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Abstract. The seminal, Ekman (1905)’s, f -plane theory of wind driven transport at the ocean
surface is extended to the -

ptane-f-plane

by substituting the pseudo angular momentum for the zonal velocity in the Lagrangian
equation. Theaddittonofthe

term-tmphesthat-When the B term is added,

the equations become nonlinear, which greatly complicates the analysis. Though rotation
relates the momentum equations in
the zonal and the meridional directions, the transformation to pseudo angular momentum

greatly simplifies the 5Hengitudinat-longitudinal

5 dynamics, which yields a clear description of the meridional dynamics in terms of a slow drift
compounded by fast oscillations,

which can then be applied to describe the motion in the zonal direction. Both analytical
expressions and numerical calculations

tnderscore-highlight the critical role of the equator in determining the trajectories of water
columns forced by eastward directed (in the

northern hemisphere) wind stress even when the water columns are initiated far from the
equator. Our results demonstrate that
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. the averaged motion in the zonal direction is-highty-dependent-on-the-meridionat-oscitations
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
I

and-forsome-initiat-conditions—canbe-depends on the meridional oscillations and it is
independent of the direction of the

10 wind stress. The zonal drift is determined by a balance between the initial conditions and

the magnitude of the wind stress

so for some initial condltlons |t is as Iarge as the %—meﬁdmﬁﬁ—ffreaﬁﬂﬁ‘roﬁmﬁ—so-efrﬂﬁe—ﬁ-
ged-fow-direction—doe s mean meridional motion i.e., the

averaged row dlrectlon is not necessarily.

perpendicular to the wind direction.

Copyright statement. TEXT
1 Introduction

15 The seminal theory of wind driven transport at the ocean surface was developed about 120
years ago by the Swedish oceanog-

rapher Vagn Walfrid Ekman for the highly idealized case of constant Coriolis frequency — the f
-plane. The Ekman (1905)

theory addresses the downward spiraling horizontal velocity in the ocean’s surface and its
vertical integral — the transport.

Ekman’s elegant solution of the problem has become a textbook material in physical
oceanography, dynamical meteorology
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" and geophysical fluid dynamics (see e.g. Gill, 1982; Pedlosky, 1987; Vallis, 2017). For uniform
wind stress the dynamics on

20 the f -plane consists of two parts: A steady flow to the right/left of the wind direction in the
northern/southern hemisphere

and inertial oscillations twith-(of frequency fO — the constant Coriolis frequency). However,
though it is one of the cornerstones of

26-atmosphere and ocean dynamics, the theory was never extended to include increase-in-the

Coriotisfrequency-with-the-the latitudinal increase in the Coriolis frequency,

1

known as the B effect, which is the focus of the present study. +

In_contrast with—resttts
derived-here-forF/~=0,-to the B-plane, in spherical coordinates the theory of

wind-driven transport was studied numerically in Constantin and Johnson (2019) and Paldor
(2002) but due to the complexity

25 of the governing_equations in these coordinates, the numerical solutions have not yielded
analytic understanding. With the

wind-driven dynamics on the f -plane fully understood and quantified, the B-plane offers an
in-between set-up where analytical

insight can complement the numerical solutions.

For given wind-stress forcing_the known general differences between the dynamics on the f -
plane and B-plane suggest

heuristically that the extension of Ekman’s transport theory to the B-plane should include the
following qualitative elements:

30 1. An increase/decrease in mean meridional velocity for an eastward/westward directed
stress due to the decrease/increase
in Coriolis frequency when the water column moves southward/northward.

2. The frequency of oscillation about the mean velocity should decrease/increase tand-the

30-(so oscillation period should increase/de-
crease) due to the decrease/increase in Coriolis frequency along_the trajectory (for an
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eastward directed stress in the
northern hemisphere while the opposite changes occur for westward directed tress and

negativeforwestward-directed-stress:

O o= 7 =—0. 00U ai1C

southern hemisphere).

