
Point to point response to reviewer RC3

Citation of the review: https://doi.org/10.5194/egusphere-2022-673-RC3

We thank the reviewer for useful and meaningful comments. Below you will find detailed responses to all the
reviewer’s comments. The reviewer’s comments are highlighted in red, our comments are in black.

The paper presents modeling results for infiltration into porous media with low initial saturation and addresses
the representation of water fingers with an overshoot at the tip that has been discussed intensely in the literature
in the last years. The focus is here on a reproduction of the finger width depending on the initial saturation and
the related finger speed from experimental results from the literature. The important point is to capture the non-
monotonic relationship found in the experiments. The model is a space discretized mass balance and it includes
hysteretic capillary pressure saturation relations. The topic is of interest for the journal. However, I think that
a lot of clarification is needed. I find it a great achievement that experiments and in particular the dependency
of finger width on initial saturation could be reproduced with a model. But the paper makes the point that this
is due to a novel model approach that is used here. The model has been published in previous papers and the
ideas behind it are here not explained. However, as the claim is made that the key to reproduce the experimental
findings is the model approach that is different from previous ones, one cannot follow the reasoning. Although it is
understandable that one does not want to repeat too much previous work, enough explanation is needed to make
it possible to follow the lines of argumentation.

We appreciate valid and positive feedback. Let us note that we indeed did not want to repeat too much the
previous work of Vodák et al. [1], where the detailed mathematical and physical justification is published. However,
we agree that for better clarity, it is necessary to explain the semi-continuum model in more details. The most
important is the first reviewer’s comment below. This comment is primarily related to understanding the semi-
continuum model and how it differs from the Richards’ Equation (RE). Since reviewer RC1 and reviewer RC2 raised
a similar comment, we copy the response to them first that we plan to include in the manuscript.

“The scaling of the retention curve, i.e. the dependence of the capillary pressure-saturation relation on the
block size, is not a common approach in flow modelling. However, the dependence of the experimentally determined
retention curve on the porous medium sample size has been observed for a long time [2, 3, 4, 5, 6, 7]. The concept of
REV is essential in this case because if the sample of porous medium is smaller than REV, key physical quantities,
such as the retention curve, are strongly dependent on the sample size. The crucial idea of the semi-continuum
model is to include this dependency in the model, i.e. to scale the retention curve according to the block size. In
the semi-continuum model, a block represents a real sample of the porous material. This makes the semi-continuum
model fundamentally different from numerical schemes for solving partial differential equations where the block
plays only a discretization (i.e. mathematical) role and regardless of the block size, the retention curve remains the
same. In the semi-continuum model, the computational mesh (the blocks) takes into account the dependence of the
physical parameters on the size of the blocks. Surprisingly, the idea of taking REV size into account in modelling
porous media has been around for a long time. For instance, in [8], the authors estimated the size of the REV and
used it as a lower limit for the size of the finite elements. They argue that the use of smaller elements would lead to
violation of continuum assumptions and thus the continuum approximation would no longer be appropriate. The
same idea is used in the semi-continuum model: For blocks smaller than the REV, scaling of the retention curve
must be included because the continuum approximation is no longer adequate. Because we are interested in the
description of flow phenomena below the REV scale, we need to include the dependence of the retention curve on
the block size. This scaling of the retention curve must meet a physically justified requirement that the nature of
the flow is preserved across all levels of block size. This means that the fluxes between neighboring blocks must not
change when ∆x changes. Given equation (4) in the manuscript, if ∆x decreases by half, the fluxes increase by a
factor of two if the scaling of the retention curve is not included. Therefore, a linear scaling of the retention curve
is introduced in equation (6) in the manuscript, so the fluxes between blocks remain the same as ∆x decreases. For
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more details, see figures Fig. 4–6 in [1] that show the numerical convergence of the semi-continuum model in 1D
and 2D.

