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Abstract. Accurate specification of error statistics required for data assimilation remains an ongoing challenge, partly because
their estimation is an ill-posed problem that requires statistical assumptions. Even with the common assumption that back-
ground and observation errors are uncorrelated, the problem remains underdetermined. One natural question that could arise
is: Can the increasing amount of overlapping observations or other datasets help to reduce the total number of statistical as-
sumptions, or do they introduce more statistical unknowns? In order to answer this question, this paper provides a conceptual
view on the statistical error estimation problem for multiple collocated datasets, including a generalized mathematical for-
mulation, an exemplary demonstration with synthetic data as well as a formulation of the minimal and optimal conditions to
solve the problem. It is demonstrated that the required number of statistical assumptions increases linearly with the number of
datasets. However the number of error statistics that can be estimated increases quadratically, allowing for an estimation of an
increasing number of error cross-statistics between datasets for more than three datasets. The presented optimal estimation of
full error covariance- and cross-covariance matrices between dataset does not accumulate uncertainties of assumptions among

estimations of subsequent error statistics.

1 Introduction

Accurate specification of error statistics used for data assimilation has been an ongoing challenge. It is known that the accuracy
of both, background and observation error covariances have a strong impact on the performance of atmospheric data assimila-
tion (e.g., Daley, 1992a, b; Mitchell and Houtekamer, 2000; Desroziers et al., 2005; Li et al., 2009). A number of approaches to
estimate optimal error statistics make use of residuals, i.e. the innovations between observation and background states in obser-
vation space (Tandeo et al., 2020), but the error estimation problem remains underdetermined. Different approaches exist which
aim at closing the error estimation problem, all of which rely on various assumptions. For example, error variances and correla-
tions were estimated a-posteriori by Tangborn et al. (2002); Ménard and Deshaies-Jacques (2018); Voshtani et al. (2022) based
on cross-validation of the analysis with independent observations withheld from the assimilation. However, these a-posteriori
methods require an iterative calculation of the analysis and the global minimization criterion provides only spatial-mean esti-

mates of optimal error statistics. In recent years, the amount of available datasets has increased rapidly, including overlapping
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or collocated observations from several measurements systems. This arises the question whether multiple overlapping datasets
can be used to estimate full spatial fields of optimal error statistics a-priori.

Outside of the field of data assimilation, two different methods were developed that allow for a statistically optimal estimation
of scalar error variances for fully collocated datasets. Although being similar, these two methods were developed independently
from each other in different scientific fields. One method, called the three cornered hat (3CH) method, is based on Grubbs
(1948) and Gray and Allan (1974) who developed an estimation method for error variances of three datasets based on their
residuals. This method is widely used in physics for decades, but and has only recently been exploited in meteorology (e.g.,
Anthes and Rieckh, 2018; Rieckh et al., 2021; Kren and Anthes, 2021; Xu and Zou, 2021). Nielsen et al. (2022) and Todling
et al. (2022) were the first to independently use the generalized 3CH (G3CH) method to estimate full error covariances matrices.
Todling et al. (2022) used a modification of the G3CH method to estimate the observation error covariance matrix in a data
assimilation framework. They show that when the corners of G3CH are identified with the observation, background and analysis
of variational assimilation procedures, this particular error estimation problem can only be closed under the assumption of
optimally.

Independent from these developments, Stoffelen (1998) used three collocated datasets for multiplicative calibration w.r.t.
each other. Following this idea, the triple collocation (TC) method became a well-known tool to estimate scalar error variances
from residual statistics in the fields of hydrology and oceanography (e.g., Scipal et al., 2008; McColl et al., 2014; Sjoberg et al.,
2021). Up to now, only scalar error variances estimated with the TC method are rarely used in data assimilation frameworks
(e.g., Crow and van den Berg, 2010; Crow and Yilmaz, 2014). The 3CH and TC methods use different error models leading to
slightly different assumptions and formulations of error statistics. A detailed description, comparison and evaluation of the two
methods is given in Sjoberg et al. (2021). Both methods have in common that they require fully spatio-temporally collocated
datasets with random errors. These errors are assumed to be independent among the realizations of each dataset with common
error statistics across all realizations (e.g., Zwieback et al., 2012; Su et al., 2014). In addition, error statistics of the three
datasets are assumed to be pairwise independent, which is the most critical assumption of these methods (Pan et al., 2015;
Sjoberg et al., 2021).

While the estimation of three error variances is well-established for decades, recent developments propose different ap-
proaches to extend the method to a larger number of datasets. As observed e.g. by Su et al. (2014); Pan et al. (2015); Vogelzang
and Stoffelen (2021), the problem of error variance estimation from pairwise residuals becomes overdetermined for more than
three datasets. Su et al. (2014); Anthes and Rieckh (2018); Rieckh et al. (2021) averaged all possible solutions of each error
variance which reduces the sensitivity of the error estimates to inaccurate assumptions. Pan et al. (2015) clustered their datasets
into structural groups and performed a two-step estimation of the in-group errors and the mean errors of each group, which
were assumed to be independent. Zwieback et al. (2012) were the first proposing the additional estimation of the error cross-
variances between two selected datasets instead of solving an overdetermined system. This extended collocation (EC) method
was applied to scalar soil moisture datasets by Gruber et al. (2016) who estimated one cross-variance in addition to the error
variances of four datasets. Also for four datasets, Vogelzang and Stoffelen (2021) demonstrated the ability to estimate two

cross-variances in addition to the error variances. They observed that the problem can not be solved for all possible combina-
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tions of cross-variances to be estimated. However, their approach failed for five dataset due to a missing generalized condition
which is required to solve the problem.

This demonstrates that the different approaches available for more than three datasets provide only an incomplete picture
of the problem, were each approach is tailored to the specific conditions of the respective application. Aiming for a more
general analysis, this paper approaches the problem from a conceptual point-of-view. The main questions to be answered are:
How many error statistics can be extracted from residual statistics between multiple collocated datasets? How many statistics
remain to be assumed? How do inaccuracies in assumed error statistics affect different formulations of the estimated error
statistics? And what are the minimal and optimal conditions to solve the problem?

In order to answer these questions, the general framework of the estimation problem which builds the basis for the remaining
sections is introduced in Sect. 2. It provides a conceptual analysis of the general problem w.r.t. the number of knowns and
unknonws and the minimum number of assumptions required. Based on this, the mathematical formulation for non-scalar error
matrices is derived in Sect. 3 and Sect. 4, respectively. The derivation is based on the formulation of residual statistics as
function of error statistics which is introduced in Sect. 3.2. While the exact formulations of error statistics in Sect. 3.3 remain
underdetermined in real applications, approximate formulations which provide a closed system of equations are derived in
Sect. 4. Some relations presented in these two sections were already formulated previously for scalar problems dealing with
error variances only. However, we present formulations for full covariance matrices including off-diagonal covariances between
single elements of the state-vector of the respective dataset, as well as cross-covariance matrices between different datasets.
Overlap to previous studies is mainly restricted to the formulation for three datasets in Sect. 4.1 and noted accordingly. Based
on this, Sect. 4.2 provides a new approach for the estimation of error statistics of all additional datasets which uses a minimal
number of assumptions. The theoretical formulations are applied to four synthetic datasets in Sect. 5. It demonstrates the
general ability to estimate full error covariances and cross-statistics as well as effects of inaccurate assumptions w.r.t different
setups. The theoretical concept proposed in this study is summarized in Sect. 6. This summary aims at providing the most
important results in a general context; answering the main research questions of this study without requiring knowledge of
the full mathematical theory. It includes the formulation and illustration of minimal requirements to solve the problem for an
arbitrary number of datasets and provides criteria for an optimal setup of those. Finally, Sect. 7 concludes the findings and

discusses consequences of using the proposed method in the context of high-dimensional data assimilation.

