailed online documentation provides a description

of an extendable framework for modeling and verification of avalanche simulation tools.

1 Introduction

Simulation tools for gravitational mass flows - with a focus on snow avalanches in this manuscript - are in great demand for op-
erational engineering applications, scientific model development and gain increasing attention in academic education. Each of
these application requires different outputs. For operational engineering applications, the runout outcome for different scenar-
ios is usually of highest interest. Scientific applications aim at better understanding the processes and will require outputs such
as flow variable evolution. Existing tools for simulating snow avalanches cover a wide range of numerical implementations and
vary from proprietary (e.g. Christen et al., 2010; Sampl and Zwinger, 2004; Zugliani and Rosatti, 2021; Li et al., 2021) to open
source software (e.g. Hergarten and Robl, 2015; Mergili et al., 2017; Rauter et al., 2018). The latter ones are generally more
focused towards scientific and academic issues whereas the first are more geared towards operational applications. AvaFrame -
the open avalanche framework - strives to fill the gap between operations and scientific development combining over a decade

of operational application (using e.g. SamosAT, see Sampl and Zwinger (2004); Fischer et al. (2014)) with an open source
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scientific development environment. Using a modular structure AvaFrame adds in-depth testing and analysis modules to the
core flow modules. Further modules provide interfaces for visualization and geodata handling for all kinds of existing and
emerging simulation tools. It enables to combine, further develop and extend the different tools to best suit the users needs.

At their core avalanche simulation tools are based on a large variety of flow models, differing by their basic assumptions
(what physical processes they include, degree of complexity), mathematical derivation and/or their numerical implementation.
These range from Eulerian methods (Christen et al., 2010; Mergili et al., 2017; Rauter and Tukovié, 2018; Zugliani and
Rosatti, 2021) using spatially fixed meshes to Lagrangian methods (Sampl and Zwinger, 2004) where the mass is discretized.
Some methods are combinations of Eulerian and Lagrangian approaches such as the Material Point method (Stomakhin et al.,
2013). AvaFrame’s com1DFA dense flow avalanche (DFA) module is based on a flow model that is derived from the thickness
integration of the conservation equations of mass and momentum. Classic shallow water models, e.g. Saint-Venant, integrate
in the direction of gravity, often called "depth" integration. Other approaches, such as Savage Hutter models (Savage and
Hutter, 1989) integrate in the slope-normal direction but also call it "depth" integrated. To be more consistent with operational
terminology, we propose to call the integration in the slope-normal direction "thickness" integration. In this way, we can
highlight the special case of gravitational mass flows in steep terrain .

The resulting equations are solved using a mixed particle—grid method, in which mass is tracked using particles. Pressure
gradients are computed using a smooth particle hydrodynamics (SPH) method adapted to steep terrain and flow thickness
is computed on the grid (Sampl and Zwinger, 2004; Monaghan, 2005; Liu and Liu, 2010; Granig et al., 2016). To avoid
nonphysical behavior at starting and stopping, com1DFA applies the method proposed in Mangeney-Castelnau et al. (2003),
allowing for a friction balanced starting and stopping of the flow.

Verifying and validating the methods applied in our implementation is a challenging but crucial step, as it is for all simulation
tools. Verification is done by comparing the numerical model results to an analytical solution (e.g. Zugliani and Rosatti, 2021;
Rauter and Tukovié, 2018). Validation can be tackled in different ways, either by comparing the model results to observations
(e.g. Christen et al., 2010) or by comparing them to the results of already trusted numerical models. In this manuscript, the
focus is on model verification, and the numerical model results are compared to tests with known (semi-) analytical solutions
using two different approaches.

The flow variable tests (Hutter et al., 1993; Faccanoni and Mangeney, 2013) allow us to investigate the local spatio-temporal
evolution of flow thickness and velocity. This enables us to verify the proper implementation of the pressure gradient and
friction force computation, among others. In contrast, the energy line test is based on the investigation of the total energy
balance (Korner, 1980). It focuses on the accuracy of the global kinetic energy (velocity) along the path and the corresponding
center-of-mass runout. Thereby the proper implementation of stopping behavior, that is to say the proper balancing of driving
and friction forces, can be assessed. It also provides a test where the runout, a quantity which is important for operational
applications, is tested. We explore and explain the limitations of these two approaches.

The manuscript itself is structured as follows: Section 2 summarizes the underlying flow model, including fundamental
assumptions and derivations of the thickness-integrated equations, building the foundation for the gravitational mass flow

simulations. In Sect. 3 the spatial and temporal discretizations of the model equations are described using a particle—grid
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approach. The implementation in the AvaFrame computational module com1DFA is outlined in Sect. 4. Model verification
tests are presented in Sect. 5, targeting the correct implementation of the mathematical model as well as the convergence and
robustness of the numerical model code. In addition to employing test cases with a known (semi-)analytical solution, a new
energy line test is introduced in Sect. 5.2.

Besides the in—depth description within this manuscript, Oesterle et al. (2022) provide a combination of code and corre-
sponding documentation. Users find more information according to their individual scientific, operational or educational focus
and the reader is invited to contribute to the future development. It is important to note that this manuscript presents the latest
development state of the com1DFA module. It differs slightly from the implementation of the com1DFA module used for op-
erational purposes, which is described in the online AvaFrame documentation. For example, differences include improvements

of the SPH gradient computation method and how friction forces are taken into account.

2 Mathematical model: From 3D equations to thickness-integrated Lagrangian equations

In this section, the mathematical model and associated equations used to simulate DFA processes are presented. The derivation
is based on the thickness integration of the three-dimensional Navier-Stokes equations, using a Lagrangian approach with a
terrain-following coordinate system. The equations are simplified using the assumption of shallow flow on a mildly curved
topography, meaning flow thickness is considerably smaller than the length and width of the avalanche and it is considerably
smaller than the topography curvature radius.

We consider snow as the material, however the choice of material does not influence the derivation in the first place. We
assume constant density po and a flow on a surface S, subjected to the gravity force and friction on the surface S. If needed,
additional processes such as entrainment or other external effects can be taken into account. These processes are included in
the following derivations but will not be considered for model verification (Sect. 5), as test cases with an analytical solution
are only available for simplified conditions where entrainment or any additional forces are discarded. The mass conservation

equation applied to a Lagrangian volume of material V (¢) reads:

d _ o dv(t) _ ent
o | pdV=pp—r = f ¢4, M)
Vv (t) oV (¢)
——

m(t)

where the source term ¢°™ represents the snow entrainment rate (incoming mass flux). The momentum conservation equation

applied to same volume of material V' (¢) reads:

% poudV = j{ o-ndA+ / pogdV +F, )
V(t) AV (t) V(1)
surface forces body force
where u is the fluid velocity and g the gravity acceleration. & = —p1 + T represents the stress tensor, where 1 is the identity

tensor, p the pressure and T the deviatoric part of the stress tensor. n is the normal vector to 9V (¢). F***' represent additional
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forces due to snow entrainment (force needed to break and compact the entrained snow) or due to added resistance (trees, ob-
stacles, etc.). F**' is assumed to be surface-parallel. Problem-specific assumptions are needed to solve the mass and momentum
conservation equations (closure equation on the stress tensor 2.2). These are introduced in the following sections alongside a

local coordinate system, boundary conditions and constitutive relations.
2.1 Natural Coordinate System (NCS) and thickness-integrated quantities

In order to solve the previously described equations, a local coordinate system is introduced. The avalanche flows on a surface
S, a 2D manifold embedded in the 3D Euclidian space. Different approaches exist to define a coordinate system on this curved
surface. Some define a tangent space on S based on the coordinate lines, which leads to an orthogonal but not orthonormal
coordinate system for a curved surface S (e.g. Luca et al., 2016). Instead of this and because of the Lagrangian approach used
here, we define the local tangent plane to S at any point using the velocity direction and the normal to the surface S at this
position. This results in a time-dependent orthonormal coordinate system that is advected along with the flow, referred to as
the Natural Coordinate System (NCS).