The natural question is what the limit of the semi-continuum model would be as ∆x → 0. We tried to answer
this question in [1] and derived the limit equation in a single spatial dimension:

(KPS∂tS − ∂tPH) (PH − v) ≥ 0, for all v ∈ [C2, C1], and PH ∈ [C2, C1], (1)
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In this equation, κ denotes the intrinsic permeability, ρ the fluid density, g acceleration due to gravity, µ the dynamic
viscosity of fluid, and S the saturation. The values C1 [Pa] and C2 [Pa] denote the constant limits of the main
wetting and draining branches, respectively. The limit is a partial differential equation containing a Prandtl-type
hysteresis operator PH under the space derivative. If we are located on the main wetting or draining branches,
the limit equation becomes a hyperbolic differential equation. Between the two main branches (i.e., we are located
on the scanning curve), the limit represents a parabolic differential equation. It means the limit switches between
parabolic and hyperbolic types of equation. The limit equation is a new type of mathematical model – we are not
aware of any research that has investigated equations of this type. Note that the Richards’ equation is a parabolic
type equation – that is why it is only able to simulate the diffusion-like flow regime [9].”

1. The biggest problem I have is that it is unclear to me, how the model (not in its concept but simply the set
of equation that is solved in the end) differs from the discretized Richards equation solution with a specific
hysteretic capillary pressure saturation relation. The authors stress in line 292 that the model is not a
numerical scheme to solve the Richards equation. But they do not explain what the difference is and what
could not be reproduced with a discretized Richards equation. Also, it is written that the choice of the grid
blocks has physical interpretation, but they do not give this interpretation. It is referred to a previous paper
(Vodak et al., 2022), but the main story line of a paper should be understandable without reading further
papers.

The crucial difference between the Richards’ Equation (RE) and the semi-continuum model is the scaling of
the retention curve. The semi-continuum model is not a discretized RE with a specific hysteretic capillary
pressure saturation relation. The RE uses a fixed retention curve as ∆x decreases, so for ∆x → 0 there is
only diffusion-like behavior. On the contrary, the semi-continuum model scales the retention curve according
to the size of ∆x. This linear scaling might seem like a small trick, but when a mathematical analysis of
the semi-continuum model is done for ∆x → 0, it turns out that the limit of the semi-continuum model is
significantly different from the RE, as can be seen from equations (1) and (2). The limit switches between
a parabolic and hyperbolic differential equation for unsaturated porous medium, while the RE is a parabolic
differential equation. And it is the hyperbolic behavior of the semi-continuum model that makes it possible
to model overshoot and all that it implies.

For clarity, let us show also a numerical analysis of the semi-continuum model and the RE in one dimension
for ∆x→ 0. The numerical analysis is shown in Figure 1, which is reprinted from Vodák et al. [1] (specifically,
Figure 1 is here composed of figures 2 and 4 from [1]). Left panel of Figure 1 shows a convergence of the
semi-continuum model, i.e. the scaling of the retention curve is included. Convergence of the moisture profile
is shown at t = 10 minutes for ∆x → 0 for initial saturation Sin = 0.01, and constant top boundary flux
q0 = 6 × 10−5 m/s. The scaling of the retention curve preserves the character of the flow across all levels of
∆x. Moreover, the moisture profile obviously converges and retains the overshoot pattern. Right panel of
Figure 1 shows the same convergence of the moisture profile as in the left panel of Figure 1, but the scaling
of the retention curve is not included. This can be considered as a numerical scheme of the RE. As we can
see, without proper scaling of the retention curve, the overshoot behavior would disappear. Therefore, the
semi-continuum model and RE differs significantly as ∆x decreases.

According to the physical interpretation of the blocks, please see the discussion we already included above the
reviewer’s comment number 1. As we mentioned, we plan to include this discussion in the manuscript. There
is also discussed the role of the blocks. For the sake of clarity, we also provide the answer here: “In the semi-
continuum model, a block represents a real sample of the porous material. This makes the semi-continuum
model fundamentally different from numerical schemes for solving partial differential equations where the
block plays only a discretization (i.e. mathematical) role and regardless of the block size, the retention curve
remains the same. In the semi-continuum model, the computational mesh (the blocks) takes into account the
dependence of the physical parameters on the size of the blocks.”
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Figure 1: Left panel: The scaling of the retention curve is included. Right panel: The scaling of the retention
curve is not included.