35 3. Since the oscillation’s frequency and amplitude are inversely correlated (energy flux is
unchanged) a decrease in fre-
quency should lead to an increase in amplitude and vise versa.

4. Since inertial oscillations, that form a perfectly circular motion on the f -plane, drift
westward on the B-plane the averaged

zonal motion should drift to the west. A heuristic reasoning of the westward drift in terms of
the change in the radius of

the inertia circle was proposed by Von Arx (1964) and complete quantitative theories of the
drift were developed in Ripa

40 (1997) and Paldor (2007).

The numerical solutions of the governing Lagrangian equations (see section 2 below) shown in
figure 1 fully confirm the first

3 expectations listed above but contradict the fourth one — for both westward (right panel)
and eastward (left panel) stresses,

the trajectories drift to the west-east. From the particular example shown in figure 1 it is
unclear whether the eastward transition is

a general feature of the wind driven dynamics on the B-plane or a specific occurrence related
to the particular choice of initial

40-45 mnatatitude—where-conditions and/or parameter values.
In addition to resolving the issue of the zonal drift and quantifying the various rates of

addresses-the-folowing-changes, the present study also

addresses the equatorial problem that exists only on the B-plane. This equatorial issue can be
described as follows: An eastward
directed stress in the northern hemisphere forces a net southward directed mean flow which,
on the B-plane, is accompanied
by an-rdefinite-a decrease in the Coriolis frequency. At-some-time-the-wind-forced-water

I el itealf
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Thus, at some time the wind forced water column must find itself in a latitude where

50 the Coriolis frequency vanishes — the equator. From that point onward the water column is
subject to ren-

rotating-non-rotating_dynamics

and must move eastward at an accelerated velocity. In the rest of this work we will estimate
the time it takes the water column

to change its dynamics guatitativety toanon-rotating-dynamicsfrom rotating to non-rotating

and analyze how the two dynamical regimes connect with one another.

The work is organized as follows: In section 2 we nondimensionalize the governing Lagrangian
equations and simplify them

56-by substituting the pseudo angular momentum for the zonal velocity. The simplified system
is analyzed in section 3 and the

. || . |' | .

eonststsswork concludes with a discussion and summary in section 4.

2
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Figure 1. The (longitude, latitude) trajectories of water columns at the ocean surface subject to
westward directed (right panel) and eastward

directed (left panel) wind stress on the f -plane (blue curves) and on the B-plane (red curves).
The time unit is the inverse of the mean Coriolis

frequency and the longitude and latitude distances are scaled on Earth's radius. The value of b
(scaled B) corresponds to 30- latitude. The

scaling of the wind stress (tx) is detailed in section 2. Both trajectories start from (x,y) = (0,0)
located at the bottom-right point in the right

panel and at the upper-left point in the left panel

The time-dependent trajectory of a column of water in the surface Ekman layer forced by the
overlying uniform wind stress on

the f -plane is a fundamental problem of Physical Oceanography that is fully described in most
textbooks (Gill, 1982; Pedlosky,

1987; Vallis, 2017). The governing_Lagrangian equations that describe the dynamics of
vertically integrated horizontal velocity

60 components consist of the momentum equations in the zonal and meridional directions
and the (trivial) relations between these

velocity components and the changes in the coordinate ehanges-of the moving column
Le.

dx dy dU tx dV

=U, =V, =fV+,6=-fU. (1)
dt dt dt p dt

Here tx is the uniform zonally directed wind stress (which is positive/negative for

eastward/westward directed wind, respectivety);

60-respec-

tively),_p is the water density, f = f0 +Py is the Coriolis parameter (where fO = 2Qsin(¢0), B =
i 2Qcos(p0)/a with a and Q —
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Earth's

3

tatitude

fixedpointx=y=Y¥=b="0(bluecurvesy
=—V=Db—==0; 65 Earth’s radius and rotation frequency, respectively and ¢$0 -
, the latitude where the plane is tangential to Earth), U and V are
. the vertically integrated horizontal velocity components in the eastward and northward
. directions, respectively, and x and y are
the respective coordinates in these directions. The only added complication of this system
relative to that studied in details in
e.g. chapter 9 of Gill (1982) is that here the Coriolis frequency, f, in the momentum equations
is y-dependent.