A control volume V (¢) is assumed to be a small truncated pyramid shape extending from the bottom surface S, (lying on
the topography S) up to the free surface in the surface-normal direction NP as illustrated in Fig. 1. With the assumption of
moderately curved surfaces, this is close to being a prism shape since the normals of the lateral surfaces are almost parallel to
the bottom. Note that the bottom surface S, of area A® has no predefined shape. The octagonal shape used in Fig. 1 is just one
possible option.

The normal vector NP to the bottom surface is pointing upwards whereas n® = —INP® is the bottom normal vector to the

Lagrangian control volume (pointing out of the volume).

V(t) = / dV:/ /det(J)dmg dA, 3)
Sy b

V(t)

where J is the transformation matrix from the Cartesian coordinate system to the NCS. The NCS is an orthonormal coordinate
system (vy,va,vs) aligned with the bottom surface. vs = NP = —nP is the normal vector to the bottom surface pointing

upwards. vy is pointing in the direction of the thickness-integrated fluid velocity u (introduced below).

\:\

vz AV
Vi = , sz#, V3=Nb~ “4)
| [va Avall

In the case of shallow flow on moderately curved surfaces, det(J) = (1 — x123)(1 — Kow3) = 1. Ky 2} represent the surface

F

curvature in vy o) directions and x3 is the elevation from the bottom surface in the direction NP. This approximation is valid

if the curvature radius is much larger than the flow thickness . In this case, the control volume reads:

V)~ / / das dA. )
Sy b
——

h(t)
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Figure 1. Example of a small Lagrange volume considered in the equations and corresponding notations. The gray surface (denoted S)
represents the bottom surface (topography) and 7 P represents the tangent plane to the surface at the the point O. The normal vector to S
and 7P in O is vz = NP, The control volume, represented in blue, has a basal surface Sy lying in 7P, a lateral surface S; aligned with N®

and a free surface Sy.

The following volume (indicated by the superscript ﬁ), area (indicated by the superscript El) and thickness (indicated by the

superscript ) averaged quantities are introduced (where f is a scalar or vector function of Q C R3):

= /de

) h(t) ) h(t)
V(t Flzs3) = A—/ / fdet(T)das | dA~ —/ /qu;3 dA
j-‘: /fdA Ab(h—lEg K Ab (h LT,'3 2
and b \ T3 Sp 3 ©)
Sy
h(t)
7ot L /fdx3
TR ) T
0
Note that f(0) = f and f(0) = f. When the control volume goes to 0, i.c. basal area goes to a point, f ﬁ)? and

Ab—0
f —— f. Also, note that we assume integration on a tangent plane being equivalent to integration on a small surface in
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the manifold defined by the terrain (or 3D space in which the terrain is embedded). This is justified by the relative smallness
of the basal particle surface compared to the curvature.
The NCS has some interesting properties that will be useful for projecting and solving the equations. Because of the orthog-

onality of this NCS, we have v; - v; = §;;, {i,7} € {1,2,3}?, which gives after time derivation:

d(vi-v;) o dv;  dv

=v; v =0, 7
a Vw T @
meaning that:
dVi'ViZ():}dViJ_Vl
dit dt
(®)
dVi de . 7& .
V=V —, 1F ]
e’ dt J
It is possible to express % in terms of (v1,Vvs,vs) and using orthogonality of dd"ti and v;:
dv dv
— = v :Q&/VT'OJF Vv +Qa3vy, ;= — . ©)
dt dt
The derivative of the thickness-integrated velocity decomposes to:
dua d(ﬂlvl) _ dVl dﬂl _ dﬂl
— = U —— 4 —— v = -— 10
1 1 Uy + T a1 (agva +azvy) + T (10)

2.2 Boundary conditions

To complete the conservation Eqs. 1 and 2 the following boundary conditions at the bottom (Sp) and free (Sys) surfaces are

introduced. o, and oy, represent the restriction of ¢ to the free surface Sy, and bottom surface Sy, respectively:

— traction-free top surface:

os-ns=0 onSy, (11)

— impenetrable bottom surface without detachment:

u?-n®"=0 ons, (12)

— bottom friction law:

0 =06%.nP — ((6% - nP) -nP)nP =f(c® T, h, po, t,x) = —f(a®, @, h, po.t,x)vi onS, (13)

2.3 Constitutive relation: friction force

b

To close the momentum equation, a constitutive equation describing the basal shear stress tensor 7° as a function of the

avalanche flow state is required:

78 =£(o®, 1, h, po,t,X). (14)
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In the following, we employ a Mohr—Coulomb friction model that describes the friction interaction between two solids. The
bottom shear stress reads:

7= _tando? - nP (15)

II*II
where ¢ is the friction angle and p = tan{ is the friction coefficient. The bottom shear stress linearly increases with the normal
stress component pb.

With Mohr—Coulomb friction an avalanche starts to flow if the slope inclination exceeds the friction angle §. In the case
of an infinite slope of constant inclination, the avalanche velocity would increase indefinitely.However, because of its relative
simplicity, the Mohr—Coulomb friction model is convenient for deriving analytical solutions and testing numerical implementa-
tions. For a more detailed discussion of friction laws an their applicability we refer to Salm and Gubler (1985); Gubler (1987);
Gauer (2014).

Different friction models accounting for the influence of flow velocity, flow thickness, etc. have been proposed. Three friction
models are available in the com1DFA module. First, a Coulomb one, which is used in this paper, second a Voellmy friction
model (Voellmy, 1955) and third, the samosAT friction model, which is the one used for hazard mapping by Austrian federal
agencies (Sampl, 2007).

2.4 Expression of surface forces in the NCS

Taking advantage of the NCS and using the boundary conditions, it is possible to split the surface forces into bottom, lateral

and free surface forces and perform further simplifications:
h

fandA o® nbd/”%f +/o-ndA /a’ nbdA—i—j{ /a-ndxg dl. (16)

oV (t) Sy 25, \0

bottom force lateral force

Using the notations introduced in Sect. 2.1 and the decomposition of the stress tensor, the bottom force can be expressed as a
surface-normal component and a surface-tangential one:

/Ub~nbdA:/(fpb]l+T)-nbdA: f/pbnbdAJr/TnbdA: f/pbnbdA+/T dA = Abp anrAb , (A7)
Sb Sb Sb Sb Sb Sb

where 7? is the basal friction term (introduced in Sect. 2.2). Applying Green’s theorem, the lateral force reads:

h h h h
7{ /a’~nda:3 dl = % /(—p]l+T)dx3 -ndl = —7{ /pd:cg -ndl—|—7{ /Td.’L‘g -ndl
ISy 0 oSy 0 ISy 0 oSy, 0
—%hﬁnler%hT'ndl:—/V(hp)dA+/V-(hT)dA:—AbV/(\i@+AbV~(hT).
oSy oSy

(18)

Equations 17 and 18 represent the thickness-integrated form of the surface forces and can now be used to write the thickness

integrated momentum equation.
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2.5 Thickness-integrated momentum equation

Using the definitions of average values given in Sect. 2.1 and the decomposition of the surface forces given by Eqgs. 17 and 18,

the momentum equation reads:

A(V (1)) AV ?{
———— =poV— —_— = ‘ndA Vg +F™ 19
PO—4; poVgp Froug o-ndA+pVg+F, (19)
oV (t)
which leads to:
O(€?)
ooV I8 gbomb 4 AYT AV () AT Vet FN 7{ ¢ dA (20)
dt ~————— ’
bottom bottom lateral lateral oV (t)
normal force shear force pressure force shear force R ,

speed loss due
to entrainment

The lateral shear stress term is neglected because of its relative smallness in comparison to the other terms as shown by the
dimensional analysis carried out in Gray and Edwards (2014). The mass conservation reads:

dv
po'yr = 7( A, @1
AV (t)

Using the approximations from Sect. 2.1, the equation of motion becomes:

du_

poV T

AbpnP 4 A% — APV (hp) + poVg + F —1 ]f ¢ dA, (22)
v (t)

where all quantities are evaluated at the center of the basal area (point O in Fig. 1). This equation is projected in the normal

direction v = NP to get the expression of the basal pressure p’. The projection of this same equation on the tangential plane

leads to the differential equations satisfied by u.
2.5.1 Pressure distribution, thickness-integrated pressure and pressure gradient

We can project the momentum equation (Eq. 22), using the volume between x3 and the surface h, in the normal direction

(vz = NP = —nP). Applying the properties of the NCS (Eq. 10) the surface-normal component of Eq. 22 reads:

11(1’3) dV1

d
poV (s,t) = Vs =po A (h — 23)T (23)—* - Vs
dv dNb
= — po A (h— za)i (w3) Ve - —2 = —po A" (h = w3)u(x3) -
de¢ dt
1 0
=— Abp‘nb/NH' + Abw —Ab V{(h—23)p}- NP (23)

0

gnv 0
+pVgNE L ESNT —m g
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Neglecting the normal component of the pressure gradient gives the expression for pressure. Under the condition that T (z3)
is independent of =3, pressure follows a linear profile from the bottom surface to the free surface:

dNP
dt

dNP

plan) = ot =) { g —w- G and plaa=0) =4 = o {gp0 0 @4

Note that the bottom pressure should always be positive. A negative pressure is nonphysical and means that the material is not
in contact with the bottom surface anymore. This can happen in the case of large velocities on convex topography. If so, the
material should be in a free-fall state until it gets back in contact with the topography. A description on how this is handled
within the numerical implementation can be found in Sect. 4.3.