2 General framework

Suppose a system of I spatio-temporally collocated datasets, which may include various model forecasts, observations, anal-
yses and any other datasets available in the same state space. The 2nd moment statistics of the random errors of this system
(with respect to the truth) can be described by I error covariances w.r.t. each dataset and Ny error cross-covariances w.r.t. each
pair of different datasets. In a discrete state space, (cross-)covariances are matrices and the cross-covariance of dataset A and

B is the transposed of the cross-covariance of B and A (see Sect. 3.1 for an explicit definition). Considering this equivalence,
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the number N; of error cross-covariances between all different pairs of datasets is:

o1
N1:Zz:§-l-(l—1) (1)
Thus, the total number U; of error statistics (error covariances and cross-covariances) is:
1
U[=N1+I:§-I-(I+l) 2)

While error statistics w.r.t. the truth are usually unknown in real applications, residual covariances can be calculated from the
residuals between each pair of different datasets. The main idea now is to express the known residual statistics as function of
unknown error statistics (Sect. 3.2) and combine these equations to eliminate single error statistics (Sect. 3.3, Sect. 4). Because
of j # ¢ for residuals, each of the I datasets can be combined with all other I — 1 datasets. As residual statistics also do not
change with the order of datasets in the residual (see Sect. 3.1), the number of known statistics of the system is also given by
N as defined in Eq. (1). It will be shown in Sect. 3.2.3 that residual cross-covariances contain generally the same information
as residual covariances; thus the /N residual statistics can be given in form of residual covariances or cross-covariances.

Because Nj residual statistics are known, N of the U; error statistics can be estimated and the remaining / have to be
assumed in order to close the problem. The set of error statistics to be estimated can generally be chosen according to the
specific application, but it will be shown that there are some constraints. Based on the mathematical theory provided in the
following sections, the actual minimal conditions to solve the problem will be discussed in Sect. 6.1.

In most applications of geophysical datasets like in data assimilation, the estimation of error covariances is highly cru-
cial while their error cross-covariances are usually assumed to be negligible. Given the greater need to estimate the I error

covariances, the remaining number of error cross-covariances which can be additionally estimated Dy is:
1
DI:NI—I:§-I-(I—3) 3

The relation between the number of datasets, residual covariances, assumed and estimated error statistics is visualized in
Fig. 1. I =0 represents the mathematical extension of the problem, were no error- and residual statistics are required when
no dataset is considered. For less than three datasets (0 < I < 3), Dy is negative because the number of (known) residual
covariances is smaller than the number of (unknown) error covariances (N; < I) and thus the problem is underdetermined
even when all datasets are assumed to be independent (=zero error cross-covariances). As it is the case in data assimilation of
two datasets (I = 2), additional assumptions on error statistics are required. The same holds when only one dataset is available
(I = 1), were the error covariance of this dataset remains unknown because no residual covariance can be formed. For three
datasets (I = 3), Dy is zero meaning that the problem is fully determined under the assumption of independent errors (N; = I,
formulated in Sect. 4.1).

For more than three datasets (I > 3), the number of (known) residual covariances exceeds the number of error covariances
which would lead to an overdetermined problem assuming independence among all datasets. Instead of solving an overde-

termined problem, the additional information can be used to calculate some error cross-covariances (formulated in Sect. 4.2).
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Figure 1. Relation between different numbers of statistics (covariances ans cross-covariances) as function of the number of datasets. Shown
are [ in solid gray (#datasets, #error covariances, #required assumptions), U; in dashed orange (#error statistics), N7 in dashed green

(#residual covariances, #error dependencies, #estimated error statistics), and D7 in solid blue (#estimated error dependencies).

In other words, for I > 3 not all datasets need to be assumed to be independent; were D gives the number of error cross-
covariances which can be estimated in addition to the error covariances from all datasets. For example, half of the error
cross-covariances can be estimated for / =5 (%j = 15—0) while two-thirds of them can be estimated for I =7 (% = %)
Although the relative amount of error cross-covariances which can be estimated increases with the number of datasets, an
increasing number of Uy — Ny = I assumptions — equal to the number of datasets — is required in order to close the problem
because of Uy > Ny ,V I > 0.

Note that almost all numbers presented above apply to the general case were any combination of error covariances and
cross-covariances may be given or assumed. While the interpretation of the numbers I, N; and U; remains the same in all

cases, the only difference is the interpretation of D; which is less meaningful when also error covariances are assumed.

3 Mathematical theory: Exact formulation

This section gives the theoretical formulation for exact statistical formulations of complete error covariance- and cross-
covariance matrices from fully spatio-temporally collocated datasets. Similar to the 3CH method, the errors are assumed to be
random, independent among different realizations, but with common error statistics for each dataset. The notation is introduced
in Sect. 3.1. While the true state and thus error statistics w.r.t. the truth are usually unknown, residual statistics can be calculated
from residuals between each pair of datasets. At the same time, residual statistics contain information about error statistics of
the datasets involved. The expression of residual statistics as function of error covariances and cross-covariances in Sect. 3.2
provides the basis for the subsequent mathematical theory. Based on these forward relations, inverse relations describe error

statistics as function of residual statistics. The general equations of inverse relations are given in Sect. 3.3 which result in a
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highly underdetermined system of equations. Closed formulations of error statistics for three and more datasets under certain
assumptions will be formulated in the subsequent Sect. 4.

This first part of the mathematical theory includes the following new elements: (i) the separation of cross-statistics into a
symmetric error dependency and an error asymmetry (Sect. 3.1), (ii) the general formulation of residual statistics as function of
error statistics (Sect. 3.2.1 and 3.2.2), (iii) the demonstration of equivalence between residual covariances and cross-covariances

(Sect. 3.2.3), (iv) the general formulation of exact relations between residual- and error statistics (Sect. 3.3).
3.1 Notation

Suppose I datasets, each containing R realizations of spatio-temporally collocated state vectors x; ,V i € [1, I]. Without loss of

generality, the following formulation uses unbiased state vectors with zero mean. In practice, each index i,7,k,l may represent

any geophysical dataset like model forecasts, climatologies, in-situ- or remote sensing observations, or other datasets.
LetT';_;.;; be the residual cross-covariance matrix between dataset residuals ¢ — j and k —[ with j # i and [ # k, were each

element (p, q) is given by the expectation over all realizations:

Lo jipa(0,q) = [2i(p) — 5(p)] [21(q) — 2:1(q)] 4)

and the error cross-covariance matrix X;_-j between the errors of two datasets ¢ and j w.r.t. the true state x7:

Xi5(0,q) = [®i(p) —xr(p)] [2;(q) — 2r(q)] ®

were the tilde above a dataset index indicates its deviation from the truth and the overbar denotes the expectation over all R
realizations. Note that x;(p) is a scalar element of the dataset vector.

In the symmetric case, each element (p, q) of the residual covariance matrix of i — j with j # 4, is given by:

T (00) =Ty s (p0) 2 [2:(p) — ;)] [:(q) — @, (q)] (6)

and the error covariance matrix Cs of a dataset ¢ w.r.t. the true state z:

—~
fas?