3
latitude

latitude

The 4-dimensional system (1) can be easily integrated numerically but the general properties
of its solutions can be best

70 deciphered by reducing the number of its free parameters. This is done by scaling time, t,
on 1

f, x and y on a so the velocity
0

scale is f0a and the scale for the vertically integrated transport U and V is f0aH where H is the
depth (thickness) of the
Ekman layer. With this scaling the nondimensional Coriolis frequency is 1+by where b= Ba

f = cot(¢0) is the nondimensional
0

B. The system is further simplified by replacing U by the pseudo angular momentum, defined

https://tools.pdf24.org/en/compare-pdf 7128
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asD=U-y(1+b
2y) in

78-nondimensional units. As was shown by Paldor (2007) when t™> = 0 i.e., in the Inertial case,
D is conserved. We note that in

sphericat-coordinatesthe-75 spherical coordinates the conservation of angular momentum,
which is the spherical counterpart of D, retates-thezonatvetocityto-yields a simple relation

between the zonal velocity and the latitude (Paldor, 2001). Formally, a similar quantity relating
the zonal vetocity{e-g-—velocity, U ,_and the

meridional coordinate, y, can also be derived in Cartesian coordinates but, unlike spherical
coordinates, this conserved quantity

is not the angular momentum. With these changes system (1) transforms to:

4

_——-H—+—: — b
(1+ by)(D+ y(1+ y)). (5)

dt 2

Here t, x, y and V denote the nondimensional counterparts of the dimensional variables
denoted by the same symbols
| 86-in system (1) and, as explained above, D = U - y(1+ b

2y) is the nondimensional pseudo angular momentum. Equation (4)
85 confirms thatD is indeed conserved when ' = 0. The solutions of this system are

o
<
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determined by the 4 required initial conditions

and the 2 parameters: b= fa
f = cot($0) — the nondimensional p and I = tx

pf2 — the constant, nondimensional, surface wind
0 OaH

stress. The value of b at 30<tatitude-¢0 = 30 is 1.75 and for realistic values of tx/p= 2x
10-4m2s-2, f0 = +6—41/s10-4s-1 and H = 30m

[ = 10-3 so the theory should be applicable to b of {H-O(1) and 'K 1. The sign of T is that of

X — positive for eastward
directed stress and neqgative for westward directed stress.

90 We solve this system by starting_at the origin from-thefixedpoirty+m:

of the B-plane, i.e. x(0)_= y(0)_= 0 and assume that the initial V (0)_andD(0)
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' U(0)_are sufficiently small. The numerical solutions presented below are initiated with D(0) = 0
1 and V (0)/= 0. However, the

. definition of D implies that trajectories emanating_from D(0)/= 0 and y(0)_= 0 can also be

. calculated starting_from D(0)_= 0
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and a suitable y(0)./= 0. Note that the choice D(0)_= 0 does not restrict the generality of our
solutions since the shift of time

from t to t' = t+D(0)/[ yields D(t' = 0) = 0 so D(0)_= 0 can be assumed. The analysis of the
solutions of system (2) — (5).

O VO ) e3a c O1é€

including_numerical examples are presented in the next sectiony—fort—~<terthe

section.