The difference between this model and a discretized Richards equation does not become clear to me. I under-
stand that the choice of capillary pressure curve is made dependent on the grid size (or block size, without
explanation of the concept it is not so clear why this should be different) and that this is somehow related to
not covering an REV with the grid size. This is called scaling. But apart from the reasoning, one chooses in
the end a (hysteretic) capillary pressure curve. This leads to the same system of equations that one would
obtain with a discretized Richards equation with a specific choice of parameters. Eqs. (1) and (4) combined
with a capillary pressure saturation function would be the same equations one would solve if one discretizes
the Richards equation with a standard finite volume, two-point flux approximation scheme and explicit Euler
time discretization. The saturation would be represented exactly as is outlined in lines 67-71.

It is important to note that in the case of nondecreasing boundary flux, the solution of the RE is nondecreasing
point wise, so it never leaves the main wetting branch of the retention curve [9]. Therefore, the solution is
stable regardless of whether hysteresis is included because the hysteresis of the retention curve never comes
into action. In the case of the experiment by Bauters et al. [10] the authors used the constant boundary flux,
but the saturation profile was not stable for lower initial saturation. This means that the solution of the RE
cannot capture the complex behavior of this experiment, as the RE is always stable in this case. This is also
consistent with our numerical results, because if the scaling of the retention curve is not included, the solution
becomes stable as ∆x decreases, see the right panel of Figure 1.

For a given ∆x and retention curve, the semi-continuum model may indeed look like a numerical scheme
for the RE. However, when using different ∆x, a different retention curve must be used for the RE. For the
semi-continuum model, we define the retention curve for the reference block size ∆x0 and the retention curve
is then scaled linearly with the block size. Note also that if a partial differential equation provides a certain
solution effect (for example, the RE is incapable of producing any overshoot for monotonic influx boundary
conditions), but its so-called “numerical scheme” provides the opposite effect, then it cannot be its numerical
scheme. Since the semi-continuum model (i.e., the scaling of the retention curve is included) produces the
overshoot for the monotonic influx boundary condition, then it is not a numerical scheme of the RE. And as
we have already mentioned above, as ∆x decreases, the semi-continuum model does not converge to the RE
(see equations (1), (2) and Fig. 1).

The authors use a hysteretic capillary pressure saturation function and the shape depends on the grid size.
With decreasing grid size, the chosen curve gets flatter. They stress that the choice of the grid size is not
trivial, but this is not further outlined. In the end, one fixes a grid cell and with this one chooses a capillary
pressure saturation function. Whatever the reasoning behind this choice is, the function is fix. It would not
make a difference if the function would have been chosen with a different reasoning. Finally, one solves the
same system of equations as one would if one solves the Richards equation with a finite volume scheme using
the same hysteretic capillary pressure function. One would also generate the same result. So the unstable
infiltration and the finger width behaviour would be reproducible with the standard Richards equation using
the same hysteretic capillary pressure function that has been used here. No new model is needed for this.
I guess the key point is thus the hysteretic capillary pressure function and the choice of the function that
depends on grid size. I assume there is more to the choice of the capillary pressure function and that one
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could predict is from material properties and knowledge of the flow regime. That would make a difference,
because one could then say that this model is predictive, while the discretized Richards equation is not. But
this is only guessing.

This is a good point. Indeed, the capillary pressure function is a material characteristic and can be predicted
from material properties and knowledge of the flow regime. This makes the semi-continuum model predictive.
Without this, of course, such a model would not be appropriate for any application. We plan to include a
new paragraph on this issue in the discussion section:

“Note that for a given ∆x and retention curve, the semi-continuum model may look like a numerical scheme
for the RE. However, when using different block size ∆x, a new retention curve must be used for the RE to
retain the character of the flow. Otherwise, only the diffusion-like behavior occurs [9]. In contrast, for the
semi-continuum model, we define the retention curve for the reference block size ∆x0 and the retention curve
is then scaled accordingly to the block size. In this case, the retention curve is a material characteristic and
can be predicted from material properties and knowledge of the flow regime. The semi-continuum model is
thus predictive; we do not need to fit the retention curve for each ∆x separately.”