C;(p,9) == X;55(p,q) = [zi(p) —xr(p)] [2i(9) — 27(9)] (7)

were numbers in parenthesis above an equal sign indicate other equations that were used to retrieve the right hand side.
Note that residual- and error cross-covariance matrices are generally asymmetric in the non-scalar formulation presented

here, but the following relations hold for residual as well as similarly for error cross-covariance matrices:

) @) “)

Fi—j;k—l = *I‘j—i;k—l = *Fi—j;l—k = Fj—i;l—k @®)
@ r

Lijik1 = [Fk—l;i—j} ©)

x; 2 [x ]T 10

iR (10)
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The symmetric properties of residual- and error covariances follow directly from their definition:
)
r.9r, (i
T
(6)
[ri_j} 7, (12)
The sum of an (asymmetric) cross-covariance matrix and its transposed is denoted as dependency. For example, the sum of

error cross-covariance matrices between ¢ and j is denoted as error dependency matrix D;,;:
;
DT'N, = X~,~, XN,N. 1
i3 i TR (13)

Although error cross-covariances may be asymmetric, the error dependency matrix is symmetric by definition:

(1) ¢ (3
D;; = X55+ X5; = D53 (14)
(13) (10) T T3 r
Dy = X5+ X5 2 [Xg] 4 [Xi] = Dy (15)

Likewise, the sum of the residual cross-covariance matrices between ¢ — j and k — [ with j # ¢ and [ # k, is denoted as residual

dependency matrix D;:;:

D jig-1 = iyt + Dpmriiej (16)

1775

The difference between a cross-covariance matrix and its transposed is a measure of asymmetry in the cross-covariances
and is therefore denoted as asymmetry. For example, difference between the error cross-covariance matrices between ¢ and j

is denoted as error asymmetry matrix Y;J:

Y- =X — X~ (17)

G5 T Mg i

Likewise, the difference between the residual cross-covariance matrices between i — j and k — [ with j #4 and [ # k, is

denoted as residual asymmetry matrix D;,;:
Yokt := Lyt = Dpij (18)
3.2 Residual statistics

For real geophysical problems, the available statistical information are (i) residual covariance matrices of each pair of datsets
and (ii) residual cross-covariance matrices between different residuals of datsets. The forward relations of residual covari-
ances and residual cross-covariances as function of error statistics are formulated in the following. For the estimation of error
statistics, it is important to quantify the number of independent input statistics which determines the number of possible error
estimations. Therefore, this section also includes an evaluation of the relation between residual cross-covariances and residual

covariances in order to specify the additional information content of residual cross-covariances.
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3.2.1 Residual covariances

Each element (p,q) of the residual covariance matrix between two input datasets 7 and j can be written as function of their

error statistics as follows:

Tos(p,a) @ { [2i(0) — 20 ()] = [25(0) — 22(0)] { [2:(0) ~ 22(0)]  [25(0) ~ 2r(0)] }

5),(7
CUY Cip.g) - X;5(pa) — X55(p,q) + C5(p,q) (19)

Thus the complete residual covariance matrix of ¢ — j is expressed as:

(19)
T, = GCi+C - |X:+X5; (20)
——
“independent residual”  »error dependency” =:D5 ~
(3¥)

Equation (20) is an exact formulation of the complete residual covariance matrix of any pair of datasets ¢ — j. It holds for
all combinations of datasets without any further assumption like independent- or unbiased error statistics. Thus, the residual
covariance of any dataset pair consists of (i) the independent residual associated with sum of the error covariances of each
dataset, minus (ii) the error dependency corresponding to the sum of their error cross-covariances.

Note that although the error dependency matrix is symmetric by definition, it is the sum of two error cross-covariances which
are generally asymmetric and thus differ in the non-scalar formulation. In the scalar case, the two error cross-covariances reduce
to their common error cross-variance and the residual covariance reduces to the scalar formulation of the variance as e.g. in

Anthes and Rieckh (2018); Sjoberg et al. (2021).
3.2.2 Residual cross-covariances

Each element (p, ¢) of the residual cross-covariance matrix between two input datasets ¢ — j and k — [ can be written as function

of their error cross-covariances:

Ty @) 2 { [2i(0) — 2r()] - [250) — 22(0)] H [o(0) - 21(@)] - [22(0) - 2r(9)] }

5
e X550 a) = X551(p.q) — X55:(p,9) + X55(p,q) 21

And thus the complete residual cross-covariance matrix between ¢ — j and k — [:

(21)

1=

I‘i‘j?k‘l X?,E o X;;T_ X},E + X;,ZN (22)

Equation (22) is a generalized form of Eq. (20) with residuals between different datasets (i — j; k —[). It consists of four
error cross-covariances of the datasets involved. This formulation of residual statistics as function of error statistics provides
the basis for the complete theoretical derivation of error estimates in this study. In contrast to the symmetric residual covariance

matrix, the residual cross-covariance matrix may be asymmetric for asymmetric error cross-covariances.
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3.2.3 Relation of residual statistics

In the following, it is demonstrated that combinations of residual cross-covariances contain the same statistical information as
residual covariance matrices.

For k = 1, the residual dependency between i — j and ¢ — [ becomes:

(21)
Dijimi + iy = C; =X = Xos + X+ G — X5 — X + X5

(2) 2 C; — Df;lN_ D;;—F D}j + [C; + C;} — [C} + C;}

= C;-‘r CT_ D*{;’l'-‘r C'Jf + G; — D;; — C’]f — C’l‘-l— D};T

@ Liy+T -1y (23)

The relation between residual covariances and residual cross-covariances in Eq. (23) is exact and holds for all datasets with-

r B r, 4T, T, ] )

out any further assumption. In case of symmetric residual cross-covariances (Fi—j:i—l =T

the residual cross-covariance matrices are fully determined by the symmetric residual covariances.

In the general asymmetric case, Eq. (23) can be rewritten as:

(23) (18)
Py +0 -0 =T+ = Dijn + [I‘i—j;i—l - Yi—j;i—l]
1 1
= D= 5 L+ T — I‘j—l} + §Yi—j;z’—l 24

Equation (24) shows that each individual residual cross-covariance consists of a symmetric contribution including residual
covariances between the datasets and an asymmetric contribution being half of the related residual asymmetry matrix. Thus,
residual cross-covariances may only provide additional information on asymmetries of error statistics, but not on symmetric

statistics (like error covariances).
3.3 Exact error statistics

As an extension to previous work, this section provides generalized formulations of error covariances, cross-covariances, and
dependencies in matrix form. These formulations are based on the relations between residual- and error statistics in Eq. (20)
and Eq. (22). Note that the general formulations presented here do not provide a closed system of equations which can be

solved in real applications. They serve as basis for the approximate solutions which are formulated in the subsequent section.
3.3.1 Error statistics from residual covariances

Equation (20) shows that each residual covariance matrix can be expressed by the error covariances of the two datasets involved
and their error dependency. The goal is to find an inverse formulation of an error covariance matrix as function of residual
covariances which does not include other (unknown) error covariances matrices. By combining the formulations of three

residuals I",

i~j» L'j-g» and I'y_; between the same three datasets 4, j, and k and expressing each using Eq. (20), a single error
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covariance can be eliminated:

(20)

C; ="I';+D;; - C; 25)
(20) 5k
= T+ Dy~ Ty Dy + G
(20) ks
= T+ DT —Dyp+ T + D - G

1
= GC=5|lij+li T+ D5+ Dz —D (26)

Jik

"independent contribution" "dependent contribution”

were the indication of used equations above the equal signs are extended by indices which denote to which datasets this

equation has been applied. For example, " (s

indicates that the relation in Eq. (20) was applied to datasets k£ and i to
achieve the right hand side.

Equation (26) provides a general formulation of error covariances as function of residual covariances and error dependencies.
It holds for all combinations of datasets without any further assumption (e.g. independence). Thus, each error covariance can
be formulated as a sum of an independent contribution of three residual covariances w.r.t. any pair of other datasets and an
dependent contribution of the three related error dependencies. While the independent contribution can be calculated from
residual statistics between input datsets, the dependent contribution is generally unknown in real applications.

Given I datasets, the total number of different formulations of each error covariance in Eq. (26) is determined by the number
of different pairs of the other datasets which is Ef:_f i=4(I—1)(I—2) (see also Sjoberg et al., 2021). The scalar equivalent
of Eq. (26) were the dependency matrices reduce to twice the error cross-variances has been formulated previously in the 3CH
method e.g. in Anthes and Rieckh (2018); Sjoberg et al. (2021). Very recently, the full matrix form was used by Nielsen et al.
(2022); Todling et al. (2022). Note that in the literature, the dependent contribution in Eq. (26) is denoted as cross-covariances

between the errors.

A formulation of each individual error dependency matrix as function of the error covariances of the two datasets and their
residual covariance results directly from Eq. (20):

D;; % Gt G-Iy @D

Being a symmetric matrix, residual covariances cannot provide information on error asymmetries and thus on asymmetric
components of error cross-covariances. Only the symmetric component of error cross-covariances could be estimated from half

the error dependency which is equivalent to a zero error asymmetry matrix:

(13),(17) _1
Dy ¥ 2 KX+ XX = Xag= 5 [Pag e Yig @

10
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3.3.2 Error statistics from residual cross-covariances

The general forward formulation of residual cross-covariances in Eq. (22) consists of error cross-covariances of the four
datasets involved. Setting for example k = ¢, provides an inverse formulation of error covariances of i:

Digit = O Xp=Xga+ Xy = Op= Do + X4 X5 - X (29)
The scalar formulation of Eq. (29) was previously given in Zwieback et al. (2012).