Using Eq. 24, it is possible to express the thickness-integrated pressure p:

h2
hp = /p(333)d$3 =Py (ng +u-
)

b 2
dN ) h eff 25)

di :—,0039

where ¢° is the effective normal acceleration acting on the volume, including the normal component of gravity and a curvature

component. Because of the utilized Lagrangian approach, the curvature terms are expressed as the temporal derivative of the
normal vector ddltb which is directly linked to the particle positions. This does not require the computation of the x(,2y used
in Eulerian approaches (Fischer et al., 2012).

The expression of the thickness-integrated pressure is used to derive the pressure gradient V (hp). Assuming ¢°' to be locally
eff

constant (otherwise g would remain inside the gradient operator), leads to:

V (hp) = —po g™ h Vh. (26)
2.5.2 Tangential momentum equation

Using the derived expression of the thickness-integrated pressure (Eq. 26), we project the momentum balance (Eq. 22) in the
tangent plane, which leads to the following equation:
du dua
ooV (dltl - (dltl -v3> v3> = AP7b oo T hAP VI h + poVigs + F — @ ?{ ¢ dA, 27)
v (t)
where V, =V — (V-NP)NP and g, =g — (g- NP)NP are the tangential component of the gradient operator and of the
gravity acceleration, respectively.

After replacing the velocity derivative component in the normal direction by the expression developed in Eq. 23, Eq. 27

reads:
du b_b off 1 b ext | — ent _ dvs
pOVE:A 7 —pog" hA°Vh+ poVgs + F* —1 ¢ dA — poV u~§ V3. (28)
v (t) —_—

curvature acceleration

The curvature acceleration is in the normal direction to the tangent plane in order to keep the flow on the surface.



215

220

225

230

235

240

3 Numerical method: particle-grid approach

In the previous section, the equation of motion was derived using a Lagrangian approach. In order to solve this set of equations
numerically, we employ a mix of particle and grid approaches. We discretize the material into numerical particles and solve
the equation of motion. The grid is used to compute several parameters that are required for the computations as for example
surface-normal vectors and flow thickness. Combining both approaches allows us to best exploit the advantages of each. The
particle approach is used to track the mass, compute the curvature terms and the gradient of the flow thickness as well as
to update the particle positions. The grid is used to handle the topography information and compute the flow thickness and
artificial viscosity. We found this to help with numerical stability and it is more efficient as it decreases the required amount of

particles. A theoretical convergence criterion is described in the last section.
3.1 Interpolation between particle and grid values

Topography information is usually provided in a raster format which corresponds to a regular rectilinear mesh, from hereon
referred to as grid. In order to get information on the surface elevation and normal vectors, the topography information needs to
be interpolated at the particle locations, and this needs to be repeated at each time step since the particles are moving. Similarly,
the particle properties such as mass or momentum, which translate into flow thickness and velocity, also need to be interpolated
onto the grid. Grid velocity is required to compute the artificial viscosity term, ensuring numerical stability, see Sect. 4.2. Grid
flow thickness is used to compute the particle flow thickness which is required for computing the frictional forces. The mesh
being regular and rectilinear, we use bilinear interpolation for simplicity and efficiency. This also ensures the conservation of
mass or momentum when interpolating from the particles to the grid and back. The properties of the grid and the interpolation

method are detailed in the AvaFrame documentation (https://docs.avaframe.org/en/latest/DFAnumerics.html#interpolation).
3.2 The particle momentum equation

Discretizing the material into particles (particle quantities are denoted by the subscript k, e.g. my = poV}, is the mass of particle
k) leads to the following continuity equation:

d

3 = AT, (29)

where A§™ is the interface area between the particle and the entrainable material while ¢;™ represents the flux of entrained

mass.
By assuming that the Lagrangian control volume V' can be represented by a particle, we can derive the particle momentum

equation in the normal direction and in the tangent plane:

ph = pohk i
da dv: (30)
my (Ttk = AZ"'b —mp g Vsh+mygs + o — wp AN — mu, (uk : djk ) V3 k-

10
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In this equation, flow thickness gradient, basal friction and curvature acceleration terms need to be further developed and

discretized.
3.3 Flow thickness and its gradient
3.3.1 Flow thickness gradient computation using SPH

To assess the flow thickness gradient, we employ an SPH method (Smoothed Particles Hydrodynamics Method Liu and Liu
(2010)), where the gradient is directly derived from the particles and does not require any mesh. In contrast, a mesh method or
an MPM (Material Point Method) would directly use a mesh formulation to approximate the gradient or interpolate the particle
properties on an underlying mesh and then approximate the gradient of the flow thickness using a mesh formulation. There
are two main advantages of using SPH: First is the computational efficiency, since only the particles of interest are computed
without needing to compute the area of the whole terrain (as with Eulerian methods). Second, mass transfer is not required
because it is handled by the particles directly, making the implementation easier (Granig et al., 2016).

In theory, an SPH method does not require any mesh to compute the gradient. However, applying this method requires
finding neighbor particles. This process can be sped up with the help of an underlying grid; different neighbor search methods
are presented in Thmsen et al. (2014), a "uniform grid method" is used in this paper.

The SPH method is used to express a quantity (the flow thickness in our case) and its gradient at any particle location as a
weighted sum of its neighbors properties. The principle of the method is well described in Liu and Liu (2010) and the basic

formula reads:

fla) = (f)) =D HAW (z,2)
l 31
Vf(z) = (V@) ==Y fidi VW(z,1),

l

where W represents the SPH-Kernel function (we employ the spiky kernel, see Eq. B2) and the subscript [ enumerates the
neighbouring particles. This kernel function is designed to satisfy the unity condition, be an approximation of the Dirac function
and have a compact support domain (Liu and Liu, 2010).

This method is usually either used in a 3D space, in which particles move freely and where the weighting factor for the
summation is the volume of the particle. Or on a 2D horizontal plane where the weighting factor for the summation is the
area of the particle and the gradient is 2D. Here we want to compute the gradient of the flow thickness on a 2D surface (the
topography) embedded in 3D space. The method used is analogous to the SPH gradient computation on the 2D horizontal plane
but the gradient is 3D and tangent to the surface (colinear to the local tangent plane). The theoretical derivation in B2 shows
that the SPH computation is equivalent to applying the 2D SPH method in the local tangent plane instead of in the horizontal

plane. This leads to the following SPH expression of the flow thickness gradient:

th >~ 7Zh1Al VW(I’k,QZl) = — % VW(xk,;cl). (32)
l l

11
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3.3.2 Flow thickness computation

The particle flow thickness is computed with the help of the grid. The mass of the particles is interpolated onto the grid using
a bilinear interpolation method (described in Sect. 3.1). Then, dividing the mass at the grid cells by the area of the grid cells,
while taking the slope of the cell into account, returns the flow thickness field on the grid. This is interpolated back to the
particles, which leads to the particle flow thickness property.