3 Analysis

The analysis of system (2)-(5) begins with the (V, y) subsystem, i.e. equations t5rand{3)atong
b il ot
1
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+66-(3)_and (5) along_with the (trivial) solution

D =Tt of (4). The derived solution of y(t) will then be substituted in Eq. (2) to yield the zonal
propagation speed. First, we

22

00
-26—10-6—20—16-6

Yy

Hgure3—-25 -20 -15-10-505 -25 -20 -15-10-505

Yo

Figure 2. The change in the potential ®(y,t) for b= 0.1 and I = 0.1 at t= 0,10,20, ...,100. The
direction of increase in time is indicated

by the green arrows for t < tcr tright-panetand-t—>—ter(teft-(left panel) and t > tcr (right

panel). The minima, y+

m, of the potentials are indicted by red circles

equations[(3)_and (5)_to th]e single second-order equation

o

2y b
100 =-(1+ by) D+ y(1+y) . (6)
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' dt2 2

5

212

+6-1+6-We will discuss solutions of this equation for initial conditions in the vicinity of y =
dy/dt=V = 0 and assume that I is

sufficiently small [for the smallness condition see equation (A3) in the Appendix]. We proceed
by rewriting Eq. (6) as

d2y
=—0dty; 1) 105-=-00(y,1)_(7)

dt2 dy

where [ ()]2
11

105 ®(y,t) = [t+y 1+ by . (8)
22

Equation (7) describes the dynamics of a quasi-particle in a slowly (for small I') time varying
quasi-potential well ®(y,t).

We-In figure 2 we illustrate this potential for I = b= 0.1 at times t = 0, 10, 20, ..., 166-nfigure
3-100. The minima of these potentials, denoted

= [t+ ym 1+ bym (1+ bym) = 0. (9)
y=y 2
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m= (-1 1- 2brlt) (11)
b

while for t > tcr, there exists a single minimum at

located at

115 y+=myOm =-1
.(12)
b

The direction of evolution of y+m in time and and-itstransformation-into-yoOm(red-—circtesin
. e I
: o I I ot N 3
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+26-its transformation to yOm (red circles in figure 2) and-x=-=bB-are indicated by the green
arrows
for t < tcr (left panel) and t > tcr (right panel)_in figure 2.

The main idea of the following analysis is that since the system starts near y = ¥=-¥6,+enear
I . ”

potenttat-dy/dt=V = 0, i.e. near the minimum of

the potential,_y+m, by the adiabatic theory (see pages 531-535 in Goldstein, 1980) it will
atways-stay near this minimum for t < tcr.

At
t=t0

er-y+m-transformsintoym-120 At t= tcr,_y+m transforms into yOm and therefore at all t > tcr,
the system remains near yOm. Thus, werematnrearthe-mintmum

of-Uatatttimes-white-thismintmum-is—a-the column remains near
the minimum of ® at all times, while this minimum is slowly decreasing for t < tcr and stays

constant att=tcr—Since-we-startrearthe

for t > tcr. Since the

trajectory originates from-thefeven-stight)

near the minimum y+m and since for small " the variation of the potential is slow (see Eq. (9)).
we expect
the solution for y to be of the form

y = ym(t)+ 8y (13)

125 where ym(t) starts at y+m and later (i.e. at t= tcr) transforms into yom,-white-yOm and &y
is a small perturbation. We substitute this form of
solution into Eq. (6) and rewrite the resulting equation as

d28y
=—F—w2{t)oy—ASy2=F ~w?2

dt 0(t)dy—-Ady2 -Bdy3 (14)
26

2

where F =-d2ym/dt2 is an
rematning-inhomogeneous forcing_term and the coeff|C|ents on-the

RHSof t—hisequationare:
| —tH—by+2

https://tools.pdf24.org/en/compare-pdf 13/28
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i m=1+—2Ftt—~<ter

of the other 3 terms on the RHS of this equation
are:
w2

o) =5

byt—__(1+ by+m)2 = 1- 2blt, t < tcr

130 = (15).
blt— 1/2, t > tcr

(3/2)bw0O, t < tcr

A= (16)
0, t > tcr
and
B=12
2b .

135 and
B=12
25—

?