Similarly to Eq. (26) from residual covariances, the number of formulations of each error covariance from different pairs of
other datasets in Eq. (29) is Zf;f i = 3(I —1)(I —2). In addition, there are four possibilities to write each error covariances
from the same pairs of other datasets using the relations of residual cross-covariances in Eq. (8). Each of the four possibilities
results from setting one pair of datsets in definition of residual cross-covariances in Eq. (22) equal.

Two of the error cross-covariances in Eq. (29) can be rewritten by applying Eq. (29) to the error covariance of dataset j:

(29);
C; = Fj—i;j—l + X;ij XZJ — X?;T <~ X;;Tf X};T: Fj—i;j—l + X?J - C’jf 30)

With this, Eq. (29) becomes:

(30)

(13)
G = TLij T =

CF + X7;3 + X7;7 Lijis +T C} + fof G

Jmigl Ve IVal
Because the residual cross-covariances can be rewritten as:

® ¢ X C X Yo rc.-p.- @
Uiyt 0 = Ci= Xy — X5t X+ C X7 - Xyt X7 = C;+C;—Dy; =T (32)
the formulation of error covariances based on residual cross-covariances in Eq. (31) is symmetric and equivalent to the formu-

lation based on residual covariances from Eq. (25).

The forward formulation of residual cross-covariances does not allow for an elimination of one single error cross-covariance
even when multiple equations are combined. One formulation of an error cross-covariance matrix as function of residual
cross-covariances results directly from the forward relation:

X Zr

5. -G+ X;;’l“-l- X;; (33)

i=j3i-l
Note that the third dataset ¢ on the right hand side of Eq. (33) can be any other dataset (i # j,i # [). Thus for any I > 2, there

are I — 2 formulations of each error cross-covariance X}-T’ which are all equivalent in the exact formulation.

Any of the formulations of error cross-covariances can also be used for a formulation of the error dependency matrix

D;_; which is equivalent to the formulation based on residual covariances D~ 7 :
" Icross *" lcovar
(13) |~ (33 e - - ey - -
D;"l" eross — X;,l +Xl,] — I‘]_’L,l_z Cl+Xj,Z+XZ,l +I‘Z_Z,]_’L CZ+X2,] +Xl,7,
W r 2C-+D-+D-E 0, 4D~ 4T, +D-T ,—2C:
= Ljimi T iy =2 G+ D+ D = L + Dy + Ly + Dy =10 =2 G5
(20) (27)
= K+ Cp5+Cr— T =26;=C;+C;—T;;, = Ds; (34)
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The equivalence demonstrates that the exact formulations of error statistics from residual covariances and cross-covariances
are consistent to each other. This consistency applies to the exact formulations of all symmetric error statistics (error covari-
ances and dependencies) and results directly form the fact that the basic formulation of residual covariances in Eq. (20) is a

special case of the formulation of residual cross-covariances in Eq. (22).

4 Mathematical theory: Approximate formulation

Based on the exact formulations in Sect. 3 which remain underdetermined in real applications, this section provides approx-
imate formulations for three and more datasets which provide a closed system of equations. Section 4.1 describes the long-
known closure of the system for three datasets, but for full covariance matrices. An extension for any additional dataset I > 3
using a minimal number of assumptions is introduced in Sect. 4.2. It includes the estimation of additional error covariances
and some error cross-statistics to estimate a maximum amount of error statistics.

In addition to the optimal extension to more than three datasets, this second part of the mathematical theory includes the
following new elements: (i) the analysis of differences from residual covariance- and cross-covariance estimates (Sect. 4.1.2),
(i) the determination of uncertainties caused by assumed error statistics (Sect. 4.1.3 and 4.2.3), and (iii) the comparison of the

approximation from three- ("triangular estimation") and more ("sequential estimation") datasets (Sect. 4.2.4).
4.1 Approximation for three datasets

As demonstrated in Sect. 2, at least three collocated datasets are required to estimate all error covariances (U; > 0). For three
datasets (I = 3), three residual covariances (/N3 = 3) can be calculated between each pair of datasets. At the same time, there
are six unknown error statistics (Us = 6): three error covariances and three error cross-statistics (cross-covariances or depen-
dencies). Thus, the problem is under-determined and three error statistics (Us — N3 = 3) have to be assumed in order to close
the system. The most common approach, which is also used in 3CH and TC methods, is to assume zero error cross-statistics
between all pairs of datasets: XT;] =0& D;g =0,V 4,5 €[1,3], j#i. The approximation of the three error covariances
can also be formulated in a Hilbert space which allows for an illustrative geometric interpretation as in Pan et al. (2015)
(their Fig. 1). Because the assumption of zero cross-covariance equals zero error dependency, it is denoted as "assumption of
independence"” or "independence assumption" thereafter.

The independence assumption resembles the innovation covariance consistency of data assimilation, were the residual co-
variance between background and observation datasets - denoted as innovation covariance - is assumed to be equal to the sum
of their error covariances in the formulation of the analysis (e.g., Daley, 1992b; Ménard, 2016):

(20)

r._.
" {in}

C:+ C'Jf 35)

were "{s}" indicates the assumption of independence between the two datasets, i.e. X;,; =0.
n ;

Because all error cross-statistics need to be assumed in this setup, approximations of these cross-covariances and dependen-

cies only reproduces the initially assumed statistics and do not provide any new information.
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4.1.1 Error covariance estimates

Assuming independent error statistics among all three datasets, or similarly that error dependencies are negligible compared

V j # i gives an estimate of each error covariance matrix as function of three residual

to residual covariances D; > < T';_; ,

covariances:

T VR . (36)
“in3y2 L ¥ v
Were " ‘%3 " indicates the assumption of independence among all three datasets involved.

In th{e”;c}alar case, Eq. (36) reduces to the equivalent formulation for error variances known from the TC and 3CH method
(e.g., Pan et al., 2015; Sjoberg et al., 2021). Thus, the long-known 3CH estimation of error variances from residual variances
among three datasets holds similarly for complete error covariance matrices from residual covariances under the independence
assumption. In fact, the approximation in Eq. (36) requires only the assumption that the dependent contribution of Eq. (26)
vanishes. However combining this condition for the error covariance estimates of all three datasets results in the need for each
error dependency to be zero.

Under the assumption of independence among all three datasets X5~ =0 ,V i, 7, their error covariance matrices can also be
directly estimated from residual cross-covariances:

(29)
T(ins)

And likewise:

| I (37)

29

"{in3} (38)

i-lyi-j

As described in Sect. 3.3.2 on exact cross-covariance statistics, every error covariance from residual cross-covariances has
four equivalent formulations for each pair of other datasets which provide the same result in the exact case, but might differ
in the approximate formulation. Equation (37) and (38) provide two different approximations of each error covariance matrix
from residual cross-covariances based on each pair of other datasets. In the simplified case of scalar statistics, the two different
formulations in Eq. (37) and (38) reduce to the same residual cross-variance which was previously formulated by e.g. Crow
and van den Berg (2010); Zwieback et al. (2012); Pan et al. (2015).

4.1.2 Differences

Equations (36) to (38) provide three different estimates of an error covariance matrix for each pair of other datasets. Using the
relation between residual covariances and cross-covariances from Sect. 3.2.3 and the symmetric properties of residual statistics
allow for a comparison of the three estimates:

(37 (24),(36) c. 1

- ~ o Y. .. 30

*1(37){in3} 7" ! 1 (36) + 9 i (39)
(38) (24),(36) 1

~ ~ I B = C‘r - = G=Fed— 40

Ul (38) fin3y HI il3g) 2 (40)
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The three independent estimates of a error covariance matrix from the same pair of other datasets differ only by their residual
asymmetry. Thus, differences between the estimates from Eq. (36) to (38) provide no additional information about symmetric
error statistics.