We do not compute the flow thickness directly from the particle properties (mass and position) using an SPH method because
it induced instabilities. Indeed, the cases where too few neighbors are found lead to very small flow thickness, which becomes
an issue for flow thickness-dependent friction laws. Note that using such an SPH method would lead to a full particle method.
But since the flow thickness is only used in some cases for the friction force computation, using the previously described grid

method should not affect the computation significantly.
3.4 Friction force discretization

The Coulomb friction force term in Eq. 30 for a particle reads:

fric

Ab 7P = —Ab tandph vy = —AY tand po by g5 v = —my tand g§ vy = L vi. (33)

i

This relation stands if the particle is moving. The starting and stopping processes satisfy a different equation and are handled
differently in the numerical implementation (using the same equation would lead to non-physical behavior). This is described

in more detail in Sect. 4.5.
3.5 Time discretization

The momentum equation is solved numerically in time using an Euler time scheme. The time derivative of any quantity f is
approximated by:

dfs n+l _ rn

dfe _ Ji i ) (34)
dt At

where At represents the time step and f™ = f(¢™), t" = nAt. For the velocity this reads:
1 =n+l __ =n

% o u (35)
dt At

The positions of the particles are updated using a centered Euler scheme:

At

n+1 —=n+1 | =n

xpt :xg—i—% (ukJr —|—uk’). (36)

The forces are taken into account in two subsequent steps as forces acting on the particles can be sorted into driving forces and
friction forces. Friction forces act against the particle motion, only affecting the magnitude of the velocity. They can in no case
become driving forces. This is why in a first step the velocity is updated with the driving forces before updating in a second

step the velocity magnitude applying the friction force.

12
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3.6 Convergence

We are looking for a criterion that relates the properties of the spatial and temporal discretization to ensure convergence of
the numerical solution. Simply decreasing the time step and increasing the spatial resolution, by decreasing the grid cell size
and kernel radius and increasing the number of particles, does not ensure convergence. Moussa and Vila (2000) also analyzed
hyperbolic non-linear transport equations with a particle and SPH method and showed that the kernel radius size cannot be
varied independently from the time step and number of particles. Indeed, they show that the numerical solution converges

towards the solution of the equation under the following condition:
Tpart — 0

Tkernel — 0 and dt < Crkemela &7

m

Tpart
m—+1
kernel

-0 m=2

where 7. represents the "size" of a particle , 7iemer represents the SPH kernel radius, dt is the time step and C' a constant.
The conditions in Eq. 37 mean that both 7, (particle size) and remer (SPH kernel radius) need to go to zero but also that the
particle size needs to go faster to zero than the SPH kernel radius. Finally, the time step needs to go to zero at the same rate as
Tkemel- Lhe particle size can be expressed as a function of the SPH kernel radius:

1/2
P — Ai}) ! _ Akernel Yz _ Tkernel (38)
part — T - '/Tnppk - 1 /2 ’

Tppk

where the particle basal area was assumed to be a circle. Note that this does not affect the results except adding a different
shape factor in front of this expression. n,pk is the number of particles per kernel support area and defines the density of the
particles when initializing a simulation. Let nyp be defined by a reference number of particles per kernel support area ngpk >0,
a reference kernel radius 72, > 0 and a real exponent «:

«
r
0 kernel
Tppk = Mippk < o > . 39)

T'kernel

This leads to:

, 0 - 1/2
_ kernel 1-a/2
Tpart = 0 Tkernel (40)

Replacing 7,4 by the previous equation in Eq. 37 leads to the following condition:

0 (03
T'kernel r- 11—
nO kernel
ppk

—0. (41)

This brings us to the following choice:

dt = CiimeTkernel

@ 42

0 T'kernel (42)

Tppk = Tppk | 70 )
kernel
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which satisfies the convergence criterion if:
a< -1 (43)

Note that this criterion leaves some freedom of choice for the exponent o and that there are no constraints on the reference
kernel radius 2, and reference number of particles per kernel radius ngpk. Nevertheless, it seems appropriate to require
a minimum number of particles per kernel radius so that enough neighbors are available to get a reasonable estimate of the

gradient. These parameters should be adjusted according to the expected accuracy of the results and/or available compute

0
ppk>

accuracy and computational efficiency, requires a specific and detailed investigation of the considered case. In Sect. 5, we will

power. Determining the optimal parameter values for a, 7., and n0 ., for example according to a user’s needs in terms of

explore model convergence using the condition Eq. 43 with different values of a.

4 Numerical implementation / Solver

In this section, the numerical implementation and algorithm of the com1DFA module are described. The following sections
are organized following the workflow used in the com1DFA code, which is also illustrated in Fig. 2. First, the release mass
is discretized into particles and the grid is initialized. As a result of the partial differential equations considered and the
time discretization used, stability issues might arise. Hence, artificial viscosity is added in order to ensure the stability of the
solution. As a next step, driving forces (including curvature effects) are accounted for. Friction forces are taken into account
subsequently, in order to ensure proper starting and stopping behavior. Finally, a reprojection step is needed to ensure that
particles lie on the topography and that particle velocities are tangent to the topography. For simplicity and because they are
not considered in the verification tests in Sect. 5, entrainment and added resistance effects are not included in what follows.

Additional information about entrainment or resistance forces is available in the theory section of the AvaFrame documentation.
4.1 Initialization

To start a simulation with com1DFA, input information about topography, material properties and initial conditions is required.
Topography is described by a DEM (digital elevation model) using the ESRI ASCII format. It supplies a grid with (x,y)
Cartesian locations of the lower left cell center, a cell size, number of cells in x- and y-direction and contains information about
the elevation z. The material is characterized by its density and some friction properties. The initial condition is given by release
areas, polygons describing the initial material location, and the release thickness, in our case measured in the surface-normal
direction.

Then the material is discretized into particles. The field of normal-vectors to the surface is computed from the input DEM
and the different grid fields are initialized. The details of the initialization process are given in the initialization section of the

AvaFrame documentation.
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4.2 Numerical stability

Because the lateral shear force term was removed when deriving the model equations (because of its relative smallness, Gray
and Edwards, 2014), Eq. 22 is hyperbolic. Hyperbolic systems have the characteristic of carrying discontinuities or shocks
which will cause numerical instabilities. They would fail to converge if for example an Euler forward in time scheme is used
(LeVeque, 1990). Several methods exist to stabilize the numerical integration of a hyperbolic system of differential equations.
All aim at adding some upwinding in the discretization scheme. Some methods tackle this problem by introducing some
upwinding in the discretization of the derivatives (Harten et al., 1983; Harten and Hyman, 1983). Others introduce some
artificial viscosity (as in Monaghan, 1992), which is also implemented in com1DFA. The following artificial viscosity force
acting on particle k is added to stabilize the momentum equation:
o duy
(||

i 1
P = = 5 poCrar AR"|du |
(44)

1 at|| a— || 3—
= — 5P0C Lo AR T s,

where the velocity difference reads duy = uy —ﬁk, Uy represents the averaged velocity of the neighbor particles and is
practically the grid velocity interpolated at the particle position). C'r,; is a coefficient that controls the viscous force. It would
be the equivalent of C'p,.q4 in the case of the drag force. C'14; is a numerical parameter that depends on the grid size.

In this expression, let uj be the velocity at the beginning of the time step and ﬁZ“A be the velocity after adding the
numerical viscosity (Fig. 2). In the norm term ||duy|| the particle and grid velocity at the beginning of the time step are used.