Let us also note that the size of the block is not fitted to achieve the best agreement with the experiments.
The adjustment of reference block size ∆x0 was done independently of the final size of the used block ∆x (see
section 3.1 in the manuscript). The parameter ∆x0 was calibrated using the block size ∆x = 0.50 cm. The
smallest possible block size ∆x = 0.25 cm was then chosen for the simulations to ensure that the simulations
were still computable. When using a twice smaller block ∆x = 0.125 cm, a single simulation takes hundreds of
days. And there are 80 simulations in total in the manuscript (10 simulations for each intrinsic permeability
distribution). Moreover, a good agreement with the experiments is also obtained for larger blocks. For more
details, we refer to the response to reviewer’s comment number 5, where we show that the model is not fitted
to achieve the best results.

2. It is claimed that using the geometric mean of the cell permeabilities to approximate the flux across volume
interfaces is usually not done, but at this point I disagree. Often one uses the geometric or the harmonic mean
of the saturated permeabilities and upstream weighting of the relative permeabilities, but to my knowledge
it is as common to use geometric means of the total permeability. In textbooks on numerical solutions of
two-phase flow equations all these options are usually discussed. It is interesting though, that the geometric
mean is a key element to reproduce the fingers.

We thank the reviewer for commenting on this issue. First, continuum models we referred to in the manuscript
(see references in lines 56-58) typically use the arithmetic mean for the permeability. However, the paragraph
discussing the key role of the geometric mean (lines 292–304) can be understood that the geometric mean
is not used at all for the RE. As we already mentioned, the crucial difference between the semi-continuum
model and a numerical scheme for the RE is in an appropriate scaling of the retention curve with the block
size, not in type of averaging the hydraulic conductivity. Thank you for the correction as the corresponding
text in the manuscript is quite misleading. The text will be corrected accordingly.

Second, it is necessary to use a type of averaging that has the desirable property of being small if the
permeability of one of the blocks is small. Such an averaging of the hydraulic conductivity creates a pile-up
effect, resulting in a finger with saturation overshoot. Thus, the geometric mean is not only possible averaging
choice; for example, the harmonic mean can also be used with similar results. In the semi-continuum model,
we use the geometric mean because it is shown that using the geometric mean is the most appropriate in our
case [11]. The text of the corresponding paragraph (lines 292–304) will be modified and slightly extended to
discuss different choices for averaging the hydraulic conductivity.

The effect of appropriate averaging the hydraulic conductivity (for instance using the geometric mean) and
scaling of the retention curve can be thus summarised as follows. The geometric mean is essential to create
the pile-up effect, while the effect of scaling the retention curve is to preserve this saturation overshoot for
∆x → 0. This is well observed in Figure 1, where the saturation overshoot disappears for ∆x → 0 if the
scaling of the retention curve is not included, although the geometric mean is used.

3. The authors argue that the model converges to a new type of model if ∆x goes to zero. If I understand
correctly, this goes with the changing capillary pressure saturation curve, which goes from steep to flat with
decreasing size ∆x. As the authors write in line 278, the model should be able to reproduce the standard
Richards equation behaviour. I do not see how the drainage from a fully saturated soil column towards a
hydrostatic profile should be reproducible with this model as ∆x goes to zero. The hydrostatic saturation
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profile should match the primary drainage capillary pressure curve. If the curve gets flat with decreasing ∆x,
one would not be able to retrieve the profile. One would get a sharp change from fully saturated to dry.

We first comment on our understanding of line 278. In lines 281–282, we explain that we understand line 278
in the way that the model should be able to reproduce also diffusion-like regime, not only the fingering regime.
We do not claim that the semi-continuum model behaves in the same way as the RE in non-overshoot profiles.
Lines 281–282 in the manuscript will be corrected to avoid this misunderstanding as follows: “Since the RE can
simulate only a diffusion-like regime, we understand (2) in the way that the model should be able to reproduce
also diffusion-like regime, not only the fingering regime. This does not mean that the semi-continuum model
behaves in the same way as the RE in non-overshoot profiles. This is of course not possible due to the scaling
of the retention curve.”