While the estimation from residual covariances remains symmetric by definition, the estimates of error covariances from
residual cross-covariances may become asymmetric. This asymmetry can be eliminated using the residual asymmetry matrix

which is also equivalent to averaging both formulations of error covariances from residual cross-covariances:

(36) 1 (39) 1 (40) 1
C?{ﬁg}i Pij+T =Tyl = Fi—j;i—l_iYi—j;i—l = Fi—l;i—j+§Yi—j;i—l (4D

All three estimates become equivalent if the residual cross-covariances and thus, error cross-covariances are symmetric (

— X;,; = %D;; = X-jf,; ,V 4,7 ). This is also the case for scalar statistics, were the equivalence between scalar error variance

estimates from residual variances and cross-variances was previously shown by Pan et al. (2015).
4.1.3 Uncertainties of approximation

The independence assumption introduces the following absolute uncertainties ACs of the three different estimates for each

dataset ¢:
(26),(36) 1
AG’ —c| -—c L(36) 2 [AD&, AD- — AD- ~] 0
*1(36) *lirue *1(36) 2 i T oDk ik (42)
(29),(37)
AC- =Cs - ’ Y AX~~ 4+ AX~ — AX-~ -~ 43
“1(37) “lirue t1(37) 230 T isk Jik (43)
(29),(38)
AC- =Cs - ’ P AX -~ 4+ AX -~ — AX~ ~ 44
"1(38) *ltrue 1 (38) it ksi ksj (44)

were AD;J and AX;J are the uncertainties of the estimated error dependencies and cross-covariances, respectively.

The absolute uncertainty of the estimates depends similarly on the (neglected) error cross-covariances or dependencies
among the three datasets. While the error dependencies to the two other datasets contribute positively, the dependency between
the two others is subtracted. If these dependencies cancel out (AD;J + AD;;E = AD;;%), the estimate of one dataset might
be exact even if all three dependencies are non-zero. However, two exact estimates can only be achieved if one (e.g. AD;J =
0 A AD?;E = AD};E) or all three dependencies are zero. A special case was observed by Todling et al. (2022) who showed
that the estimations of background, observation and analysis errors in a variational data assimilation system become exact if the
analysis is optimal. In this particular case, no assumptions on dependencies are required because the optimality of the analysis
induces vanishing dependencies.

Estimated error covariances might even contain negative values if error dependencies are large compared to the true error
covariance of a dataset. If the true error covariances differ significantly among highly correlated datasets, the neglected error
dependency between two datasets might become much larger than the smaller error covariance, e.g. ADE;;— AD}E ~ 0,
%AD;J > C;| . Thus, the estimated error covariance matrices might not be positive definite if the independence assumption

true
among three datasets is not fulfilled. This phenomena was also described and demonstrated by Sjoberg et al. (2021) for scalar

14



395

400

405

410

415

420

problems. However, the generalization to covariances matrices is expected to increase the occurrence of negative values were

correlations between two entries of the state are low, thus relative differences and sampling errors become large.
4.2 Approximation for multiple datasets

While independence among all datasets is required to estimate the error covariances of three datasets (I = 3), the use of more
than three datasets (I > 3) enables the additional estimation of some error dependencies or cross-covariances (compare Sect. 2).
Although this potential of cross-statistic estimation was previously indicated by Gruber et al. (2016); Vogelzang and Stoffelen
(2021) for scalar problems, a generalized formulation exploiting its full potential by minimizing the number of assumptions is
yet missing.

As described in Sect. 2, Dy > 0 gives the number of error cross-statistics which can potentially be estimated in addition
to all error covariances for I > 3 datasets. Consequently, for each additional dataset ¢ > 3, its cross-statistics to one prior
dataset ref(:) < i is needed to be assumed in order to close the problem. This prior dataset ref(7) is denoted as "reference
dataset" of dataset . In the following, the approximate estimation of error covariances and cross-statistics (cross-covariances
or dependencies) under the "partly independence assumption” D?; ot = 0 is formulated for all additional dataset (¥ ¢ > 3).
This estimation procedure of error statistics of additional dataset based on their reference datasets is denoted as "sequential

estimation” in contrast to the "triangular estimation" from an independent triple of datasets presented in Sect. 4.1.
4.2.1 Error covariance estimates

As in the estimation for I = 3 datasets, the error covariances of the first three datasets can be estimated from residual covari-
ances or cross-covariances using Eq. (36), (37) or (38). This triple of the first three datasets which are assumed to be pairwise
independent is denoted as "basic triangle".

Based on this, each additional error covariance can directly be calculated w.r.t. its reference dataset ref(i) < i:

c.®r C 45
iy Dimett) ~ O 45
were “{ _%I " indicates the assumption of independence to the reference dataset, i.e. X = 0

Similarly, each additional error covariance can be estimated from two residual cross-covariances w.r.t its reference dataset
ref(¢) and any other dataset j:
7 (?j) Liret(iyii-j + Lret(s)-isreti)-j — Coirp (46)
{inI} ’ ’ ref(i)
From the equivalence of residual statistics in Eq. (32) it follows that the two formulations of error covariances in Eq. (45)

and Eq. (46), respectively, are equivalent and produce exactly the same estimates even if the underlying assumptions are not

perfectly fulfilled.
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4.2.2 Error cross-covariance and dependency estimates

Once the error covariances are estimated, the remaining residual covariances can be used to calculate the error dependencies

to all other prior datasets j # ref(7),j < i

D,; ¥ c;+C; -

57 i=J

(47)

In contrast to residual covariances, the asymmetric formulation of residual cross-covariances allows for an estimation of
remaining error cross-covariances including their asymmetries. The error cross-covariance to each other prior dataset j

ref(7),j < i can be estimated sequentially using again the reference dataset ref():

(33)
Wiy Lret(iy-imet(i)-5 ~ Crairy T X ety (48)

Based on this, the symmetric error dependencies can be estimated from its definition in Eq. (13). The equivalence between
the formulations of error dependencies from residual covariances and cross-covaiances was shown in Eq. (34).
Note that the error cross-covariances X;_; and dependencies Dﬁ of each subsequent datasets j > 4 to dataset j result directly

from their symmetric properties in Eq. (10) and Eq. (14), respectively.
4.2.3 Uncertainties in approximation

The absolute uncertainty ACs of an additional error covariance estimate of any dataset 3 <4 < I is formulated recursively

w.r.t. its reference dataset ref(i):

(25),(4

AC{’MS) = 07 true S (45) - AD’ sref(4) Acref/\(l/) -
e _ (3 ; - Y
8G @6) " tlwe ey AD% ~ ~ACam >

The two estimates of error covariances from residual covariances in Eq. (49) and from cross-covariances in Eq. (50) are
equivalent, and the uncertainty of the latter is independent of the selection of the third dataset j in the residual cross-covariances
(compare Eq. (46)). Thus, absolute uncertainties of estimations from residual covariances and cross-covariances differ only in
the uncertainties w.r.t. the basic triangle given in Eq. (42) to (44).

With this, a series of reference datasets {m f} =my,...,mp, With mp being the reference of ¢, and the m ;_ reference of
mp and so on, with my_; <mjy <4 ,Vf and m; = j < 3 are defined from the target dataset to the basic triangle. Then, the

absolute uncertainty AC> of each error covariance estimate is:

AC;Y AD; . —ACy; =AD;. —AD,_ —— +AC o —...

1M E mFmF 1 mrp—1

+(-1)F [AD~~+AD - ADg] (51)

myi1imy

1
MZ)ADN‘NJFfz [ F . AD
=F-1

Were k,[ < 3 are the other two datasets in the basic triangle.
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According to Eq. (51), uncertainties in the estimations of additional error covariances result from the partly independence
assumption of the additional datasets in the series of reference datasets and the independence assumption in the basic triangle.
Due to the changing sign between the intermediate dependencies as well as within the basic triangle, the individual uncertain-

ties may cancel out. Thus, absolute uncertainties do not necessarily increase with more intermediate reference datasets.