This ensures explicit time discretization with respect to the norm ||du || and T in duy,. In contrast, an implicit formulation is

used in duy, because the new value of the velocity is used there. The artificial viscosity force now reads:

. 1 ~ ~

Fﬁmczz—ipOCiﬁfﬁﬁ’ﬁZAJﬁZ (ﬁ£+1AAfﬁZ). 45)
Updating the velocity then gives:

—n+14 _ ﬁZ - Cm‘sﬁz 46
Uk 1 + Cvis ( )
with

1 ., =on|lAt
Cuis = 5p0Crar AR =5 | = )

This approach to stabilize the momentum equation (Eq. 30) is not optimal for different reasons. Firstly, it introduces a new
coefficient C,,;s which is not a physical quantity and will require to be calibrated. Secondly, it artificially adds a force that
should be described physically. So it would be more interesting to take the physical force into account in the first place.
Potential solutions could be taking the physical shear force into account, using for example the p-I rheology (Gray and
Edwards, 2014; Baker et al., 2016). Another option would be to replace the artificial viscosity with a purely numerical artifact
aiming to stabilize the equations such as an SPH version of the Lax—Friedrich scheme as presented in Ata and Soulaimani

(2005).
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4.3 Curvature acceleration term

The last term of the particle momentum equation (Eq. 30) as well as the effective gravity ¢°" are the final terms to be discretized

before the numerical integration. In both of these terms, the remaining unknown is the curvature acceleration term uy, - dv d3 k
Using the forward Euler time discretization for the temporal derivative of the normal vector v3 ; gives:
n+1
dvs i " V3 E Vg,k (48)
dt At

vy .. is a known quantity, the normal vector of the bottom surface at xj; wich is interpolated from the grid normal vector
values at the position of the particle k at time ¢™. vé”,gl is unknown since XZH is not known yet, hence we estimate x k“ based

on the position x and the velocity at t":
X —xp o Arut Y (49)

This position at t" 1 is projected onto the topography and v"+ can be interpolated from the grid normal vector values.

Note that the curvature acceleration term is needed to compute the bottom pressure (Eq. 24), which is used for the bottom
friction computation and for the pressure gradient computation. The curvature acceleration term can lead to a negative value,
which means detachment of the particles from the bottom surface. In com1DFA, surface detachment is not allowed and if

pressure becomes negative, it is set back to zero forcing the material to remain in contact with the topography.
4.4 Account for driving forces

Adding the driving forces is done after adding the artificial viscosity as described in Fig. 2. The velocity is updated as follows

i1k
(uk+1
) ng) ; (50)

is the velocity after taking the driving force into account):

At At dv
—Z+1* —Z+1 A Fdrlve —Z+1 el —my ngf Voh+ megs — my, ﬁZ+1 A 3,k
mp mp Sdt

where the flow thickness gradient term is computed using the SPH formulation in 32.
4.5 Account for friction forces

The friction force related to the bottom shear force needs to be taken into account in the momentum equation and the velocity
needs to be updated accordingly. Friction force acts against motion, hence it only affects the magnitude of the velocity and

cannot be a driving force (Mangeney-Castelnau et al., 2003). Moreover, the friction force magnitude depends on the particle

—nJrl

state, i.e. if it is flowing or at rest. If the velocity of the particle k reads u after adding the driving forces, adding the

friction force leads, depending on the sign of = ” H Hngc || (where ||Ffrlc H depends on the chosen friction law

max max

introduced in Sect. 3.4), to:

_ fricH — H fricH
HF Fk‘ max max

. . * Ffrlc
andu} ™' =apt! (1 o JIFE

m | ﬁZ,Jrl

—n *
:T)*if re S e
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- HFf“CH < HFﬁiCH and the particle sto ing (@' = 0) before the end of the ti 'fM < || pfic
fric|| < || i P ps moving (U} ) before the end of the time step, i ~ < ||l

max max’

This method prevents the friction force to become a driving force and nonphysically change the direction of the velocity. This
would lead to oscillations of the particles instead of stopping. Adding the friction force following this approach (Mangeney-

Castelnau et al., 2003) allows the particles to start and stop flowing properly.
4.6 Reprojection

The last term in Eq. 30 (accounting for the curvature effects) adds a non-tangential component allowing the new velocity
to lie in a different plane than the one from the previous time step. This enables the particles to follow the topography. But
because the curvature term was only based on an estimation (see Sect. 4.3), the new particle position is not necessarily on the
topography and the new velocity does not necessarily lie in the tangent plane at this new position. Furthermore, in case of a
strong convex curvature and high velocities, the particles can theoretically be in a free-fall state (detachment), as mentioned in
Sect. 2.5.1. com1DFA does not allow detachment of the particles and the particles are forced to stay on the topography. This
is a limitation of the model/method, which will lead to nonphysical behavior in special cases (material flowing over a cliff). In
both of the previously mentioned cases, the particle positions are projected back onto the topography and the velocity direction
is corrected to be tangential to the topography. The position reprojection is done using an iterative method that attempts to
conserve the distance traveled by each particle between " and ¢"'. The velocity reprojection changes the direction of the

velocity but its magnitude is conserved.

5 Model Verification

In this section, the numerical implementation of the mathematical model is tested. We present different tests where, for spe-
cific conditions, a (semi-) analytical solution exists. The tests described here are implemented in the analTests module from
AvaFrame. In the first set of tests, the flow variable tests, we compare the temporal and spatial evolution of the flow thickness
(h) and the thickness-integrated momentum flux (hu) of the com1DFA simulation results to a (semi-) analytical solution. With
these tests, we aim at verifying the numerical discretization and implementation of the solver as well as checking the validity
of the convergence criterion described in Sect. 3.6.

In the second test, the energy line test, we investigate global variables such as mass-averaged position and kinetic energy that
are derived from the DFA simulations. This test is based on energy conservation considerations for simplified topographies.
This allows to verify the accuracy of the DFA simulations in terms of mass-averaged runout. All the tests presented and used
in what follows are implemented and available in AvaFrame (both data and helper functions). All results and figures can be

reproduced using the code available on the AvaFrame github repository.
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5.1 Flow variable tests

Before performing the above mentioned similarity solution and dam break tests, it is necessary to describe the quantities that
are compared and the measures that are used to assess the convergence, accuracy or precision of the numerical model. Both
the flow thickness (h) and thickness-integrated flow momentum flux (hu) are used to compare the analytical solution to the
simulation results. Two different deviation measures are used to quantify the deviation between a reference solution and the
simulation result on a domain (one- or two-dimensional). The first is based on the £,,x norm (uniform norm), the second on
the Euclidean norm (L5 norm). Let f,um be the numerical solution and f.r the reference solution defined on a domain €2. The

local deviation is defined by £(z) = fuum(2) — fref(z) and the global deviation by:

— The uniform norm (L,,x) measures the largest absolute value of the deviation £ on €2:
Lmax (€) = sup(|€(z)[)
e
. This norm is applied to one- or two-dimensional results. It can also be normalized by dividing the uniform norm of the

deviation by the uniform norm of the reference. In this case we refer to the relative deviation:

ﬁmax (8)

,R«Emax = A 7 N
£max (f ref )

— The Euclidean norm (£ norm) gives an overall measure of the deviations

£a(€) = / E(@)|[? de

zEQ

. It is useful to normalize the norm of the deviation either by dividing with the norm of the reference solution:

Lo(E)
RLy =
2 £2 (fref)
or by the measure of the interval (L£2(1) = fx cq do):
RSLy = La(é)

. The first normalization approach will give a relative deviation in % whereas the second will give an average deviation
of f on Q).

5.1.1 Similarity solution test

The similarity solution is one of the few cases where a semi-analytic solution is available for solving the thickness-integrated
equations. This makes it very useful for validating the implementation of dense flow avalanche numerical methods (here

com1DFA). In this problem, we consider an avalanche governed by a dry-friction law (Coulomb friction) flowing down an
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inclined plane. The release mass is initially distributed in an ellipse (diameters of length L, and L, ) with a parabolic thickness
shape (H in the middle). This mass is released at £ = 0 and flows down the inclined plane, as illustrated in Fig. 3 (a) for the
initial time step and at some later time ¢. This semi-analytic solution can be derived under the following assumptions: First,
the ratio e = H/L of flow thickness over spatial extent in flow and cross-flow direction should be smaller than 1. Second, the
slope angle must be larger than the bed friction angle. Third, the solution is assumed to retain the symmetry properties of the
initial configuration relative to the moving center of mass. The full description of the conditions and assumptions as well as the
derivation of the solution is presented in detail by Hutter et al. (1993). The term semi-analytic is used here because the method
enables to transform the PDE (partial differential equation) of the problem into an ODE (ordinary differential equation) using
a similarity analysis method. However, solving the ODE still requires a numerical integration but this one is more accurate
(when conducted properly, here using an explicit Runge-Kutta method of fourth order) and requires less computational power
than solving the PDE.

This test is implemented in the anal Tests module of AvaFrame which offers functions to compute the semi-analytic solution,

to compare it to the output from the DFA computational module and to visualize the results.