Our second comment relates to the reviewer’s question of drainage from a fully saturated soil column. We
agree with the reviewer that with decreasing ∆x, sharper change from fully saturated to dry is obtained.
In Figure 2, simulations of drainage from a fully saturated sand column for three different values of ∆x are
shown at time t = 15 minutes. It can be seen that as ∆x decreases, the saturation profile becomes flatter,
so it matches the used draining branch. However, this is not surprising because each block is defined by the
same retention curve. This means that the porous medium is perfectly homogeneous, i.e., there is no variance
in characteristics of the porous medium. Pražák et al. [12] demonstrated by using model based on percolation
theory that in the case of homogeneous network, the retention curve has a step-like form, i.e. it is a constant.
This theoretical observation is also consistent with experimental measurements of retention curves [13]. If the
pore-size distribution of the porous medium is small, the retention curve tends to be much flatter compared to
a situation where the pore size distribution is larger (see figures Fig. 2 and Fig. 3 in [13]). This is consistent
with our simulations in which we converge to the constant draining branch.
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Figure 2: Simulations of drainage from a fully saturated sand column for three different values of ∆x at time
t = 15 minutes.

4. I understand that the authors want to acknowledge the experimental findings of Bauters et al., 2000, and to
highlight their achievements by calling the nonmonotonic dependency of finger width with initial saturation
Bauters’ paradoxon. Still, I find this wording a bit odd. A paradoxon involves a self-contradicting aspect or
something that is against the intuitive expectation. This should not diminish the observations, and there is
maybe not an easy explanation, but I find it hard to see a paradoxon.

In this case, we respectfully disagree. As the reviewer mentioned, a paradox involves something that is against
the intuitive expectation. We believe that the non-monotonic behavior of the finger velocity is unexpected and
contrary to common opinion because one would expect the finger velocity to increase with increasing initial
saturation. Moreover, the authors of this experiment [10] also describe this behavior as counterintuitive.
We provide a quote from the authors below: “The wetting front velocity was approximately constant in our
“observation window” at 15 cm from the top to approximately 15 cm from the bottom. The advance was
much slower for the high water contents than for the low water contents. This is counterintuitive when
classical Richards’ type wetting front theory is considered (Fig. 6) that would suggest an increase in velocity
with increasing water content.”

Finally, as we mentioned in the manuscript (lines 103–104 and the following text), the experiments of Bauters
et al. [10] have almost 90 citations in the Scopus database (to date it is actually more than 90; the number will
be changed accordingly in the manuscript), but there is no unified explanation for the observed non-monotonic
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behavior. Therefore, we conjecture that this non-monotonic behavior is indeed counter-intuitive because this
phenomenon is not sufficiently understood and explained. Hence, the terminology Bauters’ paradox is used.

5. It is not clear if the model results presented here are predictive or if parameter and other adjustment was
involved. In line 245 it is written that a four times lower infiltration rate than in the experiments was used.
Why was this lower infiltration rate chosen? Was the match with the experiments not obtained with the same
infiltration rate as in the experiments? I find this an important point, as a model needs to be predictive,
meaning that one should be able to know the parameters from information about the materials or from
measurements of the materials. It is an achievement to reproduce non-monotonic finger width with initial
saturation, but if this was obtained with a model that needed fitting, one could argue that one would have
obtained the same with a classical (hysteretic) Richards equation model by fitting the capillary pressure curve.

This is an important comment. Again, the presented semi-continuum model is predictive as it is discussed in
details in the response to reviewer’s comment number 1. The parameters (such as the block size, infiltration
rate and material characteristics) are not fitted to obtain the non-monotonic dependence of the finger width
and velocity. In addition, we are primarily interested in qualitative agreement with the experiments, not
quantitative.

All simulations are computationally demanding. Therefore, we used a lower infiltration rate, which makes the
simulation more stable, so that a larger time step ∆t can be used. For perspective, one simulation presented
in the manuscript takes approximately 30 days using distributed computing infrastructure “e-Infrastruktura
CZ” (e-INFRA LM2018140). It is important to point out that we did not fit the infiltration rate to reproduce
non-monotonic finger width and velocity.

The reviewer RC2 raised a comment regarding the sensitivity analysis. Therefore, we performed the sensitivity
analysis and showed that the Bauters’ paradox occurs for different values of material parameters or different
boundary conditions. In order not to extend this text too much, we refer to our reply to reviewer RC2
(DOI: 10.5194/egusphere-2022-673-AC2) – major issue 2. One part of the sensitivity analysis was the effect
of the boundary flux on the flow regime. Five different values of the boundary flux were used ranging from
2 × 10−5 ms−1 to 32 × 10−5 ms−1. The non-monotonic dependence of finger width and velocity with initial
saturation was observed for all tested values of boundary fluxes i.e., also for qB = 32× 10−5 ms−1 (see Fig. 4
in the response to the reviewer RC2). Thus, agreement with the experiments (non-monotonic dependence)
is obtained at the similar infiltration rate as in the experiments. Let us note that due to the computational
demands of the simulations, a larger block size ∆x = 0.50 cm was used for the sensitivity analysis.