Although Eq. (47) is exact, the dependency estimate of each additional pair of datasets (¢;7) is influenced by uncertainties in

the estimations of the related error covariances:

AD;,; =D~

(3]

LD ACs+ AC; (52)

were the uncertainties of the two error covariances are given in Eq. (51).
And the absolute uncertainties of estimates of additional error cross-covariances based on residual cross-covariances can be

determined recursively using Eq. (51):

B AX L AX. —— — AC— (53)

AX~—~_« = X~“f Z»;‘(zlg) ref( )] 5 ref( ) ref(d)

2%)

In contrast to error covariances, the uncertainties of error cross-covariances sum up in the two series of reference datasets.
However, this sum is subtracted by the two sums of uncertainties in error covariances of these datasets, whose elements may

cancel partly (not shown).
4.2.4 Comparison to approximation from three datasets

It can be shown that the sequential formulation of an error covariance from its reference dataset is consistent with the triangular
formulation from three independent datasets in Sect. 4.1 in the basic triangle. Given the triangular estimate of one error covari-
ance C; . from Eq. (36), the error covariances C;,q of the other two datasets in the basic triangle are equal to their sequential

formulation Cg|'_ from Eq. (45) with reference dataset ref(j) = i:

(45) (36) 1 1 (36); ~_
F A e A I P j—i_i[ri—j+rk—i_rj—k} = i{ri—j+rj—k_ri—k} = G, (54)

Thus, only one error covariance needs to be calculated with Eq. (36) while all other can be estimated from Eq. (45). Note that
although even if only C; is calculated from the fully independent formulation in the basic triangle, the independence assump-

tion among all three pairs of datasets in the basic triangle remains.

Instead of using the sequential estimation for additional datasets 7 > 3, the error covariances could also be estimated by
defining another independent triangle (7; j; k), with k = ref(j), j = ref(¢). Because the definition of another independent trian-
gle requires an additional independence assumption between (i; k) (i.e. D?E = 0), this triangular estimate C;‘q from Eq. (36)
differs from the sequential estimate C;‘F from Eq. (45) using its reference dataset (C; — C;), were their absolute errors

compare as follows:

’AC;M - ’AC;M WL AD. -~ AC;

1
5|ADs; + AD;; - AD;; (55)
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The sequential estimation of error covariances of an error covariance becomes favourable if the estimation of the error co-
variance of its reference dataset is of similar accuracy as the uncertainty in their dependent assumption (AC; — AD;J).
And the triangular estimation becomes favourable if the accuracy of the additional independence assumption is of the order
of the difference between the uncertainties of other two error dependencies <AD5;E — AD;J — AD};E) ; i.e. if the additional
independence assumption is of similar accuracy as the other two dependent assumptions.

Note that the absolute uncertainties presented here only account for uncertainties due to the underlying assumptions on error
cross-statistics and not due to imperfect residual statistics occurring e.g. from finite sampling. A discussion of those effects for

scalar problems can be found in Sjoberg et al. (2021).

5 Experiments

This section illustrates the capabilities to estimate full error covariance matrices of all datasets and some error dependencies.
Four collocated datasets (I = 4) are generated synthetically on a 1D domain with 25 grid-points. Each datset consists of 20.000
realizations at each grid-point which are randomly sampled around the true value of 5.0 . The spatial variation of prescribed
error variances and spatial error correlations differ for each dataset. Datasets (1;2;3) span the basic triangle and dataset 1 is
the reference of dataset 4 (ref(4) = 1). This allows the estimation of all four error covariances of each dataset and two error
dependencies between the datasets (2;4) and (3;4) (compare Sect. 2). All other error dependencies need to be assumed and
are set to zero for this experiment (in accordance to the formulation in Sect. 4). Note that the change of error dependencies
between the different experiments affects their true statistics. The experiments presented in this section are based on the
symmetric estimations from residual covariances derived in Sect. 4 which are summarized in Algorithm Al. Similar results
would be obtained from estimations from cross-covariances given in Algorithm A2, but this short illustration is restricted to a
general demonstration using symmetric statistics only.

The plots are structured as follows: Each subplot combines two covariance matrices; one shown in the upper-left part and
the other in the lower-right part. Because all matrices involved are symmetric, it is sufficient to show only one half of each
matrix. The two matrices are separated by a thick gray diagonal bar and shifted off-diagonal so that diagonal variances are right
above/below the gray bar, respectively. Statistics that might become negative are shown as absolute quantities in order to show
them with the same color-code. In each row, the upper-left parts are matrices which are usually unknown in real applications
(as they require the knowledge of the truth) and the lower-right parts are known/estimated matrices. The first row contains the
error dependencies and residual covariances of each dataset pair. Here, gray asterisks in the upper-left subplot indicate that
these error dependency matrices are assumed to be zero in the estimation. The second row contains the true and estimated error

covariances and dependencies. The third row gives the absolute difference between the true and estimates matrices.
5.1 Uncertainties in additional dependencies

The experiment shown in Fig. 2a contains only true error dependencies between datasets (2;4) and (3;4). This is consistent

to the selected estimation setup in which (1;2;3) build the basic triangle and dataset 4 is sequentially estimated w.r.t. dataset
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Figure 2. Covariance matrices for 4 datasets ( = 4) with true dependencies of datasets (2;4) and (3;4). Datasets (1;2;3) build the basic

triangle. Dataset 4 is estimated (a) from its reference dataset 1 ("sequential estimation") and (b) from an additional independent triangle
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(1;2;4) ("triangular estimation").

1. Consequently, all error covariances and the two remaining dependencies are estimated accurately in accordance to Eq. (42),
(51), and (52). The estimation method is able to reproduce true error covariance matrices of all datasets and error dependency
matrices between some datasets independent of the complexity of the statistics if the assumptions are sufficiently fulfilled. For
comparison, the error covariance matrix of dataset 4 is estimated from an additional independent triangle (1;2;4) in Fig. 2b.
The triangular estimation requires the additional independence assumption between datasets (2;4) which is not fulfilled in this
experiment. The positive true error dependency has equivalent impact on the estimated error covariance of dataset 4 and its

dependencies to datasets 2 and 3. All three matrices are underestimated w.r.t. the true statistics by the half of the neglected

error dependency in accordance to Eq. (42) and (52) applied to the triangle (1;2;4).
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5.2 Uncertainties in basic triangle

The effects of neglected dependencies in the basic triangle is illustrated in Fig. 3 were a true positive error dependency appears
between datasets (2;3). In accordance to Eq. (42), (51), and (52), the neglected dependency in the basic triangle affects all
estimated statistics. While the error covariance of dataset 1 is overestimated, all other statistics are underestimated. For the
sequential estimation in Fig. 3a, uncertainties in the estimated error dependencies are equal to the neglected error dependency
and uncertainties in error covariances are halved (compare Eq. (51)). For the triangular estimation of dataset 4 in Fig. 3b, the
effects of the two neglected dependencies between (2;3) and between (2;4) are combined. As shown in Fig. 2b, the error
covariance of dataset 4 is underestimated by half the neglected dependency between (2;4). The uncertainties two estimated
error dependencies (2;4) and (3;4) are the sum of the uncertainties of the error covariances of the two datasets involved in
accordance to Eq. (52).

In this setup, the sequential estimation of the additional dataset (here 4) from its reference dataset (here 1) is more accurate
because the neglected dependency in the basic triangle (here (2;3) ) is small compared to the neglected additional dependency
in the triangular estimation (here (2;4) ), which is in accordance to Eq. (55). This changes in Fig. 4, were the neglected
dependency (here (2;3) ) in the basic triangle is larger than the one additional one in the triangular estimation (here (2;4) ).
Because the sequential estimation is more sensitive to uncertainties in the basic triangle (Fig. 4a), the triangular estimation
(Fig. 4b) becomes more accurate. This holds for the error covariance estimate of dataset 4 as well as the two estimated error
dependencies (2;4) and (3;4). This particular setup also demonstrates that uncertainties due to neglected dependencies can
become larger than the actual true statistics (here e.g. in the error dependency of datasets (2;4) for both estimation methods)
which creates negative values in the estimate.