In the present model,_equation (11) implies d2y+m/dt

2 =-bl2(1-2blt)-3/2 so F =—d2y+m/dt2 > 0 for t < tcr. The second

term on the RHS of Eq. (14) describes linear oscillations having slowly varying frequency wO0(t),
while the third and fourth

terms represent the effect of small anharmonicity of the potential well near the minimum.
Note that for ym = y+m the term

y+m(t) in Eq. (13) describes slow monotonic variation of the latitude shown the-green—<ctrves

otr-exampte-in-figure2-at-by the green curves in our example in figure 2 at

6

e]
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Figure 3. Numerical solutions of y(t)_in system (2)_- (5)_starting from x=y =V =D = 0 (blue
curves)_and from x=y =D = 0, but
V = 0.05 (red curves) for b= 2 and I = 0.005. The green ctrvesshow-the-monotonicevotution

curve shows the evolution of ym(t).

t < tcr. No such variation exists at t > tcr since then ym = yOm = const. As will be shown
below, the nonlinear terms in (14).
140 <tchvariat . .

' mostly affect the zonal drift in x.

Importantly, for constant parameters w0, A and B the solution of Eq. (14) can be found in
textbooks (see e.g. pages 86-87 in
Landau and Lifshitz, 1982) and has-the-form

Haz2AaZ
oy—=—2-it has the form

F Aa2 AaZ2
Sy =

w2 + acosy- +
02w2

0 6bw2 6
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cos(2y)+0(a3), (17)
w00

where Y =(wt+¢0, $0 ta)kes into account initial conditions, and

3B to—=-to0—+—— 5A2
145 w = w0 + a2. 48y
(18

8wl 12w3 ).
0

Therefore, 8y includes harmonic oscillations of amplitude a and O(a2) corrections in-&y-and-in
and oscillation frequency w (that includes

an O(a2)_correction to w0). As is shown in the Appendix, when—fwt-when [w0 is a slow
function of time as in our case [dw0/dt~O(N],

the solution (17) remains the same, but Y is replaced by ¢ = wdt+¢0 and the oscillation’s
amplitude a becomes a slow

function of time such that wa2 = const.

was A

C CVUITU U U A, Ci

different initial conditions. As predicted, both the blue curve

(column initiated with x=y =V =D = 0) and red curve (column initiated with x=y =D = 0 and
V = 0.05)_oscillate

about the evolution curve of ym (green curve). The results show that away from the equator
(i.e. for t < tcr) the amplitude of

oscillations is larger when V /= 0. This completes our solution for the tengitude-yand-we

proceed-to-thetatitude-latitude, y,_and we proceed to the longitudinal dynamics.

7

—
N
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. 150 Figure 3 shows the numerical solutions of y(t)_for two slightly eff-the-fixedpoint
1 . . . . . .
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Figure 4. Numerical solutions of x(t)_in system (2)_- (5)_starting_from the same initial conditions
as in figure 3 for the blue and red curves.

The green curves show the monotonic evolution (averaged over oscillations) of x described by
the theory developed here for two different

values of a(t= 0).

The[dynamics eftatitudetxin the zon]al direction, x,_is governed by Eq. (2) which after
substitution of (13) becomes
dxbb

155 =—= D+ ym(1+ ym) + (1+ bym)dy+ &y2. (19)
dt2 2

Here again we consider two cases. For t < tcr, D+ y+m(1+ b
2y

+
m) = 0 and, therefore, by averaging in time (i.e. neglecting

oscillatory components due to &y-and-usingEgs—{+Fand{+5rweget
exyba2F
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L dt 2 wo

This equation shows that the average zonal drift is a nonlinear phenomenon in terms of the
amplitude of escittationsand-s
et L losin ) > .

amptitude-of-was shown above, F > 0 for t < tcr, the drift is determined by the balance
between ba2/2 (determined by the initial displace-

see-atso-the-discusstony+m)_and F (x 2/w0). Thus, the sign (direction)_of the drift is

independent of the
sign of I'. In contrast, for t > tcr, yOm =-1/b, so D+ yOm(1+ b

=Ft+—1/(2b) and therefore,

d(x).
=Tt-11

+ ba2. (21)
dt 2b 4

Figure 4 displays numerical solutions of x(t)_in system (2)_- (5) starting_from the same initial
conditions as in figure 3 for the

165 enthef—ptane—Untiit-blue and red curves. The green curves show the monotonic
evolution (averaged over oscillations) of x described by the theory

developed here for two different values of a(t= 0). As predicted, the zonal drift on the equator
is positive and monotonic.