(1]
N

R

€34
" Initial condition

Figure 3. Flow variable test setups: (a) Similarity solution: 3D view of the material on the inclined plane at ¢ = 0 (center located in x1 = xo)
and at a general time ¢ (center located in 1 = x.). The footprint of the material on the inclined plane at the initial time is an ellipse of
diameters L, and L, the thickness follows a parabolic distribution with the maximum thickness of H in the middle of the ellipse and 0 on

the edge. (b) Dam break: 2D view of the material on the inclined plane (profile in flow direction) at ¢ = 0 and for different £ > 0.
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test sphKernelRadius nPPKO aPPK cMax

similarity solution {10,8,6,5,4,3} {15,20,30,40} {0,-0.5,—-1,—-1.5,—2,—2.5, -3} {0.04,0.02,0.01,0.005}
dam break {(10,8,6,5,4,3}  {15,20,30} {0,-0.5,-1,-1.5,-2,-2.5,-3}  {0.04,0.02,0.01,0.005}

Table 1. Parameter variation used to study convergence of the DFA simulation solution for both similarity solution and dam break test (in

bold the parameters used for the figures presented in this manuscript).

5.1.2 Dam break test

The dam break test is the second test for which an analytical solution of the thickness-integrated equations is known. In this
test, we also consider an avalanche governed by a dry-friction law (Coulomb material), released from rest on an inclined plane
(see Fig. 3 (b)). In the case of a thickness-integrated model as derived by Savage and Hutter (e.g. in Hutter et al., 1993), an
analytical solution exists under the assumption of shallowness of the flow. Furthermore the friction angle has to be smaller than
the slope of the inclined plane. This test, in contrast to the similarity solution test focuses on the very early stages of the flow
and not on the evolution over time and lateral spreading. The derivation of the dam break solution is described in Faccanoni

and Mangeney (2013) and corresponds to a Riemann problem. It has the following initial conditions:

(ho,0), ifz <0

(h,u)(z,t=0) = (51
(0 ,0), if x> 0.

The dam break assumes an invariance in the y direction which is achieved using a wide enough domain in the y direction so

that lateral effects can be neglected.
5.1.3 Results

DFA simulations are computed using the com1DFA module in AvaFrame varying the different numerical parameters listed in
Tab. 1. The range of « values (called "aPPK" in the code) is determined by the convergence criterion (Eq. 43). The SPH kernel
radius 7yemer (called "sphKernelRadius" in the code) is varied around 5m which is the raster cell size value currently used for
operational hazard mapping in Austria. The tested values of 1,0 (called "nPPKO" in the code) and Clipme (called "cMax" in
the code) are listed in Tab. 1. A large n,,r0 and small Ciine lead to very long computation time which makes it unrealistic and
impractical to use. Instructions on how to reproduce the results presented below are provided in the supplementary material.
For both of the tests, the numerical schemes to apply friction and the method used to compute the SPH gradient are crucial
to capture a proper starting and stopping behavior of the flow. Some intermediate developments showed that adding the friction
with different methods as the one presented here and computing the SPH gradient without taking the slope inclination into
account leads to unsatisfactory results. This is why the friction force is added as described in Sect. 4.5 and the SPH force is
computed as described in Appendix B2. In what follows, artificial viscosity is added (in the following results the Cp, = 10) in

the similarity solution test, which stabilizes the solution without degrading the match with the semi-analytic solution. For the
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dam break test, adding artificial viscosity has a negative impact on the solution and the following results were produced with
no artificial viscosity (Cpy = 0).

Fig. 4 shows an example where a DFA simulation is compared to the semi-analytical solution of the similarity solution test
case. The chosen parameters for this example are reme; = 3m, o = —3, ngpk =15 and Cljye = 0.02s and correspond to the
most accurate of the simulations presented here. The reader can find the results of the similarity solution test with the standard
parameters in the supplementary material. The top panels show the flow thickness and momentum profiles in and across flow
direction after 20 seconds of flow. The bottom right panel shows the evolution of the RLs and R L.« deviation with time.
The deviation at the initial time step (¢ = Os) is rather high (this is related to the random process to initialize the particles in
the simulation) and then quickly decreases after a few seconds of simulation due to the reorganization of the particles. The
deviation then increases again as the numerical inaccuracies accumulate. When varying the numerical parameters in the DFA
simulations (according to Eq. 42), the computed L2 deviations between DFA results and the semi-analytical solution decrease
(see Fig. 5). In Fig. 6, the comparison between a DFA simulation and the analytical solution of the dam break test is shown
for flow thickness, flow velocity and momentum at t=15s (upper panel). The lower left panel shows a top view of the flow
colored by flow thickness. This panel also shows the domain on which the deviation between analytical and numerical solution
is computed. The lower right panel shows the relative deviations R L2 and R L« on flow thickness and momentum. The same
behavior as for the similarity solution test is observed regarding the time evolution of the deviation. Computation was done
With Tyeme = 3m, @ = —3, ngpk =15 and Cijme = 0.02s. The reader can find the results of the similarity solution test with the
standard parameters in the supplementary material.

Results from both the similarity solution tests and the dam break test validate the convergence criterion from Moussa and
Vila (2000). Indeed, with an o exponent smaller than —1, decreasing the SPH kernel radius and varying the other parameters
according to Eq. 42 leads to a decrease in the deviation, whereas for larger exponents, &« = —0.5 for both tests or a« = 0 for
the dam break test (Fig. 7), the deviation decreases only slightly or even increases. Moreover, it is observed (not shown in
the figure) that decreasing the time step (decreasing the C,x parameter) with all other parameters fixed leads to a decreasing
deviation. Finally, for these two specific cases, DFA simulation results converge towards the semi-analytical or analytical

solution.
5.2 Energy and runout testing

The Energy line test compares the results of the com1DFA simulation to a geometrical solution derived from the total energy
of the system. Solely considering Coulomb friction, this solution is motivated by the first principle of energy conservation
along a simplified topography. In this case, the friction force only depends on the slope angle. The analytical runout is the
intersection of the path profile with the geometrical line (« line) defined by the friction angle «. From the geometrical line it
is also possible to extract information about the flow mass-averaged velocity at any time or position along the path profile (see

example in Fig. 9). For the detailed theory of this test please refer to Appendix A.
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Profile across flow direction (x = 309.34 m)
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Figure 4. Comparison of the analytical (dashed lines) and numerical (solid lines) solution for the similarity solution test case at ¢ = 20.04s.
Panel (a) shows the profile in the flow direction (along the x axis) whereas (b) shows the profiles across flow direction (along the y axis).
Panel (c) provides a top view of the flow thickness (flow thickness contour lines). Panel (d) shows the time evolution of the deviation (both
R Lmax and RL2) on flow thickness 7 and momentum || || between analytic and numerical solution (rkemel = 3m, a = —3, ny;, = 15 and

Clime = 0.02s). The vertical dashed line in (d) marks the time at which data in panels (a), (b) and (c) are shown.

In this test, we use the « line to evaluate the DFA simulation. Computing the mass-averaged path profile for the particles
(each particle corresponding to a material point) in the simulation and comparing it to the « line allows us to compute four
error indicators. Fig. Al illustrates the concept.

The first three are related to the analytical runout point defined by the intersection between the « line and the mass-averaged

path profile. The last one is related to the velocity:

— The horizontal distance between the analytical runout point and the end of the path profile defines the ¢, =5, — s, error

in meters.

— The vertical distance between the analytical runout point and the end of the path profile defines the €, =%, — Z, error

in meters.
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Convergence of DFA simulation at t = 20.04s
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Figure 5. R L; deviation on flow momentum in the similarity solution test case for different o exponents and SPH kernel radius 7p,%. Other

0

ppk-> time constant Ciime and reference number of particles per kernel radius nl ). The

parameters are kept fixed (reference kernel radius r ppk

points corresponding to simulations with 7, = 5m are all overlapping since they are all identical. The colored lines are added to give
an idea of the convergence speed trend associated to each « scenario. One can observe that decrease in deviation is stronger for lower o

exponents and that no or little decrease is observed for « = 0 or a = —0.5.

— The runout angle difference between the « line angle and the DFA simulation runout line defines the €,, = v — o runout

angle error.