Note that the choice of the estimation method affects only the uncertainty of subsequent estimates which are directly or
indirectly referring to the uncertain assumption. In this case, the estimations in the basic triangle are not affected by the

estimation method.

6 Conceptual summary

This section provides a summary of the statistical error estimation method proposed in this study focusing on its technical appli-
cation. Section 6.1 summarises the general assumptions and requirements including an exemplary visualisation, and Sect. 6.2
formulates rules for an optimal setup of datasets w.r.t. imperfect assumptions. An algorithmic summary the calculation of error

statistics from residual covariances and cross-covariances, respectively, is given in Appendix A.
6.1 Minimal conditions

For error statistics that need to be assumed, their specific formulation may have different forms. The easiest and most common
assumption is to set their error correlations and thus the error cross-covariances and dependencies to zero. This assumption

used in Sect. 4.1 and 4.2 is equivalent to the 3CH and TC methods. However, any non-zero error statistics can be defined and
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Figure 3. Covariance matrices for 4 datasets (I = 4) with true dependencies of datasets (2;3), (2:4) and (3;4). As in Fig. 2, but with an

neglected dependency in the basic triangle between datasets (2;3).

used in the general form which is summarized in Appendix. A. This also includes assuming error statistics as function of other
error statistics including the ones estimated during the calculation. The only restriction is that all assumed error statistics must
be fully determined by other error statistics or predefined values without introducing additional degrees of freedom.

In the common case were all error covariances and some error dependencies (or cross-covariances) are estimated, there are
two requirements for the setup of datasets: (i) all three error dependencies among one triple of datasets are needed (this triple

of independent datasets is called "basic triangle"), and (ii) at least one error dependency of each additional dataset to any prior

err cov (1) e errcov(2) 25, €rrcov (3) 25, €T cov (4) _.__errdep (2;4)
20| 20| 20| 20| 20|
15 15 15 15 15
10 10 10 10 10 10
5| 5| 5| 5| 5| 5|
0 0 0 0 0 0

datasets is needed (this prior dataset is called "reference dataset" of the referring additional datasets).

These two requirements are a logical summary of the mathematical derivations in Sect. 3 and 4 and are valid for all number
of datasets I < 3. They provide the necessary conditions for the existence of a solution under the given assumptions (compare

Sect. 4.1.1, 4.2.1, and 4.2.2). Optimality and uniqueness of this solution w.r.t. different formulations and setups are achieved
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Figure 4. Covariance matrices for 4 datasets (I = 4) with true dependencies of datasets (2;3), (2:4) and (3;4). As in Fig. 2, but with an

increased dependency in the basic triangle between datasets (2;3).

when - and exactly when - the required assumptions are accurate (i.e. vanishing uncertainties of assumed error statistics in
Sect. 4.1.2,4.1.3,4.2.3, and 4.2.4).

Previously, Vogelzang and Stoffelen (2021) observed that some setups for four and five datasets do not produce a solution for
the problem, but without discussing the general requirements. The limited solveability was also found by Gruber et al. (2016)
for four datasets, who came up with an unnecessarily strong requirement that each dataset has to be part of an independent
triangle.

An exemplary setup of assumed dependencies for I = 10 datasets is visualized in Fig. 5. The dependencies among three
datasets (1;2;3) is needed to be assumed ("basic triangle"). Then, one dependency of each additional dataset 7 > 3 to any

prior dataset 7 (with j < 4) is assumed ("sequential estimation"). In general, there is no further restriction on the selection of
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Figure 5. Independence tree: Exemplary visualization of assumed dependencies (gray lines) between 10 datasets (colored dots). The assumed

dependencies in the basic triangle (1;2;3) are indicated by thicker lines.

reference datasets in order to close the estimation problem. Note that similar conditions can be derived for cases were also

error covariances are given or assumed, which is not part of this paper.
6.2 Optimal setup

In real applications, there might be significant differences in estimated error statistics from different setups as observed e.g. by
Vogelzang and Stoffelen (2021) in the scalar case. The relative accuracy of an error covariance estimate is proportional to the
ratio between the residual covariance I';_; and the absolute uncertainty AD;J of the assumed error dependency, which can
be interpreted similar to a signal-to-noise ratio. In other words, the larger the residual covariance and the better the absolute
estimate of the error dependency to the reference dataset, the more accurate is the estimated error covariance. Because uncer-
tainties in error estimate do not necessarily sum up along a branch of the independence tree (compare Sect. 4.2.3, Eq. (51)),
a large residual-to-dependency ratio w.r.t. to the reference is more important than a low number of intermediate reference
datasets. In order to achieve optimal estimates, the setup of datasets should be selected according to the expected accuracy of

estimated dependencies which minimize the residual-to-dependency ratio for each datasets:

T._.
max (A]SL) :j —ref(i) <= miny (Ap;;;) cj o ref(i) Vi (56)
)

4

The maximal residual-to-dependency ratio is equivalent to the minimal uncertainty in normalized error correlations Afﬁ';} =
\/c%é; For example, if the error correlation of one dataset to another is comparably well known, this dataset is best suited
as reference dataset. If estimated error dependencies are set to zero, the dataset to which the independence assumption is most
certain should be selected as reference dataset. Supposing that distances between datasets indicate their expected degree of
independence in the independence tree, the setup visualized in Fig. 5 is not optimal. An example for an improved setup is
shown in Fig. 6, which is expected to provide more accurate error estimates.

While uncertainties in the basic triangle are only contribute half, they effect the estimations of error statistics of all datasets

(compare Sect. 4.1.3, 4.2.3, and 5.2). This has two implications: Firstly, the basic triangle which is defined as the triple of

dataset that has the smallest error correlations produces the smallest overall uncertainty w.r.t. all error estimates. Ideally, the
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Figure 6. Improved independence tree: As Fig. 5, but with modified setup for more accurate error estimates. Distances between datasets
represent the accuracy of assumed dependencies between the error statistics. While locations are the same, the numbers and colors of the
datasets has been changed according to the modified setup. An example for an alternative formulation of an additional independent triangle

is indicated as dotted line.

basic triangle should be set as a triple of datasets which are highly independent — or at least with reasonably small dependencies
among each other.

Secondly, if another independent triangle can be assumed for an additional dataset with similar accuracy as the dependency
to its reference dataset, the additional error estimate may be more accurate using the triangular estimation from this additional
independent triangle rather than the sequential estimation (compare Sect. 4.2.4 and 5). The additional independent triangle does
not need to be connected to the basic triangle and may also have multiple independence branches, thus acting as additional
basic triangle. For example, in the setup shown in Fig. 6, the estimation of dataset 7 is sensitive to the dependency(3;7) to its
reference dataset, and less sensitive to dependencies in the basic triangle (1;2;3). If the dependency(7;10) could be assumed
with higher accuracy than these dependencies, the error covariances of dataset 7 can alternatively be calculated from the
independent triangle (7;8;10) and the independence assumption between (3;7) can be dropped. Thus, multiple independence
trees can be defined around multiple separated basic triangles.

Furthermore, it is also possible to average the estimated error statistics of a dataset from multiple independent triangles
similar to an application of the N-cornered hat method (e.g., Sjoberg et al., 2021) for an arbitrary subset of datasets. This setup
builds an overestimated problem which requires the assumption of more error dependencies than the minimal requirements.
However, it might be beneficial if multiple independent triangles containing the same dataset can be estimated with similar
accuracy. In this case, potential uncertainties in the assumptions are expected to be reduced by the average over similar accurate
estimates. Also an extension to weighted averages of different estimations is possible were the weights reflect the expected

accuracy of each estimation formulation w.r.t. the others.