Figure 5 compares the (x(t),y(t)) trajectories emanating from different initial tatitudes-velocities
V for eastward directed (solid

curves) and westward directed (thin curves) wind stresses of identical magnitude. The various
curves clearly demonstrate the

etheeetee
1
1
1
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Figure 5. The different water column trajectories for b= 2, initial conditions x=y =D = 0 and
different initial velocities, V . Left panel

tred

ceurvesyytt="0r==0-005-(blue curves): V (t= 0)_= 0.00; Right panel thtue—ctrvesy—y{t="0)=
6-:600—(red curves): V (t= 0)_= 0.05. The values of I are noted near each of the curves: thin
curves

denote negative f{westward-(westward directed) stresses and thick curves denote positive
(eastward directed) stresses.

steady-vetocity-and-(inerttah-effect of both the wind stress direction and the initial velocity.

Trajectories emanating with V = 0 (left panel) are very similar to
those

170 those on the f -plane until one reaches the equator (which is completely missing from the

f -plane dynamics) a-trajectory-consistsofa

8
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—where a trajectory

consists of a steady translation and oscillations. In accordance with the intuits presented in the

I TN g
changes-withtatitude-Introduction on the f -plane the

oscillation’s (inertial) frequency changes with latitude i.e. increasing/decreasing in
northward/westward directed trajectories
while the oscillation’s amplitude fot-

tew-follow the opposite pattern. Frajectortessimitar-tothose-shownon-theteft panetare-also

As expected, the zonal drift of the oscillations in the right panel

of figure 5 is independent of the sign of I" as it is determined by the balance between the

initial deviation of-the-trajectorys-from V = 0 and 2.

175 4 Discussion and Summary

The two simple limits of b= 0 (Ekman transport on the f -plane) and I' = 0 (inertial trajectories
on the B-plane) should be

discussed as special cases of the involved theory presented here. These limits are well known
in physical oceanography but

1
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1
. they were never presented as limits of a single dynamical system.
1
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In the b= 0 limit (wind forced transport on the f -plane) the potential in (8) becomes ®(y) = 1
2 (D+ y2

y)2 (recall: Ft+=B)D = It).

180 This potential has a single minimum at yf =-D and the frequency of oscillation near this
point is wf = 1. Near yf the
9

potenttal-®-potential, @, is identical to that of Harmonic Sscittater—C0scillator: 1

2 (y— yf)2. The substitution b= 0 leaves equation (4) unchanged

so D = Tti.e. yf =-D must decrease (or increase depending on the sign of ') indefinitely at the
same rate as I'. Thus the

potential ® simply translates in the +y or -y directions without changing its shape.

The I' = 0 limit (inertial trajectories on the B-plane) implies, according to equation (4), that D is
conserved i.e. it is time-
185 independent. Thus, system (2) - (5) has two conserved quantities — D and the energy — E.

txtt=—0),y{t="0),point-With the increase in the initial

energy (say by setting-V{t="—0)/="0)=andin-increasing_V (t= 0))_the inertial trajectory will
oscillate in (V,y) while drifting westward (see Ripa, 1997;

Paldor, 2007) as on the sphere (Paldor, 2001). The-sotutions-of nontinearsystem(2)—<5)are
determined-by-the-4-inittat-conditions-Equation (20) and the trajectories shown in figure 5

show that the long-term
westward drift on the f-plane when I'/= 0 is slower than in the inertial, [ = 0, case and it is
independent of the sign of I.
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The solutions of the nonlinear system (2)_- (5)_are determined by the 2 initial conditions (x= 0
=D can be assumed without