— The Root Mean Square Error (RMSE) between the « line and the DFA simulation energy points defines an error on the

velocity altitude S:Z.
5.2.1 Limitations and applicability

It is essential to state where the assumptions of this test hold. One of the important hypotheses when developing the energy

solution is the material point flowing in the steepest slope direction, i.e. where dl = Cgse. If this hypothesis fails, as illustrated

in Fig. 8, it is not possible to derive the analytical energy solution. In the 3D case, the distance vector dl traveled by the particles

reads dl = Cgssﬂ/ , where ~ is the angle between the dl vector and the horizontal plane which can differ from the slope angle 6
(v < 6). Here the energy solution is not the solution to the problem and hence cannot be used as reference. In this case, it would

not be possible to distinguish what deviation is caused by the numerical error or because of the hypothesis being violated.
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Figure 6. Comparison of the analytical and numerical solution for the dam break test caseat ¢ = 15.0s. Top panels show flow thickness (a),
velocity (b) and momentum profiles (c) in flow direction. Panel (d) provides a top view of the flow thickness. The gray shaded rectangle
represents the domain on which the deviations are computed. Panel (e) shows the time evolution of the deviation (both R Limax and RL2) on
flow thickness » and momentum ||hu|| between analytic and numerical solution (riemel = 3m, & = —3, n,;, = 15 and Ciime = 0.02s). The

vertical dashed line in (e) marks the time at which data in the other panels are shown.

The « line can be used to study the effect of terms such as curvature acceleration, artificial viscosity or pressure gradients. For
example, the curvature acceleration modifies the friction term, depending on topography curvature and particle velocity, leading
to a mismatch between the energy solution and the DFA simulation. Figure 10 shows this curvature effect. The topography
considered here is an inclined plane that smoothly transitions into a horizontal plane, so curvature only occurs in the transition
part. The energy line test for this case shows that there is added dissipation only in the transition part, seen by squares not
following the « line. Once all particles have reached the horizontal plane, the squares follow the « line again (with a shift in s
coordinate).

Finally, the effects of the pressure force can be studied. For example, to show that adding the pressure forces does not

influence the simulation runout (not shown here). This can be explained by the fact that pressure forces do not dissipate
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Convergence of DFA simulation at t = 15.00s
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Figure 7. R L, deviation on flow momentum in the dam break case for different o exponents and SPH kernel radius 7. Other parameters

0
ppk>

0

are kept fixed (reference kernel radius r ppk

time constant Clime and reference number of particles per kernel radius n ;). The points
corresponding to simulations with 7,,, = 5m are all overlapping since they are all identical. The colored lines are added to give an idea of
the convergence speed trend associated to each « scenario. One can observe that decrease in deviation is stronger for lower o exponents and

that no or little decrease is observed for « = 0 or a = —0.5.

x(1)

Figure 8. Example of trajectory where the steepest descent path hypothesis fails. The mass point is traveling from x(t) to x(¢ + dt). The

slope angle 6 and travel angle y are also illustrated. Here (e, - n)dl = cosf cg; #ds.
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Figure 9. Energy line test for an inclined plane smoothly transitioning to a horizontal plane with particles following Coulomb friction and
not subject to pressure forces. All conditions for the energy-line test to be applicable are satisfied and the geometrical solution can be used as
reference to compute the numerical error (here less than 10~ 2m and 10%°). Panel (a) shows the center of mass profile, which is indicated

in the top view of peak flow velocity in panel (b). Panel (c) shows a zoom-in to the lower end of the profile.

any energy and hence should not affect the energy balance. However, pressure forces lead to particle trajectories that do not

necessarily follow the steepest direction, which means that the fundamental hypothesis illustrated in Fig. 8 is not satisfied.
5.2.2 Grid orientation effect

The energy line test previously described is also used to test whether the numerical method implemented in com1DFA performs
independently of the grid orientation. Indeed we saw in Sect. 3.1 that com1DFA uses a regular grid to update some variables

such as flow thickness or flow velocity. In order to quantify the effect of the grid orientation on the simulation results, we
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Figure 10. Energy line test for an inclined plane smoothly transitioning to a horizontal plane with particles following Coulomb friction, not
subject to pressure forces but taking curvature acceleration into account. The geometrical solution and the numerical solution match on the
inclined plane and horizontal parts and differ on the curved part. This shows the effect of curvature on the runout (decrease of runout because
of the added friction due to curvature). Panel (a) shows the center of mass profile, which is indicated in the top view of peak flow velocity in

panel (b). Panel (c) shows a zoom-in to the lower end of the profile.

perform tests where grid orientation is changed while keeping the grid cell size and topography the same. Here we show two
examples where we consider a parabolic slope, i.e. the topography varies only in one direction, and a bowl shape, i.e. the
topography with a rotational symmetry about its center. The main axis of the flow is not always aligned with the grid and we
provide 3 cases. First a 0° case in which the slope is invariant in the y direction (main flow direction aligned with the grid).
Second a 225° case, with the slope being invariant in a direction angled 225° from the y direction (main flow direction aligned

with the grid diagonal) and third a 120° case meaning that the slope is invariant in a direction angled 120° from the y direction
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(main flow direction is neither aligned with the grid nor with the grid diagonal). For each of these test cases, two simulations
are performed, with or without pressure gradients. The results of these tests and the instructions on how to reproduce them are
provided in the supplementary material. The results are very satisfying. The runout distances differ by only a few centimeters
between the 0°, 120° and 225° cases. This is of the same order of magnitude as the numerical errors computed with the energy

line tests. This proves the rather low dependence of the simulation results on the grid orientation.

6 Conclusions

The presented com1DFA module within the open-source simulation framework AvaFrame is aimed at and developed for the
simulation of avalanches with flow or mixed form of movement. These may mostly be classified as A2B7C1D-E7F7G1H7J1,
according to the morphological classification code (De Quervain et al., 1981). Effects of snow entrainment or additional sources
of resistance can be included. The corresponding theoretical background is not described in this publication, but is available in
the AvaFrame online documentation (Oesterle et al., 2022).

The module targets very- to extremely large avalanches of catastrophic intensity, corresponding to avalanches of size 4-5 of
the European Avalanche Warning Service (EAWS) size classification, or a 150-year return period in the case of Austrian hazard
mapping (Johannesson et al., 2009). Additional calibrated parameter sets for small and medium-sized avalanches and wet snow
avalanches (albeit experimental), are also provided within the framework. However, these are exclusively optimized on a subset
of Austrian test cases. Other types of avalanches, such as powder snow avalanches or similar, are unsuitable applications for
the com1DFA module.

Com1DFA is based on the slope-normal thickness integration of the mass and momentum conservation equations which
are solved with a mixed particle—grid method. Particles are used to track mass and to compute the pressure forces following
a smooth particle hydrodynamics (SPH) approach adapted to the special case of steep terrain. An underlying Eulerian grid
is used to compute the flow thickness from the distribution of the particles. Velocity is also interpolated from the particles to
the grid in order to compute the stabilizing artificial viscosity term. Physical starting and stopping behaviour is ensured by
considering differences in the friction force, whether the material is flowing or at rest. A time-space criterion ensuring the
convergence of the implemented numerical method is provided. Of course limitations and assumptions exist, one of the main
ones being the assumption of a moderately curved surface. For currently used resolutions of topographies (about 5-10m at the
time of writing) terrain features remain relatively smooth, but it already requires forcing of particles to stay on the topography.
For potential higher resolution applications in the future, this assumption needs to be re-evaluated

To verify the numerical implementation of com1DFA, we apply a series of tests separated into two categories. Flow variable
tests, i.e. similarity solution and dam break tests, are used for checking the proper spatio-temporal evolution of flow thickness
and velocity. Runout testing checks the accuracy of global variables such as center-of-mass runout and kinetic energy. The tests
show the validity of the chosen time-space criterion as well as the accuracy and precision of the com1DFA numerical solution.

Note that the computational efficiency of the com1DFA module is not a topic in this manuscript since simulations with the

standard setup compute within seconds to minutes on current computer hardware. To achieve better computational efficiency,
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we implemented parallel execution of multiple serial simulations. However, topics like computational efficiency, further in-
depth testing and application to real topographies will be treated in future publications.