7 Conclusions

Despite the generalized matrix-formulation, the main features of the presented approach are (i) its generality defining the

flexible setup for any number of datasets according to the specific application, (ii) its optimality w.r.t. a minimal number of
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assumptions required, and (iii) its suitability to include expected non-zero dependencies between any pair of datasets. In con-
trast, the scalar N-CH method averages all estimates of each dataset which is equivalent to assuming that the independence
assumption among each dataset triple is fulfilled with the same accuracy. However, this is not the case for most applications
to geophysical datasets. For example, Rieckh et al. (2021) applied the N-CH method to multiple atmospheric model and ob-
servational datasets and discussed neglected levels of independence between different datasets, which are expected to vary
significantly. Pan et al. (2015) tried to account for such variations by clustering the datasets into structural groups; which how-
ever requires more assumptions than necessary and makes the result highly sensitive to the selected grouping. In contrast, the
method presented here provides an optimal and flexible approach to handle multiple datasets with different levels of expected
independence. Depending on the specific application, the estimation may be based on the minimal number of assumptions
required or a (weighted) average over any number of estimations with similar expected accuracies.

An important application of the presented method is expected to be numerical weather prediction (NWP) were short-term
forecasts from multiple national centers can be used to estimate error statistics required for data assimilation. In contrast to pre-
vious statistical methods, potential dependencies among the forecasts, i.e. due to the assimilation of similar observations, can be
considered in the error estimation and even explicitly quantified. Future work will show how this statistical approach compares
to state-of-the-art background error estimates based on computation-expensive Monte-Carlo- or ensemble-methods. While the
presented method ensures symmetry of error covariances, positive definiteness might not be fulfilled in real applications due
to inaccurate assumptions or sampling uncertainties.

In comparison to a-posteriori methods which statistically estimate optimal error covariances for data assimilation, an a-priori
error estimation of collocated datasets has three main advantages: (i) optimal error statistics are calculated analytically without
requiring an iterative minimization including multiple executions of the assimilation, (ii) complete covariance matrices provide
spatially-resolved fields of error statistics at each collocated location including spatial- and cross-species correlations, and (iii)
error statistics of all datasets are estimated without selecting one dataset as reference. This enables the consideration of more
than two datasets in the assimilation. Given sufficiently estimated error statistics, the final analysis w.r.t. to all datasets will be
closer to the truth than any analysis between two datasets only. Thus, the rapidly increasing number of geophysical observations
and model forecast enables improved analyses through increasingly overlapping datasets, were optimal error statistics can be
calculated for example with the method presented here. Especially the possibility to estimate optimal error cross-covariances
between datasets provides important information for data assimilation were the violation of the independence assumption
remains a mayor challenge (Tandeo et al., 2020).

However, current data assimilation schemes are not suited for multiple overlapping datasets and cross-errors between datsets
are assumed to be negligible. In contrast, the statistical error estimation method presented in this study is explicitly tailored
to multiple datasets which cannot be assumed to be independent. Thus, the estimated error covariances are not consistent
with assimilation algorithms assuming (two) independent datasets. If the estimated error dependencies among all assimilated
datasets are small, the independence assumption may be regarded as sufficiently fulfilled. The error estimation method then
provides optimal error covariances for assimilation and information on the accuracy of the independence assumption. Other-

wise, generalized assimilation schemes are need to be developed for a proper use of this additional statistical information in data
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assimilation. Although increasing their complexity, such generalized assimilation schemes enable fundamental improvements

in terms of an optimal analysis from multiple datasets w.r.t. their error covariances and cross-statistics.
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Appendix A: Algorithm

The general estimation procedure of error statistics for I > 3 datsets is summarized in Algorithm A1l and A2. The algorithms
require respectively, residual covariances or cross-covariances among all I datsets (calculated from residual statistics) and
I assumed error dependencies or cross-covariances. Based on this, the first error covariance matrix in the basic triangle is
calculated. Then, error statistics of the remaining datasets are calculated sequentially in an iterative procedure; introducing a
new dataset ¢ with given residual statistics (covariances or cross-covariances) to dataset ref(¢) for each i € [2, I] with ref(¢) < 1.
Note that this is equivalent to estimating the independent estimations of all three datasets in basic triangle and sequentially
estimate all additional estimates for datsets ¢ > 3 (compare Sect. 4.2.4).

Algorithm Al is formulated for symmetric statistic matrices, were error covariances errcov(i;:,:) of each dataset ¢ and
error dependency matrices errdep(i;j;:;:) between each pair (i;j) are estimated from symmetric residual covariances
rescov(i-j :;:;). In Algorithm A2, the error covariance- and cross-covariance matrices errcross(i;j;:;:) of each pair
(4;4) are estimated from residual cross-covariances rescross(i-j;i-k;:;:) between (i-j;i-k). Here, the third dataset & in
the residual cross-covariances can be freely selected and does not affect the accuracy of the estimates (compare Sect. 4.2.3).
Each operation applies element-wise to each matrix-element indicated by the last two indices (:;:), were matrices may con-
tain different locations of the same quantity as well as different fields for multiple quantities of any dimension (=multivariate
covariances). Transposed matrices w.r.t. the two location indices are indicated by []%.

The equations relate to the general exact formulations which requires some error dependencies or cross-covariances to be
given (compare Sect. 3). The explicit calculation of the error cross-statistics (dependencies or cross-covariances) is not needed
if only error covariances are of interest. In theory, both algorithms provide the same error estimations (compare Sect.3.2.3). The
decision to estimate error statistics from residual covariances (Algorithm A1) or cross-covariances (Algorithm A2) depends
on the availability of residual statistics and the need for asymmetric error cross-covariances, which can only be estimated with

Algorithm A2 (compare Sect. 3.3.1).

Algorithm A1 Iterative calculation of error covariances and dependencies for I datasets from residual covariances.

Require: innocov(i-ref(i);:;:) Vi € [2,]], innocov(1-3;:;:)
Require: errdep(i;ref(i);:;:) Vi € [2,1], errdep(1:3;:;:)

errcov(l;:;:) + 0.5- [innocov(Z—l: i) + innocov(1-3;:;:) — innocov(3-2;:;:)

+errdep(2; 1;:;:) + errdep(1; 3;:;:) — errdep(3; 2;:; )} >~ Eq. (26)
fori=21do
errcov(i;:;:) < innocov(i-ref(i);:;:) + errdep(i; ref(i); ;;:) — errcov(ref(i);:;:) >~ Eq. (25)
for j=1,7—1do
if j # ref(i) then

errdep(i; j;:;:) < errcov(i;:;:) + errcov(j;:;:) — innocov(i-j; ;1) >~ Eq. (27)
end if
errdep(j;i;:;:) + errdep(i; j; i) >~ Eq. (14)
end for

end for
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Algorithm A2 Iterative calculation of error covariances and cross-covariances for I datasets from residual cross-covariances.

Require: innocross(i-ref(i);-j;:::), innocross(ref(i)-i;ref(i)-j;:5:) Vi € [2,1],j # ref(i),j # i , innocross(1-2;1-3;:;:)
Require: errcross(i;ref(i);:;:) Vi € [2,]], errcross(1;3;:;:)

for i = 2,1 do

errcross(ref(i);i;:;:) < errcross(i;ref(i); ;;:)7 > ~ Eq. (10)
end for
errcov(l;:;:) + innocross(1-2;1-3;:::) + errcross(1;3;:;:) + errcross(2;1;:;:) — errcross(2;3;:;:) >~ Eq. (29)

fori=2,1 do
errcov(s;:;:) < innocross(i-ref(i);i-j::: :) + innocross(ref(i)-i;ref(i)-j;:;:) — errcov(ref(i); :; 1)
+errcross(i;ref(i): :;:) + errcross(ref(i);i;:: 1) > ~ Eq. (31)
for j=1,i1—1do
if j # ref(i) then
errcross(i; j;:;:) < innocross(ref(i)-i;ref(i)-j: 1 :) — errcov(ref(i); ;1)

+errcross(ref(i); j;:;:) + errcross(i;rel(i); ;) > ~ Eq. (33)
errcross(j;i;:;:) < errcross(i; j; )7 > ~ Eq. (10)
end if
end for
end for
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