190 loss of generality since x does not affect the dynamics and D can be translated in time)
and the values of the two parameters,

pandF-b and I (that represent the dimensional parameters 3 and 1x,_respectively) for a total

of 6-4 parameters! Thus, these solutions
display a wide range of temporal evolution and this work cteatty

describes and analyzes the general properties of these sotutions,solutions and
illustrates them in numerical examples. In particular, the mean

shownnfigure4—-westward drift of the trajectories can be eastward (as in figure 1 or
westward (as in figure 5. The sensitive dependence on parameter values (including initial
conditions) is a defining property of

195 nonlinear systems such as that studied here.
The symmetry between y+m and y—m in the present theory suggests that for the same wind
tress,stress, I, the southern hemisphere’s

fixed point will also move towards the equator, i.e. northward. However, in all other respects
the evolution near y—m is identical
to that described above for y+m.

The importance of latitudes where the curl of the wind-stress vanishes, that play a
fundamental role in (Stommel, 1948)

200 vorticity based theory of wind driven ocean gyres, ishotexpected-to-can not be captured
in extensions of the present Lagrangian theory. However,

extensions of the present new Lagrangian theory on the B-plane can include variable wind
stress, ©™x(y), which can highlight

the role played by latitudes where the wind-stress itself vanishes. Furthermore, the extension
of the present study to spherical

geometry using the concepts developed here is an interesting and valuable focus of a future
study.

Appendix A: Adiabatic evolution of meridional oscillations and initial conditions

205 In this appendix we discuss adiabatic (slow) evolution of linear longitudinal oscillations
described by [see Eq. (14)]

d2dy =—+F

o2

HOSy+AD
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Y

|
c
N
i
|>n

dt2 0 y+ (1
w2 A)

o

and seek solution of this equation of form

[t
F

Oy = a(t)cos( wO(t)dt+¢0)+
—A2)

o2

o

©

Here ¢0 is added to take into account initial conditions and we assume that the change of w0
during one period 2m/w0 of

210 &

oscillations is small, i.e.

dwO 21 < w0 (A3)
dt w0

10

which is guaranteed if T is sufficiently small. This is our adiabaticity criterion. A similar
condition, da 2m
dt w « a, is also assumed
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for the amplitude of oscillations. Next, we substitute (A2) into (A1) and neglect d2a/dt2 to get

da et

dw0

2w0 +a=0,(Ad4)
dt dt

215 yielding

wO0a

2 =1 = Const. (A5)

The constant | (the action) is given by initial conditions. When the nonlinear terms in (14) are
included in the analysis, all

the derivation of weakly nonlinear solution as described in page[s 86-87 of Landau and
Lifshitz (1982) is not affected by the

t

replacement of the linear component acos(wt+¢0) by t

a(t)cos( w(t)dt+¢ in he at

ia
0 0) t d abatic-batic problem which is the basis of

220 solution (17) in section 3.
Finally, the action |, which remains constant all all times, can be calculated from the initial
conditions, 8y(0) and &%V (0) =

d(8y)/dt(|t=0. Using (A2))we ha
2 (ve &yt8)=-23y(0))_= a(0)cos$p0 +F (0)/w?2

0(0) and &%V _(0) =-a(0)w0(0)sind0. Then
2

a(0)2 8y(0)- F (0) 846}
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w2 + (A6)

and ()2
F (0) &%6)2

V 2(0)
225 Dataavattabihity—FEXT
| = w0(0) &y(0)-

w2 + . (A7)
0(0) w0(0)

The case depicted in figure2-hasoY-(6)-figures 3 and 4 has &y(0)_= 0, so one gets afd)—=

Sy{Or—F6)
w2 -and = ws{Gaid)

a2(0) = F 2(0)+V 2(0)
w2 and | = w0(0)a

2(0).
0(0Q).

Author contributions. The research on the problem was initiated by NP, who also proposed the
transformation to the pseudo angular mo-

mentum while LF proposed the application of the adiabaticity theory. Both authors
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