Current and future potential improvements to com1DFA include topics such as the improvement of entrainment and de-
trainment (e.g. concerning forests), a more numerically sound representation of dams/walls or a probabilistic approach to
uncertainties. These topics will need both conceptual developments as well as numerical improvements, but some are already
being tackled. Possible applications to other types of gravitational mass flows might also be an exciting development, but our
current focus lies on snow avalanches. However, since AvaFrame is an open-source framework, we invite everyone to use the

presented modules and welcome feedback and contributions, regardless of the topic.

Appendix A: Theory Energy line test

The conservation of energy for a material point (block model) flowing down-slope from point O to point B, assuming only

Coulomb friction is at work and neglecting internal energy dissipation through heating, reads:

B
EY' - Eg' = E" + B — (B + E') = / OB ric
O

1
= imv% +mgzp — imvzo —mgzo (A1)
B B B
dl
— [Fpric-dt=— [ NG -dl=— [ pmgle, -yt
o) o) 0]

where 0 E ¢, is the energy dissipation due to friction, N represents the normal (to the bottom surface) component of the gravity
force, n the normal vector to the slope surface and dl is the elementary vector on the path profile traveled by the material point
between O and B. The vertical component of the normal vector reads e, -n = cosf, where 0 is the slope angle. m represents the

mass of the material point, g the gravity, i = tan « the friction coefficient and friction angle, 2 the elevation and v the velocity

ds
cosf’

of the material point. Note that in the 2D case, dl = which means that the material point is flowing in the steepest slope
direction (ds is the horizontal component of dl). Now considering O as the origin position (so = 0 and vp = 0) leads to the

following simplification:

0
1 1
EfBOt — Eg’t = fmv% +mgzp — §m;}?o/ - mg;o’zo

2
B s'=sp (A2)
0
= /(SEf,.ic = / umgds' = —pumg(sp —sg” ).
O s'=s0

Speaking in terms of altitude, the energy conservation equation can be rewritten (the subscript B is dropped):

2
zo=2z+ v + tana. (A3)
29
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Considering a system of material points flowing down a slope with Coulomb friction, we can sum the previous equation
(Eq. A3) of each material point after weighting it by its mass. This leads to the mass-averaged energy conservation equation:
vZ
Zo=Z+ 20 + Stana, (A4)
g

where the mass-averaged value @ of a quantity a is (k indicates the points indices):

>k Ak

dopmE

In this way, we can define the center-of-mass path (Z,7) and the center-of-mass path profile (3,z). The mass-averaged quantities

a=

(A5)

also follow the same energy conservation law when expressed in terms of altitude. This result is illustrated in Fig. A1 (b) and
applies to both the material point equation (Eq. A3) and the mass-averaged energy conservation equation (Eq. A4). The light
blue line in Fig. Al (b) is obtained by evaluating the mass-averaged energy conservation (Eq. A4) at the final time (Z.,q) and

position ((Send, Zena)), Where v? = 0. This leads to the « line (also called energy line) equation:

Z=7Zp — Stana. (A6)
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Figure Al. Panel (a) shows a top-down view of the avalanche simulation and extracted path. (b) shows simulation path profile (dark blue

curve and dots) with the runout line (dark blue line and velocity altitude squares), « line and runout error indicators (es and €,)

Appendix B: SPH pressure gradients

The SPH method used in shallow water equations is in most applications applied on a horizontal surface. The theoretical
development on a horizontal plane is described in B1. The dense flow avalanche model described in this paper should be

expressed on the bottom surface which is not necessarily horizontal. The SPH gradient computation development is detailed in
B2.
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B1 Standard method

Let us start with the computation of the gradient of a scalar function f: R?> = R on a horizontal plane. Let P, = x;, =
(k1,7k2) and Q; =x; = (x11,7;2) be two points in R? defined by their coordinates in the Cartesian coordinate system
(Pg,e1,e2). Ty = Xg — X is the vector from @Q; to Py and ry; = ||r|| the length of this vector. Now consider the kernel

function W
W:R?xR*x R =R, (Py,Q1,70) = W(Py,Q1,70). (BI)
ro € R is the smoothing kernel length (or radius). In the case of the spiky kernel, W reads (2D case):

Wi =W (Xp,x1,70) = W (xk — x1,70) = W(rw,70)

10 | (ro=llrulh)®,  0< el <70 (B2)
=—%
o 07 ro < Hrkl”
llrk:]| = ||xx — ;|| is the distance between particles k and ! and ry the smoothing length. Using the chain rule to express the

gradient of W in the Cartesian coordinate system (x1,x2) leads to:

ow
YWia =G5 Vr =l = (@ = 21.0)? + (o2 — 212)% (B3)
with

2

1 ro—re)”, O <|lrml <7
ow 10 f(ra=leul) Izl <o .
or ™5 | o, ro < ||rell
and
o _ (@ri — 210 i={1,2}, (BS)

ki \/(@p1 —211)2 + (Tho — 119)2
which leads to the following expression for the gradient:

2Tkl

10 | o=lrul)™—=,  0<|rul <ro
VWi =-3— "'kl (B6)
o1o, o < |[rral-
The gradient of f is then simply:
Vie==> A VWy. (B7)
1

B2 2.5D SPH method

We now want to express a function f and its gradient on a curved surface and express this gradient in the three-dimensional

Cartesian coordinate system (P, e1,e2,e3). Let us consider a smooth surface S and two points Py, : X = (Zk,1, %k 2, Tk,3)
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655 and Q) :x; = (x;,1,%1,2,%1,3) on S. We can define 7P}, the tangent plane to S in Pj. If uy, is the (non-zero) velocity of the
particle at Py, it is possible to define the local orthonormal coordinate system (Pj, V1, V2, V3 =n) with time-dependent
Vi= % and n the normal to S at Py. Locally, S can be assimilated to 7P}, and Q; to its projection ()] on 7Py, (see
Fig. B1). Similarly, we assimilate a function f: S C R® — R to a function f’: TP C R® — R satisfying f(Q) = f(Q").

Figure B1. Tangent plane and local coordinate system used to apply the SPH method

The vector r'; = x;, — x'; from Q] to Py, lies in 7P}, and can be expressed in the local basis of 7 P,:

660 ') =xr— x| =01 V1+vr2Va. (B8)
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It is important to properly define f and its gradient:

f/:T'PkCR?’—)R

(B9)
(z1,29,23) = f'(z1,22,23) = f'(21(v1,02),22(v1,v2)) = g'(v1,v2).
Indeed, since (x1,22,x3) lies in TPy, x3 is not independent of (z1,x2):
gI: TP C R? R
(B10)

(v1,02) = g'(v1,v2) = ¢’ (v1 (21, 22),v2 (21, 22)) = f' (21,22, 23).
The target is the gradient of ¢’ in terms of the 7Py, variables (v1,v2). Let us call this gradient Vp. It is then possible to apply
the B1 method to compute this gradient:

ow
VrpWy = o -Vorpr, r=]|r| = 1/11,%171 +vl%l,2’ (B11)

This leads to:
/
10 (ro— ||/ l)? ) vktaVit+om2Ve,  0<|[r'ull <ro
VrpWi = —3$? , (B12)
0 kl 0, ro < HI‘ le
Vrpge = —ngAl Vrp Wi (B13)
1
This gradient can now be expressed in the Cartesian coordinate system. It is clear that the change of coordinate system was not
needed:
/
10 (ro — ||t/x))? ) Tk.1€1 + TR 2€2 + TR 3€3, 0< 'l < 7o
VrpWi = —3— it , (B14)
0 Kl 0, o < ||tkil] -

Computing the gradient in the local coordinate system is, however, advantageous if the components (in flow direction or in

cross flow direction) need to be treated differently.

Code and data availability. The AvaFrame software is publicly available at https://github.com/avaframe/AvaFrame/ and

https://doi.org/10.5281/zenodo.4721446 (Oesterle et al., 2022). The associated online documentation is available at https://docs.avaframe.
org/en/latest/. The code is released under the European Union Public license (EUPL version 1.2). The version of the code (including config-
uration files) and documentation for reproducing the results presented in this paper are available at https://github.com/avaframe/AvaFrame/

tree/theoryPaperCode and https://docs.avaframe.org/en/theorypapercode/index.html
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