Finally, just a little reminder. It has been mathematically proven that in the case of constant boundary flux,
the RE is stable regardless of hysteresis. For more details, please see the response to the reviewer’s comment
number 1.

6. The discussion on the REV in lines 42-51 is a bit long. The problem of the REV for two-phase flow problems
has been discussed a lot (for example already in the papers on volume averaging of two-phase flow) and it
is acknowledged that the REV for fluid content is problematic, in particular for unstable displacement. The
question of an REV for pressure in porous media has also been discussed in the literature (just one example:
Nordbotten et al., Water Resources Research 2008). I think this could be shortened and does not need all the
citations.

We conjecture that shortening the discussion of REV does not help in understanding the concept of the
semi-continuum model. The concept of REV is closely related to the semi-continuum model, specifically the
scaling of the retention curve. However, understanding this may not be clear in the present version of the
manuscript. This will be explained in more details in the manuscript, as we plan to include a discussion of
the semi-continuum model in the manuscript (see our response above the reviewer’s comment number 1).

The work of Nordbotten et al. [14, 15] is very interesting. It deals with the role of macroscale pressure and
its relation to the pressure in capillaries. However, we decided not to discuss this phenomenon in detail, so
the text is not too extensive.

7. Line 56: I think that at least the papers of Lenormand et al., 1983, or Wilkinson, 1986, are here misleading.
The point in these papers is not to derive alternative models to the Richards equation but to capture viscous
and capillary unstable immiscible displacement. To my knowledge, they do not include gravity.

We agree with the reviewer. The text in the manuscript is a bit misleading. We wanted to stress different
approaches to modeling porous media flow, not alternative models to the RE or to capturing finger flow.
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Invasion percolation models (thus they do not include external forces such as gravity) are one type for such
modeling. However, these two references are indeed misleading, so we will remove them. Instead, we will
include a review by Hunt and Sahimi [16]. The text of the corresponding paragraph will be modified for
clarity.

8. Line 81: This new type of mathematical models of Nature sounds a bit overselling. The switch from parabolic
and hyperbolic for two-phase flow problems is known for continuum models in the limit that capillary effects
vanish (also for immiscible displacement in the fractional flow formulation).

We tried to find equations with parabolic-hyperbolic nature caused by a hysteresis operator, but we failed. We
were only able to find equations where the special values of a solution give rise to the hyperbolic equation. It
usually appears if a respective diffusion coefficient is equal to zero. We also discussed this with our colleague
who is interested in hysteresis operators, but without success. We would therefore be indebted to the reviewer
for a possible reference related to this kind of equations. In any case, we agree that the used formulation is a
bit exaggerated. Hence, this formulation will be modified in the manuscript.

9. Line 237: Where does the 0.0005 come from? It is in none of the figures.

In line 231, it is noted that wetting profiles for Sin = 0.0005, 0.002, 0.04 are not included in Fig. 4 to make
the figure more readable. The finger width and velocity for these values of Sin are shown in figures Fig. 5 and
Fig. 6. Moreover, all simulation data (including the data set for Sin = 0.0005) can be downloaded from [17].

10. Line 242-243: I think this is a bit simplifying. The solutions of the Richards equation without hysteresis are
stable, so of course this effect is not captured.

First, let us again note that in the case of nondecreasing boundary flux, the solution of the RE is stable
regardless of whether hysteresis is included [9]. We already addressed this issue in our response to reviewer’s
comment number 1, so to avoid repetition, we refer to that response.

Second, we conjecture that the non-monotonic dependence of finger velocity is indeed counter-intuitive. Fur-
ther details according to this counter-intuitive behavior are given in the reviewer’s comment number 4 regard-
ing Bauters’ paradox. For clarity, we will change the part classical Richards’ Equation, which may evoke the
Richards’ equation without hysteresis, to the more general classical theory as the Richards’ Equation.

References
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